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PREFACE 


The development of the experimental and theoretical understanding of nuclear 
reactions is one of the more important achievements in physics during the last 
half of this century. It is an achievement which has been largely unrecognized 
or celebrated, even by the nuclear physicists themselves. It was accomplished 
without detailed knowledge of the underlying governing nuclear forces. 
Nevertheless, through ingenious use of physical principles and analogies and 
through the synergism of experiment and theory, a coherent and powerful 
methodology has evolved, one capable of interpreting the wide range of 
experimental nuclear studies and providing at the same time insights into the 
nature of the nuclear Hamiltonian. We have learned to distinguish and treat 
various types of reactions. We have learned how a reaction proceeds, which 
reactions and projectiles are most suitable for probing the structure of the 
nucleus, how the various degrees of freedom of nuclear systems such as the 
giant resonances manifest themselves in reactions, what the influence the Pauli 
principle is, when statistical methods are applicable touching in this way on 
nonequilibrium statistical mechanics, and so on. The power of these procedures 
is revealed when new areas of interest come under study, for one finds that one 
can apply them, adjusted for the new circumstances and in a suitable range of 
kinematic parameters, to obtain a quantitative understanding. This is not meant 
to imply that the theory is complete. As nuclear physicists become involved 
with quark-gluon degrees of freedom, new procedures, which may or may not 
be generalizations, may be required. The incorporation of relativity and of 
quantum fields form major challenges. But we do have a firm, well-understood 
base from which to begin. 

These results are not of value only for nuclear collisions. They are valid and 
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have been applied to collisions between atoms, between molecules, and to 
collisions of these systems with electrons and photons. Some have recently 
become of interest to students of mesoscopic systems. It is this universal 
applicability which gives nuclear reactions its seminal importance. 

Following the introductory ChapterI, Chapters II] and III (Multiple 
Scattering and the Formal Theory of Nuclear Reactions) set the stage for the 
applications which follow. These two chapters provide the theoretical foundation 
which in the subsequent chapters is generalized and approximated as needed. 
Chapter IV (Compound Nuclear Resonances) deals with reactions involving 
long interaction times, while Chapter V and Chapter VI consider the limiting 
short interaction time reactions as seen in elastic and inelastic scattering and 
in particle and cluster transfer. In Chapter IV statistical approximations are 
introduced, while in Chapter V and Chapter VI the optical model and single-step 
direct reactions play dominant roles. Reactions involving interaction times 
which are intermediate, neither so long as those which prevail in the resonance 
region nor so short as implied by the single-step direct interactions, are 
considered in Chapter VII. This chapter is concerned with coupled equations 
and the statistical multistep compound and direct theories, which can be thought 
of as an approximate way of solving systems of many coupled equations. 
Chapters II through VII provide a formalism, together with examples, which 
enables one in principle to deal with most nonrelativistic reactions. This account 
of course reflects my own personal point of view and experience. 

Chapters VIII through X differ in character from the earlier chapters in that 
they deal with subjects rather than with reaction types. Examples of the use of 
the analysis of the preceding chapters and generalizations thereof, as well as in 
some cases special methods which have been proved to be of value, are described. 
Chapter VIII considers heavy-ion reactions, Chapter IX reactions with high 
energy projectiles including electrons, nucleons, and heavy ions briefly, and 
Chapter X the interaction of pions and kaons with nuclei. 

It is not possible to be complete or up to date. After all, the Treatise on 
Heavy Ion Science, edited by D. A. Bromley, consists of four large volumes and 
even it is not complete. A selection had to be made. In each case I try to present 
an overview of the subject together with a number of topics which I think are 
important and which in addition illustrate concepts and methods described in 
the earlier chapters. It is my hope that this will make the current literature and 
review articles accessible to the reader. 

I have assumed a good understanding of nonrelativistic quantum mechanics, 
especially of scattering theory. A summary of that theory is presented in an 
appendix. The appendix also contains a general formalism for polarization 
phenomena. In the main body of the book only the polarization variables which 
occur in the scattering of spin-1/2 particles by spin-zero systems are discussed 
in detail. . 

The reader will find many references to the book with de Shalit entitled 
Theoretical Nuclear Physics: Nuclear Structure. That book has been reissued 
(with some major errors removed) in a paperback edition in the Wiley Classics 
Library (1990). 
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A number of people have been of great help to me. I particularly want to 
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reactions. I am grateful to E. Moniz for supplying me with a preliminary version 
of his review article on pion physics with F. Lenz, to L. Ray for his advice on 
the proton—nucleus discussion in Chapter IX, and to J. Negele for several helpful 
suggestions. The supportive atmosphere of the MIT Center for Theoretical 
Physics, the friendship I have enjoyed with its faculty for many years, and the 
wide range of available expertise within the group and in the MIT Department 
have been of inestimable value as I pursued the writing of this book for more 
than a decade while undertaking and carrying out many other responsibilities. 
Roger Gilson helped to prepare most of the manuscript for publication. I am 
indebted to him for his thoughtful and expert assistance. 

Most importantly I want to thank my wife, Sylvia, who for more than fifty 
years has been my companion and friend. Her understanding and encourage- 
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1. INTRODUCTION 


Nuclear reactions present an extraordinarily rich and diverse set of phenomena. 
They are the principal source of information regarding nuclear systems. Their 
discovery and investigation are made possible because of the large number of 
projectiles available, each of which can interact with nearly all the stable nuclei, 
because of the precision with which the energy and general quality of the 
projectile beams can be controlled, because of the sensitivity of the detectors, 
and because of the theoretical framework available for the analysis of the data 
obtained. 

A list of elementary particles most of which can and have served as projectiles 
is given in Table I.10.1 in deShalit and Feshbach (74). The strongly interacting 
projectiles of interest include the elementary bosons, such as the pion and kaon; 
the elementary baryons, such as the nucleons; the antiprotons and strange 
baryons; and an expanding number of the atomic nuclei, ranging from the 
deuteron to uranium. Clearly, these projectiles provide a wide range in mass, 
charge, isospin, strangeness and internal structure. Electromagnetic probes 
include y-rays and charged particles such as the electron, the muon, the a- 
particle, and heavy ions—to mention those that have been used for this purpose. 
Reactions in:which electron or muon neutrinos (or antineutrinos) are projectiles 
or are produced are used to study the effects of the weak interactions. These 
interactions are also responsible for symmetry violations, which are investigated 
by means of reactions sensitive to parity conservation or time-reversal 
invariance. 

In most cases the projectiles are stable or have a relatively long life. The 
question arises: Can the interactions of very unstable particles whose lifetimes 
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are very short, such as the 2°(t ~ 0.83 x 107 !°s), the p(t ~ 4.3 x 107 7%), or 
the A(t ~ 5.7 x 10~7*s), be studied? The distances these particles travel before 
decay is far too small for it to be possible to prepare a beam. The distance 
between the source and the target is, under ordinary circumstances, far too 
large. However, this distance can be reduced if the source is inside the target 
for x° or inside a nucleus for the p meson or the A. In the first case, the z° can 
travel a distance on the order of the interatomic distances in matter before 
decaying. In the second, the p(or A) produced by the interaction of an energetic 
particle with a nucleon inside a target nucleus will live long enough to interact 
with a neighboring nucleon and thus permit a measure of the p-nucleon cross 
section. — 

An important measure of the quality of an experimental arrangement is the 
energy resolution that can be obtained. The first excited state of nuclei varies 
in energy above the ground state from a few MeV in light nuclei to a few tens 
of keV in rotational nuclei. These energy spacings decrease as one goes to higher 
excitation energies. As one can see from compound nuclear resonances observed 
with neutrons, near the separation energy the spacing is on the order of eV. To 
investigate reactions in which only a particular state of the final residual nuclei 
is excited, it 1s necessary to have a sufficiently good energy resolution, AE/E, 
where AE is the effective uncertainty in our knowledge of the value of the 
energy. To observe states that are separated by the order of 10 keV, the value 
of AE/E for, say, a 10-MeV beam energy is on the order of 107°, while for 
100 MeV it is 10~* and for 1 GeV it is 10~°. Eventually, as the level spacing 
becomes too small, it becomes impossible to resolve levels and one obtains 
cross sections that are averages over a number of levels. 

Energy resolution is also required to observe resonances and other structure 
in the energy dependence of the cross section. Clearly, their unambiguous 
identification and their investigation become possible only if AE 1s less than 
the width of the resonance or, more generally, less than the range in energy 
over which interesting structure is present. 

Energy resolution on the order of several parts in 10° has been achieved 
with primary beams of charged particles produced directly by accelerators. In 
Fig. 1.1 an extreme example is shown, demonstrating resolution on the order 
of 100eV achieved for proton beams of about 2 MeV. Figure 1.2 illustrates an 
example of a similar resolution achieved with high-energy electron beams. 
Energy resolution of secondary beams of particles, such as neutrons, pions, and 
y-rays, produced when a primary charged particle beam collides with nuclei, is 
steadily improving. The development of semiconductor detectors such as 
lithium-drifted germanium has been particularly useful for y-ray detection 
(Fig. 1.3), while the development of electronics capable of picosecond timing 
has been of great value for the determination of neutron energies by the 
time-of-flight method. Better secondary beams and better precision can be 
obtained as well by increasing the intensity of the primary beam. Some facilities 
of this type have recently been built. 

These improvements in the control of projectile beams and the detection of 
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=2Cr(p,p)-"Cr 160° 


COUNTS /50 
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FIG. 1.1. High-energy resolution (AE ~ 100 eV) achieved for proton beams for proton 
energies of a few MeV. [From Moses, Newson, et al. (71).] 


reaction products make possible the discovery of relatively rare phenomena 
such as narrow isobaric analog resonance, observation of the structure of the 
broad giant electric dipole resonance (Fig. 1.4), and elucidation of nuclear 
structure as exemplified by the study of nuclei in the lead region, to cite a few 
examples. 

A large variation in the energy of the projectiles, which has been substantially 
expanded in recent years, is possible, permitting the study of-nuclear reactions 
under a variety of kinematic circumstances. For the most part (there are a few 
exceptions) the energies of projectiles employed have been less than a few GeV, 
although beams of nuclei with energies of 200 GeV per nucleon have recently 
become available. 

Perhaps the most important insight to be gained from this discussion of the 
capabilities presently available to experimental nuclear physics is that they make 
it possible to conduct a systematic study of an entire class of phenomena, 
observing its dependence on the Z and A values and the structure of the target 
nucleus; the properties of the projectile, including its charge, mass, isospin, hyper- 
charge, and structure; and on the projectile energy. Such multipronged 
investigations are necessary in strong interaction physics to unravel the various 
structural and dynamical elements determining the course of a reaction. 

Nuclear theory plays an important role in this process. Its principal 
achievement in this regard has been to furnish a framework permitting a. 
dynamical interpretation of the experimental data and the extraction of nuclear 
structure information. Calculations to predict nuclear reactions, based directly 
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FIG. 1.3. Gamma-ray energy resolution obtained with (A) a sodium iodide detector and 
(B) a lithium—germanium detector. [(From Bromley). ] 
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FIG. 1.4. Giant resonance structure. [From Singh, Segel, et al. (1965).] 
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on the underlying nucleon-nucleon forces, called the microscopic theory, have 
been rather few. However, as our understanding of the many-body problem 
grows, it may be expected that the methods used to predict the properties of 
nuclear matter and the low-lying states of finite nuclei will be extended to the 
“many-body problem in the continuum,” which is just another way of describing 
nuclear reactions. 


2. NOMENCLATURE AND ELEMENTARY KINEMATICS 


Nuclear reactions involve the collision of an incident projectile with a target 
nucleus. As a consequence, the initial system is transformed into the final system, 
consisting of the products of the reaction. Symbolically, 


Ge XSYe bees. (2.1) 


where a is the incident projectile, X the target nucleus, and Y the residual 
nucleus. A more succinct notation is often used: X(a, bc,...) Y. The initial system 
is typically a two-body system. The target nucleus is in its ground state, while 
the incident projectile is generally stable or sufficiently long-lived. The final 
system may consist of several particles, so that one speaks of two-body, X (a, b) Y; 
three-body, X(a, bc) Y; and so on, final states. The residual nucleus or any of 
the emergent particles may be in its ground state, or it may be excited. The 
latter condition will be indicated by an asterisk. 

The words initial and final describe the system when its constituents are 
spatially separated and noninteracting. The interacting system is referred to as 
the compound system. When the initial system is brought together so as to be 
interactive, it forms the compound system, which eventually comes apart into 
various possible final states. When a compound system lives a sufficiently long 
time so that it has well-defined quantum numbers such as energy, angular 
momentum, parity, and so on, the compound system is referred to as the 
compound nucleus and the corresponding long-lived state as the compound 
nuclear state. 

In describing these reactions several conservation principles are employed. 
Conservation of charge and baryon number are directly applicable to the reaction 
equation, (2.1). The value of the total charge and the baryon number in the 
final state must equal their values in the initial state. The baryon number B 1s 
defined by the equation 


B=A_—A (2.2) 


where A represents the number of baryons and A is the number of antibaryons. 
Conservation of nucleons is the special case of conservation of baryons 
appropriate for most nuclear reactions which do not usually involve strange 
particles or antibaryons. Generally, the baryon number and charge are known 
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for the initial system. Under these circumstances, observation of these numbers 
for a part of the final system (e.g., the emergent particles) immediately determines 
their values for the remainder of the system (e.g., the residual nucleus). 

Conservation of charge and baryon number are considered absolute 
conservation principles, as indicated by the very long bounds to the lifetimes 
of the electron and proton. Moreover, the magnitudes of the charge of the 
electron and the proton are known to be equal to a very high accuracy. Other 
conservation rules are not as strongly obeyed. As has already been discussed 
in deShalit and Feshbach (74), because of the action of the electromagnetic field, 
isospin is not conserved. Hypercharge is not conserved in the weak interactions 
that induce the decay of strange particles, such as 


M°s>pt+n 


However, it does appear to be conserved in the strong interactions. Violation 
of the conservation of lepton number [see deShalit and Feshbach (74), Chapter IX] 
has not been observed (e.g., the e+ y reaction has not been seen), but it is 
not as firmly established as the conservation of baryon number and charge. 

Space-time symmetries and their corresponding conservation principles must 
also be preserved in nuclear reactions. Linear and angular momentum as well 
as energy are conserved. Parity is conserved and time-reversal invariance 1s 
valid for both the strong and electromagnetic interactions, which play the 
principal roles in nuclear reactions. The weak interactions, which lead to parity 
nonconservation in the hadron—hadron interaction [see deShalit and Feshbach 
(74), Chapter IX], or the neutral current of the Salam—Weinberg standard model, 
which leads to weak parity conservation violations in the electromagnetic inter- 
action, have very little effect on nuclear reactions. Unless we are specifically 
investigating the weak interactions, there is no need to consider their effects. 

There are some simple consequences of these invariance principles that it 
will be convenient to develop now. In most circumstances the target nucleus 1s 
stationary.t The colliding beams experiment, for which both the target and 
projectile are moving, is an exception. But so far this device has been used only 
for proton—proton, proton—antiproton, and electron—positron collisions. One 
can expect that heavy-ion colliding beams will become available in the future. 
The reference frame in which the target nucleus is at rest is referred to as 
the laboratory frame. Quantities associated with it will be designated by a 
subscript L. 

From conservation of momentum we know that in the absence of any external 
_ forces the total momentum of the system is unchanged during collision and 
that its center of mass moves with a constant velocity. It is therefore convenient 
to use a uniformly moving coordinate system in which the center of mass is at 
rest. The position of the center of mass R with respect to an arbitrary reference 


*The target is, in fact, not at rest because of thermal motion. This is of importance for reactions 
induced by slow neutrons. 
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frame for a projectile of mass m and velocity v, striking a target of mass M 
and velocity v, is given nonrelativistically by 


pe 
m+M 


where r, and r, are the positions of the projectile and the target, respectively, 
with reference to some fixed origin. The velocity of the center of mass is 


_ mv, + Mv, 
m+M 


Vv 


In the laboratory frame of reference (v, = 0) 


= MV, = PL 
m+Me m+M 


(2.3) 


L 


where p, 1s the momentum of the projectile. In the center-of-mass frame, V = 0, 
so that p, = —p,. Thus the center-of-mass frame can be referred to as a 
zero-momentum frame. The relations between the momentum and energy in the 
two frames, laboratory and zero-momentum, are needed. The two physical 
situations are compared in Fig. 2.1. In the figure, p is the common magnitude 
of p, and p,. The center-of-mass frame is moving to the right with the velocity 
V,. Hence 


Pp=pt+mv, 
or using (2.3), 
M 
= 2.4 
p ree V Pr (2.4) 


Thus the kinetic energy in the center-of-mass frame, E, and the kinetic energy 


Target Nucleus 


3 MA 3 a 
2 =e 
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Projectile Nucleus 
Laboratory Frame Center of Mass Frame 


(a) (b) 
FIG. 2.1 
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in the laboratory frame, E,, are related by 


= E 2.5 
m+M ~ oi 
Finally, 
I 
E=—p’ (2.6) 
2 
where y is the reduced mass: 
_ Mm 
oe M+m 


The energy of the center of mass in the laboratory frame, 


m 
Eom = 
m+M 


Ey, 


remains constant and is thus not available for the reaction. 

The final and initial systems are related by the conservation principles. It is 
most useful at this point to discuss some of the consequences of the conservation 
of momentum and energy for two-body final states as illustrated in Fig. 2.2. 
The reaction 1s 


a+X—Y* + b* 
where the asterisks indicate the possibility that the residual nucleus, Y, and the 


emergent particle, b, might be excited. In the center-of-mass frame, the energy 


Emergent Particle 
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of the initial system is, in the nonrelativistic limit, (m, + my)c? + T,, where the 
first two terms give the rest energy and T; is the kinetic energy (2.6), with the 
momentum p equal to the initial momentum p,. The energy of the final system 
is, similarly, 


(m, + my)c? + &, + &y + Ty 


where «, and éy are the excitation energies of the particle b and nucleus Y, 
respectively. The value of the momentum p, can be obtained from T, using 
(2.6). Conservation of energy requires that the energies of the initial and final 
systems be equal. Hence 


T, — T;=Q,;= (my +m, — my — m,)c? — & — ey (2.7) 


where Q,,, referred to as the Q value, gives the kinetic energy released by the 
reaction. If Q ,, is positive, the reaction will proceed even if T;, the initial kinetic 
energy, is zero. The reaction is then said to be exogeric. If Q,, is negative, T; 
must at least equal |Q,,|, the threshold energy, before the reaction can proceed. 
The reaction is then endoergic. In a typical case, the masses are known, and the 
emergent particle is not excited (¢, = 0). Then by measuring Q ,, the value of éy, 
the excitation energy of the residual nucleus, can be determined. 

Of course, in practice, laboratory energies are measured directly and it 
sometimes is useful to express the energy difference T, — T; as given by (2.7) in 
laboratory-frame variables. It is an easy matter to obtain Q,, by applying 
conservation of momentum and energy in the laboratory frame. The result 1s 


1 
Q i= Thy + (Pua — a ea hae (2.8) 
Y 
OT 


1 
Q ,,= — L(my + m,)T,, — (my — m,)T,, — 2,/m,m,T,, T,, COs 0, ] (2.9) 


My 


where 0, is defined in Fig. 2.2. The mass my may be eliminated using its approxi- 
mate value my +m,—m,. Since Q,, depends only on intrinsic energies [see 
(2.7) ], its value is independent of the angle 6,. Thus T,, must vary with angle 
d, so as to cancel out the explicit 8, dependence in the right-hand side of (2.9). 
The angle variation of T,, can be obtained from (2.9) by solving for T,, in 
terms of Q ,,. 


3. CLASSIFICATION OF REACTIONS 


Each of the projectiles can induce reactions of various kinds. We begin with 
the examples schematically illustrated in Fig. 3.1. This gives the energy spectrum 


3. CLASSIFICATION OF REACTIONS 11 


toe 


(a) 


Quasielastic peak 


Multistep compound 


Evaporation 


Multistep 


ra direct 
Direct 


y 


(o) 


FIG. 3.1. (a) Energy spectrum of a particle scattered with a momentum transfer hq and 
an energy loss hw; (b) energy spectrum of a nucleon emitted with an energy, ¢, as the 
consequence of a reaction. 


of a projectile scattered with a given momentum transfer hq and energy transfer 
hw in the center-of-mass reference frame, where 


q=k;—k, pp, , =hk; , (3.1) 
and 
where E; and E, are the energies of the target and residual nuclei, respectively. 
The peak in the intensity for zero energy loss is produced by elastic scattering, 


designated by X(a, a)X. Elastic scattering is defined to be a collision in which the 
colliding particles only change their direction of motion, and possibly spin 
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orientation if they have spin. None of the kinetic energy of the system is used 
to excite the colliding systems internally; that is, Q ,, = 0. The projectile and the 
target nucleus remain in their ground state, simply changing their direction of 
motion as illustrated in Fig. 3.2 but not the magnitudes of their momenta. The 
cosine of the angle of scattering, 0, is given by k,- k y- itis related to q as follows: 


q = 2ksin$0 (3.3) 


where k is the common magnitude of k; and k,. 

If both or either the projectile and target nucleus are complex, inelastic 
scattering can occur with the excitation of either or both, as indicated by 
X(a,a*)X*. The reaction is endoergic. The sharp peaks for nonzero values of 
win Fig. 3.1a correspond to the excitation of sharp discrete levels in, for example, 
the target nucleus. Figure 3.2 still applies, but in contrast to elastic scattering, 
p; no longer equals p,. The energy transfer hw equals the excitation energy ¢, 
so that 


1 
hw = = —-(p; — p*) (3.4) 
where it has been assumed that the change in the kinetic energies of the target 
can be neglected. Relation (3.3) 1s replaced by 
Since ¢ is fixed, the magnitude of k, does not vary with angle. However, the 
value of q, for a given ¢, does vary with angle, increasing as @ increases. The 


significance of gq can be seen from the Born approximation, which states that 
the amplitude for the process will be proportional to 


fe-Berv inet era = fewvin dr 


where V is the effective potential which induces the transition, elastic or inelastic 
as the case may be. V will generally depend on the properties of the nuclear 
systems undergoing the transition. We see that the reaction will serve as a probe 
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of V(r) for distances on the order of h/q. Thus the larger the q, the more sharply 
the short-range properties of V are probed. 

For larger energy transfers (Fig. 3.1b), the spectra lose their discrete character 
and become continuous. For one thing the density of levels of the target nucleus 
becomes so large that it is no longer possible to distinguish individual levels. 
It should also be realized that the approach to the continuous energy spectrum 
will differ with differing types of excitation. States of the excited nucleus with 
high angular momentum, J, will, for example, achieve the requisite high-level 
density at comparatively high excitation energies. At the lower energies the 
spectrum may thus be, effectively continuous as far as small values of J are 
concerned but will have a superimposed discrete character characterized by 
large values of J. 

For sufficiently large energy transfers, those exceeding the separation energy 
for a nucleon, deuteron, or other fragments, the target nucleus can emit a 
particle,. The corresponding reactions are referred to as (p, 2p), (p,p’d), and 
(p, px) when the incident particle is a proton. The final states consist of the 
residual nucleus; the incident proton, which has lost energy; and the particle, 
which has been knocked out of the target nucleus—and are thus at least 
three-body final states. 

An important feature in this regime is a consequence of the quasi-elastic 
scattering mechanism. In quasi-elastic scattering the incident particle is assumed 
to collide elastically with a nucleon (or a complex cluster) within the target 
nucleus, the remainder of the target nucleus acting as a “spectator.” If the 
nucleons (or clusters) in the nucleus were at rest and free, one would see a sharp 
peak in the cross section at an energy loss, hw, corresponding to the energy 
acquired by the nuclear nucleons. Using definitions (3.1) and (3.2), this implies 
that 

2,2 
ne (3.6) 


2m 


where m is the mass of the nuclear nucleons (or clusters). 

However, the nucleons in the nucleus move with a momentum p. In a 
Fermi-gas model the maximum value of p is p;, the Fermi momentum. The 
conservation of momentum requires that the momentum hg [see (3.1) ] lost by 
the incident particle is acquired by the target nuclear nucleon of mass m*, where 
m* the effective mass, is a function of the momentum, taking into account to 
some extent the effect of the interaction with other nucleons in the nucleus. 
Therefore, more accurately, 


2 2 


p P 
2m*(p) m*(P) ee oo 


This equation neglects the recoil energy of the residual nucleus, whose maximum 
value is on the order of ¢,-/(A — 1), where A is the mass number of the target 
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nucleus and é, is the Fermi energy. This approximation is valid only when ha 
and hq are sufficiently large. From (3.7) one obtains a relation between w and 
q, neglecting the difference between m*(p) and m*(P): 


1 ) 
hw = —| hp-q+ 3.8 
=( 2 lame (3.8) 


Hence hw is bounded as follows: 


prhq | h’q? —Prhq | h*q? 

- a ae > ha > = + ae (3.9) 
The free nucleon peak at (hq)?/2m is shifted to h*q?/2m*. Moreover, it spreads 
out, acquiring a width of the order of hp,g/m* as a consequence of the internal 
motion of the nucleons of the target nucleus. It should be noted that the peak 
energy depends on the angle @ between the initial and final momenta, p,; and 
p,, ina characteristic way. This fact can be used to differentiate the quasi-elastic 
peak from others. The energy difference hw = Q,; for inelastic excitation, for 
example, does not vary with the center-of-mass angle 0 [see (2.7) ]. 


Problem. Discuss how these conclusions are changed because of.a possible 
difference between m*(p) and m*(P). 

The presence of the quasi-elastic peak is shown in Fig. 3.1a. Its shape depends, 
at least in the noninteracting Fermi-gas or shell model, on the distribution of 
momenta within the nucleus or more generally on the state of the struck particle. 
The energy of the emergent particle is not given by p?/2m* since that is its 
energy relative to the bottom of the potential well, as shown in Fig. 3.3. The 
observed energy is p*/2m* —,, where ¢, is the binding energy, the minimum 
energy required to remove the struck nucleon from the nucleus. 

Some experimental results for the (e,e’X) cross section, in which only the 
inclusive cross section in which only the emerging electron and not X is observed, 
are shown in Fig. 3.4. The solid lines give the fit obtained with the quasi-elastic 
mechanism using the Fermi-gas model of the target nucleus. The values of ¢, 


FIG. 3.3. Quasi-elastic scattering. 
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FIG. 3.4. Quasi-elastic scattering of electrons. The solid lines are calculated using a 
Fermi-gas nuclear model. [From Moniz et al. (71).] 
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and p, are indicated in the figure and are also given in Table I.15.1 in deShalit 
and Feshbach (74). 

More information can be obtained if the emergent proton in the (e, ep) and 
(p,2p) reactions are also detected in a coincidence experiment. In these 
experiments it becomes possible to determine ¢, for different single-particle 
orbitals and to obtain information on the momentum distributions for each. 

In Figs 3.1a and 3.4, note the minimum at the low-hw end of the inelastic 
spectrum, lying between the quasi-elastic peak and the region where discrete 
levels are excited. This minimum is a consequence of the competition with the 
many other reactions that can occur in this region. At the upper end of the 
peak, we see that the spectrum shows a rise that is not predicted by the Fermi-gas 
model. This is a consequence of pion production. 

Reactions in which the residual nuclei differ in either their mass number 4A, 
atomic number Z, or hypercharge Y, are called transmutations. When the mass 
number does not change but the atomic number or hypercharge do change, the 
reactions are referred to as charge exchange (CEX) or hypercharge exchange 
scattering (HCEX). Examples of charge exchange reactions include the (p, n), 
the (*He, ?H), and so on, reactions. With pion projectiles one can observe both 
single and double charge exchange reactions, 


m= +(Z, A) > 2° +(Z +1, A) 
m*+(Z,A)>n* +(Z +2, A) 
where (Z, A) denotes a nucleus with atomic number Z and mass number 4A. 
The second of these reactions can lead to nuclei relatively far from the “stable” 
valley. For example, if the target is '°O, the resulting nucleus produced by the 
double charge exchange reaction (x*,2~) is 1°Ne. 
Hypercharge exchange reactions can involve either incident kaons or the 


production of kaons. In the first the hypercharge of the kaon is transferred to 
a nucleon in the target converting, for example, a neutron into a A. For example, 


K~+?C3?C+27 


where yee consists of six protons, five neutrons, and one lambda and 1s referred 
to as a hypernucleus. Associated production can also lead to hypercharge 
exchange. The elementary processes can be 


nmi +n>K*+A 
>K*+z° 
etc. 
The nuclear process corresponding to the first of these reactions is, for example, 


am’ +**C3C+ Kt 
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Particle transfer reactions form a most important class of reactions leading 
to transmutations. The stripping (d, p) and pickup reactions (p,d) in which a 
neutron is transferred to or from the target nucleus played an important role 
in establishing the nuclear shell model. The (d, p) reaction was found to populate 
the single-particle neutron shell model states selectively, while the (p, d) reaction 
was found to be sensitive to the orbital of the neutron, which is “picked up” 
to form the deuteron. It proved possible in both these cases to correlate the 
angular distributions of the protons or deuterons in the two cases with the 
properties of the single-particle orbital from or to which the neutron is 
transferred. In Fig. 3.5 the values of | labelling each curve indicate the orbital 
angular momentum in question. As is apparent, the value of | can be deduced 
immediately from the shape of the angular distribution. Single proton transfer 
reactions with deuterons such as the (n,d) or (d,n) reactions are most difficult 
since at least until recently, neutrons have proven to be more difficult to manage. 
It has been necessary to turn to reactions with *He, such as the (*He,d) or 
(d,*He) to investigate single proton transfer reactions. 

The transfer of two neutrons is studied in the (*H, p) and (p, H°) reactions. 
In this case it is believed that the two neutrons transferred are in a ‘Sy state 
since that is for the most part their state within the *H nucleus. It may be 
expected that the pickup reaction (p, >H) reactions will proceed most vigorously 
when the target nucleus ground state is superconducting, being built up of 
precisely such correlated pairs. An example is shown in Table 3.1. This reaction 
is clearly useful for the discovery and study of pairing correlations. 

Reactions in which a larger number of nucleons are transferred have been 
observed using «-particles and most recently, heavy-ion projectiles. The transfer 
of as many as eight nucleons has been seen; in this way the production of many 
new nuclei away from the stable valley has become possible. 

Still another class of reactions occurs when the incident projectile is a boson. 
When the projectile is a photon, a pion, or a kaon, it can be absorbed by the 
target nucleus. This process, referred: to as absorption, can result in the transfer 
of a relatively large amount of energy but with a relatively small amount of 
momentum transfer. This is obvious in the case of photon absorption. In that 
case the absorption by a single nucleon of the target nucleus is reduced since 
the recoil energy of the nucleon h*7/2mc? is very small compared to the energy 
transfer hw for photon energies hw «mc. As a result, the absorption is by a 
pair of nucleons in which the nucleons move in antiparallel directions so that 
their energy can be appreciable while their net momentum is small. A similar 
phenomenon can occur when pions and (to some extent) kaons have small 
momentum, as in the case of pionic and kaonic atoms, in which x” and K~ 
are captured in atomic orbits by the attractive Coulomb field of the nucleus. 
In that situation the momentum of the pion or kaon is small, while upon 
absorption by the nucleus, an energy equal to m,c? or m,c? is released. In the 
case of kaon absorption there is a finite probability that a hypernucleus is 
formed. Indeed, it was through this process that the first hypernuclei were 
observed. | 
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FIG. 3.5. Angular distribution for the ?°Zr(d,p) reaction with 12-MeV deuterons in 
which the neutron transferred to ?°Zr carries an orbital angular momentum of | = 0, 2, 4. 


[From Satchler (66). | 


Photon absorption with the emission of a single nucleon [e.g., (y,n)] also 
occurs. The underlying process may be the two-nucleon absorption, with one 
nucleon captured before it emerges from the nucleus. Of course, this capture 
must occur if the photon energy is below the threshold for the production of 
two nucleons. In that event it may become more convenient to describe the 
process as the excitation of the target nucleus into the continuum. The effect 
of the other nucleons is then contained in the high-momentum components of 
the single-particle wave function of the absorbing nucleon. 
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TABLE 3.1 Yield Y for the ‘‘Sn(t,p) 
Reaction Forming '*°Sn* 


(t, p) E, 
group (MeV) L Y 
0 0 0 100 
1 1.164 2 5 
2 2.070 >2 3 
3 2.185 4 
4 2.236 yA 
5 Dar Bet 5 
6 2.659 2 
7 2.732 6 
8 2.905 3 
9 3.439 4 
10 5.226 4 
11 5.282. 9 
12 5.313 11 
13 5.762 10 


Source: (Bjerregaard Hansen, et al. (69)). 
“L is the transferred angular momentum. 


The inverse of photon absorption is called radiative capture, such as (n,), 
(p, 7), (x,y) and so on. The neutron capture process, for example, is very useful 
for determining the presence and properties of low-lying levels of the final 
nucleus, which are readily connected via the electromagnetic interaction to the 
capturing energy region. In the neutron case, the first step in the capture of the 
neutron can be the formation of a compound nuclear resonance. In the proton 
case, the use of polarized protons? in the (p,y) reaction has led to a more 
complete understanding of the contribution of the various multipole momenta 
in the giant dipole resonance region. 

Fermions can be absorbed by the nucleus through the weak interactions. 
For the electron the process is known as K,L, and so on, capture and results 
in neutrino emission [see deShalit and Feshbach (74), Section I[X.6]. In the case 
of muons [see deShalit and Feshbach (74), Section IX.18], the final state can 
consist of the muon neutrino and a nucleon as well, because of the large rest-mass 
energy of the muon. | 

Absorption of antiparticles such as the antiproton, p, proceeds through the 
strong interactions for the most part. In the case of antiprotonic atoms in which 
the antiproton is in an atomic orbit about the attractive Coulomb field of the 
nucleus, absorption of the antiproton involves the annihilation process. The 


*Polarized projectiles are indicated by boldface. 
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important elementary process is 
p+ p-(nn) 


where (nz) refers to the emission of n pions. The analogous electromagnetic 
system, positronium, decays by the emission of photons: 


e* +e (ny) 


where n is 2 or 3, depending on the state of the positronium. Larger values of 
n are not easily observable because of the weakness of the electromagnetic 
interaction. 

The inverse of boson absorption is boson production. When protons of 
sufficient energy strike a nucleus, pions can be produced, as exemplified by the 
reaction 


p+(Z, A)>(Z,A+ 1) +27 (3.10) 


The threshold for this process occurs at a lower energy than the elementary 
processes: 


p+pont+p+n* 
>d+n* 


For the first of these the kinetic energy in the center-of-mass frame is 5E,, 
whereas, with the nuclear target the kinetic energy in the same frame is 
[A/(A + 1)]E,. Roughly (neglecting differences in the neutron and proton 
masses, etc.), E, for the p—p reaction must be at least 2m,c”, while for the nuclear 
target the threshold energy [1 + (1/A)]m,c? is considerably less. However, the 
cross section will be very small in this limit, since the entire target nucleus must 
be involved in the collision and production process. Intuitively, one would 
expect that the critical parameter is the ratio of the momentum transfer, hq, to 
the Fermi momentum p-. If this ratio is greater than 1, the probability of ejecting 
a nucleon will be correspondingly large and the probability of (3.10) occurring 
is reduced. If the produced pion is at rest, and if one neglects the momentum 
of the neutron added to the target nucleus by the reaction, this ratio becomes 
DP, /Pr, where p, is the momentum of the incident proton in the laboratory frame. 
At threshold, nonrelativistically, 


Pr f2mm,Ac* _ ‘ | A 

Dr (A + 1)p2 A+1 
Since this ratio is greater than 1 for all nuclei, there will be a reduction in the 
cross section of process (3.10). Indeed, as soon as it becomes energetically 


3. CLASSIFICATION OF REACTIONS 21 
possible, the reaction 
p+(Z,A)>(Z,A)+pt+n 


is expected to dominate. 

When the energy deposited in a nucleus is sufficiently large, as can be the 
case if the incident projectile is very energetic, or when the nucleus absorbs a 
massive particle as described above, the nucleus may break apart into several 
highly excited large fragments. This catastrophic event is referred to as 
fragmentation. In response to relatively minor perturbations, heavy nuclei whose 
stability is reduced by the repulsive electrostatic forces will fragment into two 
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FIG. 3.6. Energy distribution of the light products in the reaction (*°Ar + !°8Ag): (a) for 
Z = 12, 13, and 14 the spectra are identical at 25° and 40°; (b) for Z = 15, 16, and 17, the 
deep inelastic process appears more clearly at 40°. [From Lefort (76). ] 
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Or more massive fragements. This process is called fission. Fus‘on is an inverse 
process in which heavy 1ons combine to form a single nucleus with perhaps the 
emission of a few light particles. Recently, a process termed deep inelastic collision 
has been discovered. It is found that in the process most of the kinetic energy 
available in the initial system has been transformed into internal energy. The 
observed kinetic energy of the final system 1s mostly a consequence of Coulomb 
repulsion. That is, it can be understood to be equal to the Coulomb energy of 
the two emerging nuclei making up the final system, in contact and at rest. As 
an example, consider the reaction fgAr+‘95Ag; the energy of the argon 
projectile is 288 MeV. In Fig. 3.6 we plot the energy distribution of the fragments 
Z = 12, 13, and 14 at two angles, 25° and 40°. It will be seen that the energy 
distribution at the two angles for the various fragments is nearly identical! This 
is the signature for this remarkable phenomenon. The peak energy is about 
72 MeV. Assuming a two-particle final state, the total energy of the final system 
is 78 MeV, considerably less than the 288 MeV and reasonably close to the 
Coulomb energy of the two final particles. 


4. DIRECT AND COMPOUND NUCLEAR REACTIONS 


The various processes discussed just above can proceed through a variety of 
mechanisms. An early differentiation was made between “direct” and compound 
nuclear statistical reactions. In Sections I.12 and I.13 of deShalit and Feshbach 
(74) it was emphasized that the two reaction types, the direct and that leading 
to the formation of a compound nuclear state, could be distinguished by the 
time delay caused by the reaction or equivalently, by the interaction time 
required for the completion of the reaction. The direct reaction involves a short 
time delay whose order of magnitude is the time it would take a projectile 
and/or the emergent particle simply to traverse the nucleus. As pointed out 
in deShalit and Feshbach (74), a short time delay is reflected in a relatively 
weak dependence of the cross section on energy as well as a strongly anisotropic 
angular distribution, indicating that the memory of the direction of motion of 
the projectile has not been lost in the course of the reaction. In other words, 
from the angular distribution it is possible to estimate the direction of motion 
of the incident projectile. These properties of direct reaction have led to the 
single-step description of the process referred to as the DWA distorted wave 
approximation (DWA). In a single-step process, the projectile (e.g., a proton) in 
one interaction forms the emergent particle (e.g., a deuteron). The matrix element 
for this process (p,d) is therefore written as a matrix element of the effective 
transition potential, V, acting directly on the initial state to produce the final 
state. If the process is X(a,b)Y, the initial-state vector is the product of a state 
vector |a, X >, giving the dependence on the internal variables of projectile a 
and the target nucleus X, and the wave function y‘*(k;, r), giving the dependence 
on their relative coordinate r with hk, the incident momentum. ;‘*? is a 
“distorted” wave in that it is not a plane wave but also takes into account the 
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average interaction between the projectile and the target.t The plus superscript 
denotes the outgoing diverging wave boundary conditions satisfied by y{*). In 
terms of this description of the initial state and an analogous one for the final 
state, the DWA matrix element giving the amplitude for a direct reaction is 
proportional to 


| arb." 6b, YIP a XD (4.1) 


In this equation y{) is the wave-function describing the relative motion of the 
final constituents, subject to the converging wave boundary condition. In the 
X(p,d)Y case, y‘*) describes the dependence on the relative p—X coordinate, 
while ue is the wave function for the dependence on the relative d— Y coordinate. 
The single-step nature of the process is indicated by the linear dependence of 
the matrix element on the potential, V. This “theory” can give excellent 
agreement with the appropriate experiment, as exemplified by Fig. [.12.1 in 
deShalit and Feshbach (74). 

The compound nuclear resonance involves a very long interaction time, as 
can be seen directly from the very rapid variation of the cross section with 
energy, as indicated by its width, I’ [see Fig. I.12.3 in deShalit and Feshbach 
(74) ]. The resonance demonstrates the presence of a nearly bound state of the 
compound nucleus, with well-defined quantum numbers such as energy, angular 
momentum, and parity—the compound nuclear state, whose lifetime is given 
by (h/T). Clearly, the excitation of the compound nucleus state cannot be 
described in terms of a single-step process. Rather, the incident projectile 
completely loses its identity, amalgamating with the target nucleus to form a 
compound nuclear state. The compound nuclear state lives for a finite (rather 
than an infinite) time because it can decay by emitting a variety of products. If 
the particle emitted is identical with the incident projectile, the process is elastic 
or inelastic scattering. If the particle emitted is not identical with the incident 
projectile, the reaction is a transmutation. If interference with the direct reaction 
is unimportant, the angular distribution of a reaction product is symmetrical 
about 90°. It is thus no longer possible to ascertain the direction of motion of 
the incident projectile, although its line of motion is determined. 

The isolated compound nuclear resonance is a spectacular phenomenon. 
However, it can be observed in only a comparatively limited energy range. As 
soon as the excitation energy increases sufficiently, the density of resonances 
and the variety of accessible exit channels will become so large that it becomes 
most unlikely that an isolated compound nuclear resonance will be present. 
Rather, the resonances will overlap, their presence being reflected by fluctuations 
in the energy dependence of the cross section away from a smooth average. In 
this regime it becomes necessary to use statistical measures such as averages 


‘The quantities, the effective transition potential, and the average projectile-target nucleus 
interaction are discussed and described in Chapter VI. 
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over the fluctuations and mean-square deviations from the average. This theory 
is referred to as the statistical theory of compound nuclear reactions. 

The principal assumption of this theory rests on the insight that the wave 
function for the system is very complex, consisting of a large number of 
components (e.g., the overlapping resonances). The amplitudes, both in magni- 
tude and phase, of each of these vary rapidly as the energy changes. The 
assumption is made that these amplitudes are random variables. The expression 
for the reaction cross section, depending on the square magnitude of reaction 
amplitude, will therefore depend on bilinear products of this set of random 
variables. Upon averaging, the cross products of the random variables will 
vanish. This result follows from the assumption that the phase of each com- 
ponent amplitude is random. We provide a detailed discussion of the conse- 
quences of this approach in Chapter IV. 


Problem. Let f =), 4(E)BAE,), where A, and B,, are random variables. 
Show that <|f|?> =(5,|4,(E)|7 1021 Bn(E»)17]- 

For the present purposes it will suffice to quote the results that follow exactly 
for the collision of spinless systems producing spinless reaction products, and 
that follow approximately for reactions involving particles with spin. The 
average cross section for exciting a specific level in the residual nucleus is 


A (Es) 
daAdE,) 


This result is an expression of the Bohr independence hypothesis. The cross 
section factors into two terms. The first, o,(i; E;), gives the cross section for 
forming the compound system when the available center-of-mass energy is E; 
and the quantum numbers describing the target nucleus are symbolized by i. 
The second factor, depending only on the final energy, is a branching ratio 
giving the probability that the compound nucleus will decay to a particular 
final state. 

An approximate argument (which turns out to yield the correct result!) 
provides the form for A,. A more precise discussion is given in Chapter IV. We 
assume incorrectly (why?) that detailed balance is valid for the reaction 
considered above. For spinless systems, detailed balance states that 


(oi (Es) > = 0 (i; Ej) (4.2) 


E;<6;(E,)> = E,<o,(E;)> (4.3) 
Inserting (4.2) into this equation yields 


A ,(E,) ae E,odf; Ey) 
Hence 
oi, EE po (f; E,) 


(4.4) 
Ds E,o (4; E,> 


CGis(E5)> = 
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Generally, in the energy region where this formula is to be applied, the final 
states of the residual nucleus form a continuum, or the individual states are 
not resolvable. Suppose that the density of states at the excitation energy of 
the residual nucleus U ,; is w,(U ,;). Then the spectrum < do; ,/dE , > is given by 


( ai ; ~¢(i: E,) ft fe fo AS SE f)Mo( U i) (4.5) 
. oe Ha [ae E,o. E)@o( Ui) 


where yp, is the reduced mass for the possible final systems. This formula applies 
approximately to systems with spin if wo is the density of levels with zero total 
spin. The value of the excitation energy, U,;, is given by 


where Q,; is the Q of the reaction [see (2.7) ]. 

Despite the approximations involved in deriving (4.5), it has proved to be 
of great utility, in part because it gives a very definite prescription for determining 
an average cross section. The cross section for forming the compound nucleus 
can readily be calculated from the optical model obtained from fitting elastic 
scattering cross sections and angular distributions. In the short-wavelength limit 
for a strongly absorbing nucleus and a neutral projectile, it is given roughly by 
mR?(1 — < V >/E), where R is the nuclear radius, that is, the radius of the potential 
acting between the target (residual nuclus) and the projectile (emitted particle) 
and <V > is the average strength of that potential. 

Some consequences of (4.5) are immediately clear. The ratio 


do, ,/dE 
a .(i; EE fo Af; E ry) 


depends only on the excitation energy U ,,, that is, only on the difference E; — E, 
and not on either E; and E, separately. This assumes that the denominator on 
the right-hand side of (4.5) is insensitive to E;. This is to be expected when there 
are many channels into which the compound system can decay. Moreover, it 
is possible to extract the level density @ ), which is traditionally (Chapter IV) 
parametrized as follows: 


W(U) = Ce2v (4.7) 


The empirical values of a for a number of nuclei are shown in Fig. 4.1. As one 
can see, the density of states rises very rapidly as the excitation energy U 
increases. | 

The function w,(U), where U is given by (4.6), can be expanded about the 
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FIG. 4.1. Level density parameter a versus A. The straight line corresponds to a= A/8 
and dark points are experimental determinations. [From Lefort (76). ] 


maximum excitation energy for the nucleus, (E; + Q,;)= Uy, 


Coo(E; + Op; — Ey) = Ce?¥00™ e~ BriTUns) (4.8) 


T(Uy) = _| = (4.9) 


T is referred to as the nuclear temperature,* given in energy units. The energy 
spectrum (4.5) becomes, as far as its dependence on E, is concerned, 


where 


(Bt) ~ Bod fsB,)e-® (4.10) 


*One can obtain a more general formula by postulating 
Wy = ed'¥) 


Expanding S(U) about U,, yields 


Wo(U) = em) e~ EsIT T-) -(=) 
dU U=Um 
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This formula is similar to that which gives the energy distribution of molecules 
evaporated from condensed matter. It suggests the picture that the incident 
particle deposits energy in the system, which then heats to a temperature T 
and then evaporates. For this reason the low-energy part of the spectrum for 
which (4.10) is valid is often referred to as the evaporation and/or the equilibrium 
region. An example of the determination of the temperature from experiment 
is shown in Fig. 4.2. | 

The angular distribution of the reaction products in the eavaporation region 
is predicted to be spherical. The derivation of this result employs the assumption 
that the excitation of the residual nucleus will populate levels with all possible 
values of and directions of the angular momentum. However, in the case of 
some systems, particularly those involving the collision of heavy ions, for which 
large angular momenta are selectively populated, isotropy will no longer be 
predicted. We shall postpone the discussion of that case to Chapter VIII. 

The dependence of the density of levels on angular momentum in the residual 
nucleus has been derived by Bloch (54) using the independent particle model 
for the nucleus: The z component of the total angular momentum M (z is in 
an arbitrary direction) is obtained by adding up the z components of the angular 
momentum of each of the nucleons making up the residual nucleus. Presuming 
these components to be random, the probability distribution for a given total 
M(=2 0) is given by the central limit theorem as 


F(M) = e7 MM + 1)/202 


where o is the dispersion and M(M + 1) rather than M? has been put into the 
exponent. The density of levels with a value of angular momentum equal to J, 
@,, 1s given by F(J + 1) — F(J) since the M component of the angular momentum 
in the range (J — 1,I) must be projected from total angular momenta greater 
than J — 1 and less than J. Approximately, 


21+ 1 
=—_.-e 


OF (I 
FI —1)— F()~ 4 = 


I Bee (4.11) 


Hence 


Or (21 + 1)a eH + 1)/20? 
./ 810° 


where the the dependence on a in the coefficient of the exponential has been 
chosen so that 


(4.12) 
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FIG. 4.3. Theoretical spin cutoff parameters o? as a function of excitation energy for 


nuclei in the *°°Pb region (40). The calculations have been performed on the basis of 
the Nilsson diagram. [From Huizenga and Moretto (72). ] 


Theoretical values of o as a function of mass number are shown in Fig. 4.3. 
Equation (4.5) (for spin-dependent systems) and the isotropy of the reaction 
products is derived under the assumption that w, ~ (2/ + 1)qpo, that is, neglecting 
the exponential in (4.12), an assumption that fails for the collision of heavy ions. 
This exponential factor expresses the fact that for a given number of nucleons, 
the number of ways one can construct a total angular momentum, I, from the 
individual nucleon angular momenta must eventually decrease as I increases. 


5. MULTISTEP DIRECT REACTIONS 


A wide variety of nuclear reactions cannot be described either as a single-step 
direct process, that is, by the DWA approximation (4.1), or as a compound 
nuclear resonance reaction, as extended by the statistical theory of nuclear 
reactions [see (4.5) ]. In terms of Fig. 3.1b giving a typical energy spectrum of 
particles emerging at a given angle (or of the corresponding residual nuclei), 
the region of validity of these two descriptions is limited to the high-energy 
region for the direct single-step process, while the statistical compound nuclear 
process is limited to the low-energy end. The latter domain is characterized by 
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spherical angular distributions and rapid fluctuations in the energy dependence 
of the cross section, symptomatic of long interaction times. The direct reaction 
involves short interaction times and thus is characterized by anisotropic angular 
distributions and a slowly varying energy dependence of the cross section. 

However, in the energy region between high and low energies, large deviations 
from the predictions of these two mechanisms are found. For example, in Fig. 
5.1 the !?’Au(a, xn) cross section integrated over angles are compared with the 
statistical compound theory [see (4.5) ] for «-particle energies ranging from 20 
to over 70 MeV. Clearly, a rapidly growing discrepancy appears in each of the 
cross sections shown in the figure. 
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FIG. 5.1. Calculated and experimental excitation functions for the reactions !?’Au(a, xn). 


The heavy solid curves represent experimental yields. The thin solid curves represent 
equilibrium statistical model calculations. [From Blann (72).] 
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FIG, 5.2. Experimental data for the reaction '’°Yb(p, t) compared with the single-step 
DWA calculation (solid line). [From Ascuitto, Glendenning, and S¢rensen (72). ] 


The single-step direct process can fail to describe reactions at the high-energy 
end of the spectrum, as illustrated by the reaction 1’°Yb(p, t)'’*Yb. In Fig. 5.2 
the DWA is compared with the experimental result and does not provide an 
explanation of the angular distribution for the excitation of the 2* state by a 
wide margin. 

Both the statistical compound and the direct reaction theories are. limiting 
descriptions, the former involving very long interaction times, the latter, very 
short reaction times. It is now necessary to retreat from these extremes and 
consider processes involving intermediate interaction times. 

In the case of direct reactions, the procedure to be used is rather obvious. 
The single-step reaction is described in terms of the DWA. This is a perturbation 
theory where the perturbing interaction is, according to (4.1), given by 
¢b, Y|V|a,X >. The amplitude given by (4.1) is an approximation to the more 
precise amplitude to be obtained from the coupled equations 


LE; — T — V, (a, X) Jw(a, X) = (a, X|V |b, ¥ DW, Y) (5. 1a) 
[E, — T —Va(b, Y) 1b, Y) = ¢b, Y|Va, X >a, X) (5.15) 


where V,,,(a, X) is the optical potential between the target X and projectile a 
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and T is the kinetic energy operator for their relative motion. The amplitude 
equation (4.1) is obtained by dropping the terms on the right of (5.1a). 

However, this result still leaves out possibly important physical processes, 
consequences of the polarizability of the target (residual) nucleus by the projectile 
(emergent particle). For example, the target nucleus and/or the residual nucleus 
may be excited, permitting the reaction to the final state to proceed by several 
intefering routes, as indicated in Fig. 5.3. In addition to the one-step process, 
there are several two-step amplitudes. In one, the target nucleus is excited and 
then makes the transition to the final state of the residual nucleus; in another, 
the transition is from the initial target nucleus to an excited state of the residual 
nucleus which in the second step of the process is deexcited. In a reaction such 
as (7H, p), in which several nucleons are transferred, interference between the 
direct route and one in which the nucleons (neutrons in the example) are 
transferred one at a time is possible. Indeed particle transfer can play a role 
even in the case of an inelastic scattering (p, p’) reaction. It might be the case 
that the two-step process X(p, d)Z(d, p')X* is important for some special reason. 
For example, a collective state (or set of collective states) of nucleus Z might 
be accessible in the energy, charge, and angular momentum range under 
investigation. 

The two-step process illustrated in Fig. 5.3 is described by the following 
equations: | 


LE;— T —V,p(a,X) l(a, X) = <a, X|V a, X* dpa, X*) 


+ <a, X|V|b, Y>W(b, Y) + <a, X|V |b, Y* Wb, Y*) (5.2a) 
LE; — T — &, — Vop (a, X*) (a, X*) = Ca, X*|V a, X (a, X) 
+ <a, X*|V|b, Y Wb, Y) (5.2b) 


FIG. 5.4. (a) Cross sections for the 2* state that correspond to the individual transfer 
processes shown. Note that the direct and indirect routes are comparable in magnitude. 
Each of these overestimate the cross section and interfere destructively to produce the 
final result. (b) Cross sections for members of the ground band of '’*Yb. Calculations 
include all transitions connecting all three states in both nuclei. The 0* curve was 
normalized to the data and the same normalization was used for the other two. [From 
Ascuitto, Glendenning, and S¢rensen (72). ] 
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LE, — by — i Vop (5, Y*) wb, Y*) = <b, Y*| V ja, X Da, X) 


+ (b, Y*|V|b, Y wb, Y) (5.2c) 
LE; — T — Vop(b, Y) (6, Y) = <6, ¥| Via, X >a, X) 
+ <b, Y|V\a,X* >y(a, X*) + (b, Y|V |b, Y* WO, Y*) (5.2d) 


The coupled-channel Born approximation (CCBA) follows the prescription 
dictated by the arrows in Fig. 5.3. It is obtained by putting the right-hand side 
of (5.2a) equal to zero, retaining only the terms in (a, X) on the right-hand 
side of (5.2b) and (5.2c). 

Note that the optical potential V,,,(a,X) in (5.2a) is not identical to the 
Vop(a, X) Of (5.14). The optical potential takes into account, in an average way, 
the effects of channels that are not explicitly considered. Since these differ for 
the two cases (5.2a) and (5.1a), the corresponding V,,,(a, X) cannot be equal. 

Obviously, the number of coupled equations can be made infinitely large. 
Practically, what one should do is to take into account the couplings that are 
felt to be most important for some physical reason; even then there may be a 
great number of equations. Under these circumstances it often proves more 
appropriate to use a Statistical approach. The statistical theory of multistep 
direct processes is discussed below. 

As an example of the use of multistep processes, consider the reaction 
discussed earlier, }’7°Yb(p, t)!’*Yb to the 2* state in the residual nucleus. By 
including the excitations of the '’°Yb ground-state band up to 4* and the 
174Yb ground-state band, we see in Fig. 5.4 that the theoretical predictions now 
follow the experimental results much more completely than in the single-step 
DWA theory case. In particular, in the transition routes illustrated in the figure, 
ground state to ground state with subsequent transition to the 2*, and excitation 
of the ground state in the target nucleus to the 2* followed by a two-particle 
transfer to the 2* of the residual nucleus, were especially important, as important 
as the direct excitation. 


6. STATISTICAL DOORWAY STATE REACTIONS 


We consider now that portion of the spectrum which borders on the low-energy 
region dominated by the evaporation process. A clue to the mechanism involved 
is provided by the experiments of Grimes, Anderson, et al. (71) shown in 
Fig. 6.1. The reaction is °?Co(p,n)°?Ni. The ordinate is the excitation energy 
of the residual nucleus °?Ni, so that a large U value corresponds to small 
neutron energies. As expected from evaporation theory, the lowest-energy 
neutrons had an isotropic angular distribution. However, as the energy of the 
neutrons increases, the angular distribution became anisotropic but remained 
symmetric around 90°. Eventually, this symmetry also disappeared, as indicated 
on the figure. We pay special attention to the regime in which the angular 
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FIG. 6.1. Neutron spectrum for the °! V(p,n)°!Cr reaction. U is the excitation energy of 
the residual nucleus. [From Grimes, Anderson, et al. (71).] 


distribution is symmetric but no longer isotropic. An examination of all the 
data reveals that in this excitation region, there are a greater number of 
higher-energy neutrons than would have been predicted from evaporation 
theory using the state density Equation (4.7). The symmetry about 90° suggests 
a statistical mechanism analogous to that discussed in the preceding, section 
involving compound nuclear resonances, and indeed, Grimes, Anderson, et al. 
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(71) propose that the resonances now involved are the doorway state resonances. 
A statistical theory of such doorway state nuclear reactions had been suggested 
earlier and used explicitly by Block and Feshbach (63). 

The concept of the doorway state and the doorway state resonances is 
described briefly in deShalit and Feshbach (74, pp. 99-104), with particular 
attention being paid to the isolated doorway state such as the isobar analog 
state [which by the way, is visible in the data of Grimes, Anderson, et al., (71) 
‘shown in Fig. 6.1)]. In the present context, we shall be energy averaging over 
a number of doorway state resonances, again using the random-phase 
assumption of Section 4. 

The importance of the doorway state in the present context should, in 
retrospect, not have been surprising. It seems rather obvious tha the interaction 
time for reactions leading to the domain lying between the low-energy part of 
the spectrum of Fig. 3.1b with its long interaction time and the high-energy end 
with its short interaction time is intermediate, lying between these two extremes. 
The intermediate range of interaction times corresponds exactly with the domain 
in which doorway states should be of importance. As expressed in deShalit and 
Feshbach (74, p. 99), a cross section can have energy dependence, that is, 
“structure,” which varies (1) over a scale on the order of the compound nuclear 
width I'¢y, which applies to the evaporation region; (2) over the much broader 
scale of the single-particle width I',p, which applies to the direct reaction region; 
and (3) over an intermediate scale ,, which is appropriate for the region lying 
between: 


Pop > Ty >Ten 
The interaction times, t, vary inversely, so that 


Cai Sta Tay, (6.1) 
The dynamical mechanism responsible for the intermediate structure 
presumes the existence of simple excitations of the system. A simple example is 


shown in Fig. 6.2. The well and the black dots represent schematically the shell 
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FIG. 6.2. Successive steps in a nuclear reaction leading to the formation of « compound 
nucleus. [From Blann (73). ] 
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model potential and particle filling levels of that potential, respectively. 
The incident particle is shown with an incident’ energy E. It is readily able to 
excite, via an assumed two-body residual nucleon-nucleon potential, 
two-particle-one-hole states (2p—1h), which are next in complexity to the incident 
channel, which in this language is a one-particle (1p) state. The two-body 
residual potential acting on the (2p — th) hole states can mix these, can return 
the system to the simpler 1p state, or can generate (3p—2h) states of still higher 
complexity. In this way a description of the components of the states of the 
system in terms of a hierarchy based on increasing complexity can readily be 
formulated. Obviously, if it is appropriate for the system in question, a model 
other than the shell model might be used and a different set of definitions would 
be involved in defining the hierarchy of complexity. It is necessary, perhaps to 
emphasize that this choise of model is not a matter of convenience. It is a 
statement regarding the nature of the excitations of the system. 

To emphasize that point, we replace Fig. 6.2 by Fig. 6.3, in which the set of 
states next in complexity to the incident channel have been labeled as doorway 
states and the remaining states have been grouped together in the box entitled 
“states of higher complexity.” The word doorway was originally suggested by 
Block and Feshbach (63) to indicate an additional assumption employed 
to give the partition of Fig. 6.3 a dynamical significance. That assumption states 
that with the system starting in the incident channel to excite the states of 
higher complexity (the third stage in the figure) it is first necessary for the system 
to involve states of lower complexity, that is, the doorway states. This 
assumption implies that if the probability of forming doorway states from the 
incident channel is small, the probability of forming compound nuclear states 
will be reduced correspondingly. The doorway state assumption can be stated 
analytically: The matrix elements of the Hamiltonian between the incident 
channel and the second boxes in Fig. 6.3 are assumed to be zero. This assumption 
can be justified for the case of the shell model hierarchy classification for a 
two-body residual interaction. It is not expected that this assumption 1s obeyed 
exactly. 

We are now ready to exploit the interaction time differences expressed by 
(6.1). It permits energy averaging over a range AE, which is large compared to 
Icy but still small compared to Ij, thus preserving the intermediate structure 
associated with doorway states but smoothing out the fluctuations caused by 
the compound nuclear state resonances. The average cross section for a doorway 
state resonance reaction i— f, omitting the effects of spin and direct reactions 


Incident \ 
Channel Doorway More Complex 


States FIG. 6.3 
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for simplicity is 


m es a 
CO; = 
fk? (E-—E,)? + (47, 


(6.2) 


In this formula, I'!, is the width measuring the probability of forming the 
doorway state from the incident channel i, while ge the escape width, is 
proportional to the probability that the doorway state will decay into the final 
channel. Equation (6.2) resembles the expression for the cross section for the 
same process proceeding through a compound nuclear resonance. With the same 
assumptions as those which apply to (6.2), that cross section is given by 


C..= a ay (6.3) 
YW? (E-E,) +(41,)" | 
A 2° 4 
where E, is the resonance energy, I’, its width, and I,, are the partial widths 
proportional to the probability that a system in the resonant state, denoted by 
the subscript 4, will decay into channel a. The width of the resonance I’, when 
the resonance is isolated is related to the partial widths as follows: 


T,= Ti (6.4) 


The corresponding relation does not hold for the doorway state width I,. It 
is not just the sum of |. The physical reason is that the doorway state can 
decay not only into the open channels but also can make a transition into a 
more complex state, as indicated by Fig. 6.3, and one must add in the width 
for this process. Therefore, 


re Glee Be (6.5) 


where I} is called the spreading width. It is a width that increases the doorway 
state width because of coupling between the doorway and more complex states. 
It reflects the fact that the doorway state is not an exact eigenstate of the nuclear 
Hamiltonian. The compound nuclear resonance would be an exact bound state 
if all the exit channels were closed. The doorway state would also be an exact 
bound state if, in addition, the probability of a transition to any more complex 
state were reduced to zero. In the example of Fig. 6.2, the doorway state becomes 
an exact bound state composed only of 2p—1h wave functions if the probability 
of transitions to the simpler 1p state, and to the more complex states such as 
the 3p—2h states, were zero. 

We note that the form of the cross section for a doorway state resonance 
and that for the compound nuclear resonance are identical. The only difference 


‘Ty is used for this width in deShalit and Feshbach (74). 
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is that exhibited by (6.5): namely, the addition of the spreading width. It is thus 
possible to use all the results developed for the compound nuclear resonance 
reaction theory. It is only necessary to bear in mind the “extra” channel, the 
transition to more complex states, with the width [’s. In particular, it is possible 
to take over the results of the statistical theory of compound nuclear—nuclear 
reactions [see (4.5) | to obtain for the zero-spin case, 


(Fe) ~4,(i, E, kos, E -)a4(U ,;) (6.6) 
dE» / g \, | dE,k20,(a; E,)o,(U ,;) + 22? (Ta, 

In this expression, o, 1s the cross section for the formation of a doorway state, 
«@, the density of doorway states, and <TH) the average spreading width. 
Although the density of doorway states can be large, it is generally much smaller 
than the density of compound nuclear states. All the quantities appearing in 
(6.6) depend on the initial energy and the other quantum numbers for the 
incident channel, since these features are decisive in determining the nature of 
the doorway states. The corresponding quantities in (4.5) are not dependent on 
the initial.state since the full complexity of the compound nuclear states is 
achieved only after many steps beyond the doorway stage, at which stage the 
memory of the incident situation has become very faint. One important 
conclusion that can now be drawn is that the Bohr independence hypothesis 
[see (4.2) ] is not valid for the statistical doorway state reactions. 


7. STATISTICAL THEORY OF MULTISTEP DIRECT 
AND MULTISTEP COMPOUND REACTIONS 


The system of equations, (5.2) describes a comparatively simple situation. 
However, as the energy of the projectile increases, the excitations of larger 
numbers of intermediate states become more probable, with the consequence 
that the number of coupled equations required for an adequate account of the 
reaction increases rapidly. One can question the usefulness of solving these even 
if it were practical and even if the coupling potentials were well known. A more 
fruitful approach—one that proves to be insightful—asks for statistical quanti- 
ties (as discussed in Section 4) such as energy-averaged cross sections. Such a 
theory is referred to as the statistical theory of multistep direct reactions. 
Similar remarks apply to the generalization of the statistical theory of 
doorway state reactions. In such a development, the stages beyond the primary 
doorway stage play an important role and thus must be considered explicitly 
(see Fig. 7.1). Each stage contains wave functions of a given degree of complexity, 
as discussed in Section 6. Emission into the reaction channel is possible at each 
stage, as indicated. The statistical theory of doorway state reactions considers 
emission only at the doorway stage, while the compound nucleus resonance 
reaction involves emission far down the chain. With so many steps involved in 
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the latter case, it is not surprising that the nature of the initial state is not 
important for the emission process, thus recovering the Bohr independence 
hypothesis. Since this chain of stages (Fig. 7.1) can be used to describe the 
compound nucleus, the reaction type is designated the multistep compound 
reaction to which the adjective “statistical” is added if statistical assumptions 
are employed in evaluation of the reaction cross sections. As might be expected 
from the results for the statistical theory of doorway state reactions discussed 
in Section 6, the statistical theory of multistep compound reactions predicts an 
angular distribution symmetric about 90°. 

This cross section must be added to that obtained for the statistical multistep 
direct reaction. The latter, with some approximation, can be described as a 
sequential series of one-step energy-conserving direct reactions. The cross section 
then consists additively of the contributions from each possible value, n, of the 
number of steps. However, for a given energy of the emerging particle, there is 
a most probable value of n, depending on the average energy loss per single-step 
direct reaction. The angular distribution will generally be anisotropic and 
asymmetrical. If the angular distribution for the single-step process peaks in 
the forward direction with the angular width 060, the statistical multistep direct 
reaction process is predicted to lead again to a forward peak, but the width 


would now be given by ./n 60. 


8. DIRECT NUCLEAR REACTIONS AND SPECIFICITY 


Much of the present-day understanding of nuclear structure, particularly the 
properties of low-lying states, has been gained from the study of nuclear 
reactions, particularly the single-step direct type. For this purpose it is necessary 
to understand the dynamics of nuclear reaction, while at the same time methods 
must be developed that permit the extraction of nuclear structure information. 
These two objectives are inextricably involved. Nevertheless, it has proved 
possible to accomplish both despite the fact that these reactions are governed 
by the strong interactions. Playing an essential role has been the ability to study 
the various processes systematically, varying the targets, the projectiles, and 
projectile energy and exploiting the wide variety of reactions described in 
Section 3. 
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The key has been what is termed the specificity of, particularly, the direct 
nuclear reactions [see deShalit and Feshbach (74, p. 72)]. Specificity refers to 
the ability of these nuclear reactions to excite specific types of nuclear states 
preferentially or to probe particular nuclear properties. Specificity can be a 
consequence of a property of the projectile, that is, its charge, mass, spin, and 
so on, and/or it can be a consequence of a property of the initial and final 
nuclear states connected by the reaction. Generally, specificity can be exhibited 
for experiments in which specific final states are observed rather than an average 
over a group of final states appropriate for the statistical models. This 
requirement calls for precision experiments involving beams and detection 
equipment with excellent energy resolution. Obviously, observation of particular 
final states is less easily performed. As the excitation energy increases, the density 
of levels increases and the energy separation between the levels decreases. By 
and large this has the consequence that it is in the transition to low-lying states, 
for which the existence of specificity is most easily observed. This limitation 
can be violated if a particular reaction mechanism selects out a particular type 
of state for which the density of states is not very large, even if the excitation 
energy is high. An example is the excitation of states with a very large angular 
momentum by heavy-ion projectiles. Another is the excitation of isobar analog 
states, whose existence is a consequence of the approximate conservation of 
isospin. Incidentally, the excitation of single states permits the use of 
conservation principles that help not only to identify the mechanism involved 
but also to determine the nature of the states excited. 

The importance of the single-step direct reaction in this context should be 
emphasized. As we have described repeatedly, the excitation of complex states 
will generally require multistep processes. However, multi-step processes do not 
usually play an important role in the excitation of simple modes of motion. 

On the other hand, single-step direct reactions preferentially excite simple 
modes of motion of nuclei. For example, the stripping (d,p), which adds a 
neutron to the target nucleus, and the pickup (p,d) reaction, which removes a 
neutron, are sensitive to the single-particle aspects of nuclei and are thus 
particularly useful for shell model studies. The added neutron in the first example 
will be placed in an empty single-particle orbital, producing a particular state 
of the residual nucleus. The contributions to this cross section from multistep 
processes will generally be relatively small. | 


A. Angular Momentum and Coulomb Barriers 


Specificity depends on several factors. The one first realized historically is 
concerned with the probability that a projectile can penetrate to where a nuclear 
reaction can take place. The most familiar barrier to penetration is the Coulomb 
barrier, present because of the electrostatic repulsion between the positively 
charged nucleus and the positively charged projectile. This barrier is illustrated 
in Fig. 8.1. It can be expected that if the energy of the system is well below the 
peak (see curve A in the figure), the particle will not be able to penetrate and 
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POTENTIAL 


V [MeV] 
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FIG. 8.1. Real potential for '*C—'*C scattering. [From Scheid, Fink, and Miller (73).] 


nuclear reactions will be improbable. On the other hand, when the energy is 
near the top of the barrier or above (see curves B and C in the figure), penetration 
will readily be accomplished. The barrier energy is given roughly by 


7 zZe" 
R 


Ep 


where ze is the projectile charge, Ze the charge of the target nucleus, and R the 
distance between the centers of the projectile and target when touching. 
Replacing R by 1.2(A7/° + A}/*) fm, where A; is the mass number of the target 
and A, of the projectile, this formula becomes 


of, 
E, = 1.22 —_———___ MeV (8.1) 
AB 4 4B 


Some representative values are given in Table 8.1. 

Another barrier to penetration is the angular momentum barrier. Classically, 
the system, consisting of an incident projectile of momentum p and target 
nucleus at rest, will have an angular momentum given by pb, where bD is the 
impact parameter (see Fig. 8.2). If the interaction radius, that is, the distance 
between the centers of the interacting projectile and target nucleus beyond 
which nuclear reactions become improbable, is R, the maximum angular 
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TABLE 8.1 
Coulomb Barrier Energy Coulomb Barrier Energy 
Nucleus for Protons’ (MeV) _ for a-Particles* (MeV) 
TiAl 3.97 6.96 
3Cu 7.07 12.62 
Ag 9.95 18.06 
1 Hf 13.28 24.30 
aaa 15.59 28.80 


“In the radius formula 1.2(A7/° + A’/*) the factor 1.2 is determined empirically 
by charged particle reactions. It can, in fact, be as large as 1.5 in some cases, 
reducing the values above by the ratio 1.2/1.5 =0.8. 


se oe 


Incident Direction 


Interaction ai 
Region 


FIG. 8.2 


momentum of the system that can contribute to a reaction is pR. Therefore, 
nuclear reactions will involve angular momenta /h, satisfying 


SkR k= ; (8.2) 


Numerically (and nonrelativistically) for light projectile. 
kR = 0.22R(A,E)*/ (8.3) 


where R is expressed in fermis, A, is the projectile mass number, and E is the 
projectile energy in MeV. For a given energy E the more massive particle carries 
more angular momentum, so that a heavy-ion projectile is capable of trans- 
mitting a relatively larger angular momentum to the target nucleus. In fact, it 
is in this way (i.e., by heavy-ion collisions) that the very high spin states 
referred to earlier are excited. 
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The phrase angular momentum barrier emphasizes that kR gives a rough 
upper bound to the angular momentum which can be involved in a nuclear 
reaction. Quantum mechanically, the probability for a nuclear reaction falls 
rapidly but not immediately to zero when the angular momentum kR 1s exceeded. 
The angular momentum barrier makes its appearance explicitly as an effective 
repulsive potential (the centrifugal potential) in the radial Schrodinger equation 
describing the relative radial motion of projectile and target. The ratio of this 
centrifugal potential energy to the total energy E evaluated at the interaction 
radius R is 


h? (1+ 1) 
2mE_ R? 


which must be less than 1 if the centrifugal barrier is to be penetrated easily. 
On introducing the variable k, this condition becomes 


I+ 1) <(kRY (8.4) 


which is just the quantum-mechanical equivalent of (8.2). 

Roughly, the probability for a nuclear interaction is proportional to the 
probability that the incident particle will arrive at the nuclear surface. For 
neutral particles such as the neutron, the incident amplitude for a wave carrying 
angular momentum /h is proportional to the spherical Bessel function of 
order 1,j,(k,r), where k; is the incident momentum divided by Ah. 
The corresponding probability evaluated at the nuclear radius R is j7(k;R), 
which for small k;R is on the order of (k;R)*". The fact that this quantity 
approaches zero for small k; is simply the expression of inequality (8.4). 

The effect of the Coulomb barrier is given for small values of k;R by 
multiplying the neutral penetration factor by one depending on the 
dimensionless parameter n;: 


_2Ze*__ EgR 


8.5 
a" (8.5) 


where ze is the projectile charge, Ze the target nucleus charge, and », the incident 
velocity. One obtains for the penetration factor 


C?(ni)(k,;R)*" 
where 
2! 


Ci “Trae pee +7 IL-1 +97] +07] 


2nN; 


een _ | 


(8.6) 


The last factor is the value of C? for !=0, C2. This factor goes to zero rapidly 
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TABLE 8.2 

n Co (n) 

0 1.000 

0.2 0.500 

0.4 0.222 

0.6 0.089 

0.8 0.033 

1.0 1.18 x 107? 


2.0 4.38 x 10°° 


as the barrier energy increases or as the incident velocity decreases, as can be 
seen from Table 8.2, indicating the strong effect of the Coulomb repulsion. 
Similar factors (k,R)?' and C7?(y,)(k,R)*' are present in the cross section for 
endoergic reactions, for which the emergent particle’s momentum can approach 
zero. 


B. Inside the Nucleus 


Finally, we come to the question of how far a projectile will travel inside the 
nucleus once it penetrates the barrier. More precisely, how soon will the incident 
projectile leave the incident channel, that is, the elastic scattering channel? 
Empirical evidence indicates that the absorption of neutrons and protons in 
the nuclear interior is weak. It is, however, very strong for composite systems 
such as deuterons, «-particles, or heavy ions because these “dissolve” inside the 
nuclear interior and do not preserve their identity. Thus the composite particles 
do not penetrate a great distance into the nucleus and tend to be more sensitive 
to surface properties of nuclei and to excite surface states. The proton does not 
show such selectivity since it can penetrate the nuclear interior. This is illustrated 
in Fig. 1.10.3 in deShalit and Feshbach (74), where one sees a marked difference 
in the number of levels excited in inelastic proton scattering compared to inelastic 
deuteron scattering. In the latter case one would expect a preference for the 
excitations of the vibrational modes of a nucleus [see deShalit and Feshbach 
(74, p. 471) ]. 

Let us illustrate these remarks with simple examples. Neutrons and y-rays 
are uncharged and thus do not have to penetrate the Coulomb barrier. Neutrons 
of low kinetic energy are thus the appropriate projectiles to be employed for 
the study of these states of the compound nucleus, formed by the neutron and 
target nucleus, whose excitation energy is near the separation energy of the 
neutron. It is in this region that an enormous number of compound nuclear 
resonances have been found. These are nearly bound states of the compound 
nucleus. [see Figs. 1.12.2 and 1.12.3 in deShalit and Feshbach (74); note the 
neutron energies. | 

At very low energies, these resonances must, according to (8.4), be 1=0 
resonances. As the energy increases, it becomes possible to excite / = 1 resonances 
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and at higher energies | = 2 resonances, and so on. For example, for the target 


nucleus, °*Cu, kR is fe D: for 1.8 MeV neutrons. It equals /6, appropriate for 
the / = 2 case for 5.4 MeV. Of course, both ! = 1 and |! = 2 resonances will make 
their appearance long before these values are reached. Their presence can be 
demonstrated by, for example, examining the angular distributions of elastically 
scattered neutrons at and near the resonant energy. 

y-Rays may be used to excite the target nucleus by absorption and in principle 
could be used to study any of the nuclear states. However, the angular 
momentum barrier plays a role. If a photon of energy hw is absorbed at a 
distance R from the center of the nucleus, it can transmit an angular momentum 
of hwR/c, so that 


Since hc = 197.32 MeV fm, it is clear that for photon energies up to the order 
of a few tens of MeV, the photon absorption process will be dominated by the 
| = 1 (i.e., dipole) mode. Quadrupole and higher multipoles will also be absorbed, 
but the cross sections will be considerably smaller. This effect is clearly visible 
in the long-wavelength limit. In that limit the transition probability [see 
(VIII.5.35) deShalit and Feshbach (74)] is proportional to (kR)?/**, where j is 
the multipole order, so that the transition probability decreases rapidly with 
increasing j. It is, of course, no accident that the most readily observable 
gamma-induced reaction, the giant resonance seen in all nuclei [see pp. 48 and 
491-503 in deShalit and Feshbach (74) ], is a dipole resonance. 

A major problem with the use of uncharged particles is the difficulty to 
measure and control them. The use of lithium-drifted germanium counters has 
vastly improved the detection of y-rays, while in recent years the development 
of nano- and picosecond circuitry, together with the availability of more intense 
neutron sources, has changed the situation in neutron physics with regard to, 
for example, the study of (n,n’), (n, y), and (n,n’X) reactions. 


C. Electron Excitation 


Since electrons are negatively charged, they are attracted by the positively 
charged target nucleus. The importance of elastic electron scattering for 
determination of the nuclear charge density has been emphasized in deShalit 
and Feshbach (74, pp. 3-7). Here the excitation of nuclear levels by electrons 
is discussed briefly. We shall consider only the effect of the Coulomb interaction: 


e2 


V= (8.7) 
prot |r — F;| 


where the sum is taken over all the protons in the nucleus and r is the electron 
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coordinate. There are other terms involving the magnetic-type interaction and 
the interaction with exchange currents. 

It is, of course, one of the great advantages of using the electron as a probe 
that the interaction is well known. In addition, the interaction is relatively weak, 
so that one can use the Born approximation.! For simplicity, we shall use the 
nonrelativistic form, which is incorrect for the high-energy electrons used. 
However, to some extent, it will be possible to correct for this error in the 
course of the calculation. The Born approximation inelastic amplitude is 


1 ; e* 
fe= aa |: fermroy.2,. , A) dj ‘las Drag A) 


x efkit dy d(1)---d(A — 1) (8.8) 
OT 


2 
S i at 225 :3 2m e iks-(r — Tri) eiki(r— ri) l dr |: a fe iky-r; eikiri 
: 2 
An h prot lr at r;| 


x O*(1,2,..., A)@,(1,2,..., A)d(1)---d(A — 1) 


where ®, and @, are the final and initial states of the nucleus, respectively. Since 
all the particles are idential, each of the terms in the sum is numerically identical. 
Therefore, with a change of variable, 


12m ._. Ze 
= -—— effS JE @, leat ®, 
fr in z &<@,| |D;> 
where 


and r, is the coordinate of one of the protons in the target nucleus. The first 
factor is the nonrelativistic Born approximation for the elastic scattering of an 
electron by a point nucleus of charge Ze. We shall replace it by the exact 
relativistic elastic scattering amplitude. Hence 


Sr =Feq) PF i(@) (8.10) 


where pt} is 
p') = <®,|e'a™ |®;> 


For nuclei with large Z one must take the Coulomb distortion of the electron wave function into 
account. This will, however, not change the qualitative nature of the results obtained here. 
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pyi(q) is the form factor for the transition. It is the Fourier transform of the 
transition charge density 


p(r,) = [aaa —1)@*(1,2,...,A),(1,2,..., A) (8.11) 
and 
pita) = |e ppte,)dr, (8.12) 


It is the last quantity that is determined by experiment. 
The transition will involve an angular momentum change of j and thus those 
components of e'™" that carry at least that amount of angular momentum will 
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FIG. 8.3. Square of the magnetic form factor for the 2~, T=1 state at 20.76 MeV in 


'2C. The theoretical calculation divided by 2 is compared with experiment. [From 
deForest and Walecka (66). | 
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survive the integration, that is 
P'si(q) = bs (21 + ni | idan) Pio 91) pF(r,) dry 
l>j 


For not too large q, the first term in this sum dominates: 


py i(q) ~ (27 + 1)? | iter )P (cos 9,)p'F}(r,) dr, (8.13) 
igi 6 
~ Qj DE [x P,(cos 3,)py;(t1) dr, (8.14) 


The integral gives the transition electric multipole moment. The characteristic 
dependence on gq’ of (8.14) is a reflection of the angular momentum barrier 
penetration. However, in contrast with the radiative case, for which gq is limited 
to w/c, where hw is the excitation energy, g in the electron inelastic scattering 
case can be varied from the minimum value of w/c to a maximum available at 
back angles given by (k, +k;) + 2E/hc, where E is the electron energy. It thus 
is possible to use inelastic electron scattering to map out p'(q) over a wide 
range in q, and therefore p}(r), the y-ray-induced transition providing only 
p':}( ~ 0). It should be noted that the dependence q’ helps to identify the multipole 
moment (but not its electric or magnetic nature), as illustrated by Fig. 8.3. 


D. Coulomb Excitation 


As implied by the term barrier, the Coulomb and angular momentum barriers 
generally reduce the probability of a nuclear reaction as demonstrated by (8.4) 
and (8.6). However, this assumes that the reactions are induced by short-range 
forces. This assumption fails for the Coulomb force. A heavy ion of moderate 
energy passing at some distance from the target nucleus can still excite the 
nucleus through the action of the Coulomb force. This mechanism is referred 
to as Coulomb excitation. It is more effective the larger the atomic number of 
the heavy-ion projectile. By proper choice of the projectile and energy, one can 
adjust the distance of closest approach so that the projectile does not come too 
close to the nucleus, so that whatever excitation is observed is caused by the 
changing electric field associated with the motion of the projectile. Coulomb 
excitation will preferentially excite levels that have a high prubability for 
y-emission and indeed has been the method of choice for investigating the 
rotational spectrum of deformed nuclei [see deShalit and Feshbach (74, p. 412)]. 
A rough estimate of the Coulomb excitation cross section can be obtained using 
the Weiszacker—Williams approximation. This approximation, which becomes 
increasingly valid as the projectile energy increases, replaces an incident charged 
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projectile by an equivalent beam of photons with a spectrum given by 


2 Zed 
dno) = (8.15) 


where v.is the velocity of the projectile. The cross section is then given by 
multiplying this spectrum by the cross section for the absorption of a y-ray of 
energy hw. Using (VIIL(8.1)) from deShalit and Feshbach (74), assuming zero 
width for the excited state, one obtains the following for the excitation cross 
section: 


Ze? e? jt+l 


o = (4x)? 
hv he j(2j + )C(2j + W!!)" 


k2i-2B(o si f) (8.16) 


This formula should be considered of qualitative validity only in view of the 
shortcomings of the Weiszacker—Williams approximation in the energy range 
in question. It does show the direct connection of the Coulomb excitation cross 
section with the B coefficients. 

The Coulomb field exerted by a heavy ion is very strong. Evaluating the 
field of a heavy ion of charge z at the target nuclear radius R,, one finds that 
the force F on a target nucleus, mass number A,, and charge Ze is 


zZe~ 22 


2 = 2/3 
Ry Ar 


MeV/fm (8.17) 


For a °©*Cu projectile incident on 7°°Pb, F = 68 MeV/fm. Such a strong force 
permits multiple excitations; that is, the target nucleus while excited can be 
excited once more and the process can be repeated during the course of the 
collision. This means that the target nucleus will be in one of this chain of 
possible excited states for a finite time, with the consequence that the properties 
of such a state can be investigated. In this way the quadrupole moments of 
excited states have been measured. 


E. Surface Reactions 


As we Stated earlier, composite particle projectiles do not penetrate the target 
because of absorption. These reactions thus probe the surface of the nucleus. 
The fact that only the surface is involed means that the important incident 
angular momenta are in the neighborhood of p;R, where p, is the initial 
momentum of the projectile, while the angular momentum carried off by the 
emerging projectile is p,R, where p, is the final momentum. Hence it will be 
most probable to excite the target to a level whose angular momentum differs 
from the ground state by qR, where q = |p;—p,|. This implies a maximum in 


8. DIRECT NUCLEAR REACTIONS AND SPECIFICITY 51 
the angular distribution at an angle determined by 
hAJ = qR 


or 


(hAJ/R)? —(p;— py) 


1—cos0y = ; 
PiP rs 


(8.18) 


This angle becomes larger as the angular momentum change AJ increases. Since, 
classically, gR must be larger than hAJ, the cross section is zero classically for 
qgR <hAJ. This phenomenon is iilustrated in Fig. I.11.2b of deShalit and 
Feshbach (74), in which the angular distribution for the inelastic excitation of 
various levels in >°Ni by a-particles is shown. One sees that the first peak 
(excluding a possible peak at 0°) occurs at greater angles as /, the angular 
momentum of the levels, increases. The angles 0,, predicted from (8.18) are 6.2°, 
9.2°, and 12.1°, which compare with 10°, 15°, and 17° experimentally. One also 
observes a drop in the cross section as one decreases the angle for the / = 3 and 
4 cases. 

The angles predicted from (8.18) are not quite correct since the reduction in 
momentum that occurs because of the Coulomb repulsion was not taken into 
account. The Coulomb reduced momentum, p,, is related to the momentum p 
(either the incident or final momentum) by 


Z, 2\ 1/2 
pe= (1 a _ (8.19) 


ER 


where E is the energy. Then using (p,); and (p,), in (8.18) instead of p; and p, 
gives values of 6, equal to 10.4°, 15.5°, and 20.3°, which compare more 
favourably with the experimental values. Of course, these simple predictions 
are substantially modified by quantum-mechanical effects as well as by the 
effects of the interaction with the target. 

An indication of the narrow range in orbital angular momenta involved in 
reactions of this type is shown in Fig. 8.4. In this case of a-particle inelastic 
scattering by **Mg at E = 84 MeV, the behavior of imaginary parts of the radial 
integrals involved in the calculation of the cross section for the process is plotted 
as a function of the average / = (I, + 1 7/2, where I; is the angular momentum of 
the incident wave and |, of the emergent wave. We see that most of the radial 
integral is concentrated in the region 1=18+2. This is in reasonably close 
agreement wth pR/h, which for the R of 3.841 fm used in these calculations 
equals 15.2. One also notes a very strong oscillation in the angular distribution 
(see Fig. 8.5). This is the case because the reaction occurs only at the surface, 
with the consequence that the a-particle is diffracted by the target. Typically, 
the angular distribution is proportional to [ j,(qR)]* (j, is the spherical Bessel 


52 INTRODUCTORY REVIEW 


|4-2'|=0 
|2-2'| = 1 
|e—£'|=2 
| e-2'|=4 


! 
4 
O 


1M PART OF RADIAL INTEGRAL 
° 4 
o S 


0.0 


4 8 12 i620 24 


FIG. 8.4. Localization of the radial integrals for Mg**(a, a’). [From Austern (70).] 


function; see Appendix A). Indeed, as pointed out in Chapter I of deShalit and 
Feshbach (74, p. 79), this phenomenon can be used to determine R, the effective 
radius for the reaction being studied. 


F. Stripping and Pickup 


As discussed earlier, the stripping and pickup reactions result in the deposition 
(stripping) or removal of a neutron (pickup) from a single-particle orbit. Since 
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FIG. 8.5. Comparison of the DWA theory with experimental data for Zr°?(a,«’) at 
65 MeV bombarding energy. The energies and. angular momenta of the Z?* excited 
states are given on the graph. [From Austern (70). ] 


the deuteron is strongly absorbed, the cross section will be largest if the 
single-particle wave-function is appreciable at the nuclear surface. For this 
reason the valence neutrons are generally involved. For example, in the 
*°Ca(d, p)*'Ca reaction of Fig. I.12.1 in deShalit and Feshbach (74), the neutron 
can go into the 1f,,. orbit or higher orbits. However, the state in “Ca that 
is excited is generally not pure $(f7/.)¥7(*°Ca) but will have other components. 
As a consequence, before comparison with experiment is possible, the magnitude 
of the cross section calculated using (4.1) must be multiplied by a factor, the 
spectroscopic factor, less than unity. The spectroscopic factor gives the 
probability of finding the final system in the state $(f7/.)'¥7(*°Ca). One of the 
results of the measurement is the energy of the state in question, so that one 
can map out the energy of the single-particle (or quasi-single-particle) states for 
a large variety of nuclei. The results are shown in Fig. 8.6. 

Neutrons are also added to or removed from a target nucleus by the (n, y) 
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FIG. 8.6. Energies of neutron orbits in various single-particle and single-hole nucle. 
Small corrections for symmetry energy have been applied to correct the data to the line 
of beta stability. [From Cohen (71). ] 


and (y, n) processes, respectively. By choosing the appropriate y-ray energy, one 
can select some of the states populated by (d,p) or (p,d) reactions. The 
comparison between the two sets of reaction is informative both as to the nature 
of the reactions and the states excited. The neutron absorbed is usually a 
low-energy neutron limiting the angular momentum of the quantum numbers 
of the compound nucleus. The (y, ) reaction, on the other hand, is not limited 
to the removal of neutrons in surface orbitals as is the (p, d) reaction. 

The pickup process, (p,d), may be discussed in similar terms. The neutron 
that is “picked up” is, for the following reason, again a surface neutron in the 
sense that its wave function peaks at the surface. If the deuteron is made too 
deeply within the nuclear interior, it will be absorbed before it can escape from 
the nucleus. Hence surface production will be more visible. | 

As the energy increases the deuteron will eventually have a large enough mean 
free path that its production in the interior of the nucleus will be observable. 
In that case the state of the residual nucleus will, in shell model terminology, 
be a hole state.+ Observations of such states by this method have been made. 
We mentioned earlier another method of observing single hole states by the 
(y,n) reaction and by quasi-elastic scattering of energetic electrons or protons 


*The reader should recall that the definition of a hole state depends on the “vacuum” chosen. For 
example, the removal of a neutron from ‘8O could be described as leaving a hole state in 18O or 
leaving a 2p—1h state with an '°O core. 
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in the (e, e’p) or (p, 2p) reaction, respectively. A comparison of the results obtained 
with these various methods will provide information on the reaction mechanisms 
involved as well as the nature of the excited state. 

For the stripping and pickup processes, it is important to realize that the 
single-particle or single-hole states that are probed are surface states not only 
in configuration space but also in momentum space; that is, for the most part 
we are dealing with states near the Fermi momentum p,. Much the same can 
be said of the excitations induced by other composite particles. The vibrations 
seen with inelastic «-particles are, for the most part, coherent linear combinations 
of one-particle-one-hole states, but the major contributions come from states 
close to pr. 


G. Examples of Direct Reactions 


The stripping and pickup reactions are archetypes of the use of direct reaction 
to study nuclear structure. By choosing the appropriate projectile and energy, 
it becomes possible to study a wide variety of nuclei and excitations. We earlier 
mentioned the use of the (*He, d) and (d, *He) reactions to study single-particle 
proton states and the (°H, p) and (p, °H) to study “superconducting” nuclei by 
the transfer of two neutrons coupled in a 'S, state. Inelastic proton and neutron 
scattering will study the formation of 1p—th states.+ 


H. Heavy lons 


The availability of heavy ions greatly increases the variety of projectiles and 
the range of possible transfers of particles from and to the heavy ions and the 
target nuclei. The transfer of a-particles is conveniently studied using °Li 
projectiles, for example. The nuclei ‘’O and '8O are useful projectiles for the 
study of single- and two-neutron transfers. Heavier nuclei are neutron rich and 
thus facilitate the transfer of many neutrons and the consequent formation of 
new nuclei approaching more closely those nuclei that are unstable against 
neutron emission. On the other hand, the same process can lead to the formation 
of multiparticle—hole states. 

In the case of heavy-ion projectiles, it is often the case that the single-step 
direct description is inadequate and one must turn to the multistep direct 
processes. Virtual excitation of the low-lying levels in both the projectile and 
target nucleus can play a role. The sequential transfer of nucleons, resulting in 


*We repeat a caveat. The independent-particle model description of nuclei is oversimplified. The 
ground state of '°O, for example, consists of the independent-particle state marking the completion 
of the p-shell but also 2p—2h and 4p—4h components, to mention the most likely. These are essential 
for proper descriptions of the correlations in the ground state. It 1s convenient to adopt the 
terminology of Chapter VII in deShalit and Feshbach (74) and refer to the more complete description 
of single-particle states as quasi-single-particle states and the states obtained by inelastic excitation 
as quasi-particle-hole states. 
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a many-nucleon transfer, can compete with the transfer of the entire cluster as 
a single-step process. 

Because heavy ions are composite, they generally do not penetrate deeply 
into the target nucleus. Most of the transfer reactions discussed above occur 
close to the nuclear surface, and thus the heavy ions serve as probes of the 
surface. The effectiveness of heavy ions in this respect is accentuated by their 
very short wavelength, which is given by 


_ 4.56 
~ (AE)? 


(8.20) 


where A is the projectile mass, E its energy in MeV, and Z is in fermis. For 
example, if an electrostatic accelerator of the van de Graaf type has an effective 
terminal voltage of 20 MV, a °?S ion stripped of half its electrons will acquire 
an energy of SMeV per nucleon. Under these circumstances % equals 
6.4x107'°cm! This very short wavelength permits the use of classical 
mechanics for the discussion of the motion of a heavy ion. Second, it 
demonstrates the possibility of using a heavy ion as a probe of the surface 
structure of the target with considerable spatial resolution. 

An example of the discussion above is provided by the interaction of ‘°O 
ions with °°Ni. The angular distribution, shown in Fig. 8.7, shows rapid 
oscillations at small angles. This effect can be understood by examining the 
classical orbits of the '°O ion in the field of the 1°°Ni nucleus taking the nuclear 
interaction as well as the Coulomb interaction into account (see Fig. 8.8). It 
will be observed that orbit 1 above the grazing orbit, g, and orbit 3 give rise 
to identical scattering angles; in the latter case the nuclear interaction plays an 
essential role. However, it might be expected that orbit 3 would not be of much 
importance because of the absorption that takes place in passing through the 
surface region of the target nucleus. To explain the observations, this expectation 
must be incorrect. In the surface region involved in the small-angle scattering 
(and one can be quite specific about that region because of the short wavelength 
involved), the absorption must be weak, an important conclusion that so far 
seems to be valid for a variety of heavy-ion reactions. 

The procedure employed to obtain the foregoing conclusion is of general 
interest. It is familiar from physical optics, where characteristically the 
wavelength of light is very much smaller than the dimensions of the components 
of the optical system. In physical optics the motion of the incident plane wave 
is “broken up” into the behavior of rays, which is calculated by the methods of 
classical mechanics. Each ray follows the classical orbit illustrated in Fig. 8.8. 
The phase of the wave along each ray is obtained by calculating the optical 


path length given by 
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FIG. 8.7. Angular distribution corresponding to the °°Ni('®O, ‘°O) transition to the 
ground state of °*Ni measured at an incident laboratory energy of 65 MeV compared 
with a DWA theoretical prediction. [From LeVine, Baltz, et al. (74).] 


where n is the effective index of refraction 


| Vv 
n= /l-— 
E 


By this means it is possible to construct a final wavefront, which, of course, 
will no longer be a plane wave. 

The crucial point in the analysis of the small-angle '°O + °®Ni scattering is 
that different rays, 1 and 3 in Fig. 8.8, have the same angle of scattering. The 
amplitude at infinity is obtained by adding the amplitude of each of these two 
contributions. The rapid oscillations reflect the fact that as the angle of scattering 
changes, the net value of the amplitude will fluctuate as the relative phase of 
the two contributions changes. Constructive interference will give rise to the 
peaks and destructive interference to the valleys. For these oscillations to be 
observable, the magnitude of the contributing amplitudes must be comparable. 
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FIG. 8.8. Four classical orbits are plotted, three of which (1,2,3) scatter to the same 
angle. The grazing orbit is g. The circle marks the half-value of the Woods—Saxon nuclear 
potential. The orbits are for 100 MeV lab energy '°O scattered by '?°Sn. Dotted lines 
show pure Coulomb orbits. The scale is in Fermi’s [From Glendenning (75). ] 


This is possible only if the absorption in the surface region is not large, the 
conclusion noted earlier in this discussion. 


9. REACTIONS WITH “EXOTIC” PROJECTILES 


We have commented earlier on the reactions that can be induced by the exotic 
projectiles (x, K, p, etc.). Their theoretical description does bring in some unique 
features that need to be addressed. For example, a pion interacting with a 
nucleon can form a A, the excited state of the nucleon. Therefore, an important 
intermediate state—a doorway state—which is formed in a pion—nucleus 
collision, is a A—hole state. The properties of the A—hole state are critically 
important for an understanding of pion-induced reactions and pion production. 
In pion production a A is formed in the collision of a nucleus with the incident 
projectile. The A then decays into a nucleon plus a pion. Because the A-hole 
state is generally a coherent combination of states with differing orbits for the 
A and for the hole, a single-step DWA direct reaction description will not 
suffice. Note that the x* couples strongly to the proton and weakly to the 
neutron in forming the A. The reverse is exhibited by the xz’, so that 
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pion—nucleon interaction is sensitive to the neutron and proton distributions. 
The double charge exchange reaction (see p. 16) requires the intervention of 
at least two nucleons and therefore is sensitive to the nucleon-nucleon 
correlations inside the nucleus. 

When a kaon is incident on the target nucleus, it becomes possible to 
produce a A via the elementary reaction. 


K~-4+n>-A4+n7 (9.1) 


If the A is captured by the nucleus, a hypernucleus will be formed. Capturing 
the A in a well-defined state is most likely if the nucleus does not fragment. 
Fragmentation can occur if the recoil momentum of the nucleon in the nucleus 
exceeds the Fermi momentum, which is on the order of 250 MeV/c for all but 
the lightest nuclei. [However, see Dalitz and Gal (76), who give a more stringent 
condition. | 

A zero-momentum transfer 1s possible for the (K~,z_) reaction, for example 
[Podgoretsky (63); Feshbach and Kerman (66)]. In the elementary reaction 
equation (9.1), consider the case in which the neutron is at rest and the pion is 
observed in the forward direction. We shall now show that there is an incident 
kaon momentum for which the A produced is at rest. Under these circumstances 
conservation of energy and momentum (the momentum p of the kaon and the 
momentum of the pion are equal) requires 


/c7p? + mic* + myc* = mac? + ./c?p? + mec* 


It is a simple matter to solve this equation for the kinetic energy of the 
incident kaon: 


ase 2 _ (Mx + My — Ma — M,)(Mg + My — My + m,)c” 
K” MtK Gg ag Oa NGM a a ee oe te eg ee 
2(m, — my) 


Inserting the value of the masses yields a kinetic energy of about 231 MeV 
and a momentum of 531 MeV/c. At this energy the A produced will be at rest. 
In Table 9.1, the recoil A momenta, p,, is given for a range of incident kaon 
momenta. Note that p, equals the momentum transfer. Moreover, for a given 
kaon momentum, departure from the forward direction for the m™ increases 
the momentum transfer. 


TABLE 9.1 
Px(MeV/c) 0 400 531 700 1000 2000 


Pa(MeV/c) 250 40 0 40 15 130 
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These results suggest that if a K~ in the momentum range sufficiently close 
to 531 MeV/c strikes a nucleus, it will be possible for the kaon to “strangeness 
exchange” with a nucleon, with the emergent pion going off in the forward 
direction, the A remaining behind and forming a hypernucleus in a definite 
state. One would expect a large cross section in this kaon momentum range, 
with the cross section being small elsewhere. This effect has been observed in 
a number of nuclei. In Fig. 9.1 we show the results obtained for '*C(K~, 27 ),7C 
and ‘°O(K~,z~)\°O (at py = 715 MeV), where the pions are observed in the 
forward direction [Briuickner, Granz, et al. (76, 78) |. A strong peak with a sizable 
cross section is clearly seen, confirming the existence of a direct strangeness 
exchange process. 

The peaks are labeled by the orbit occupied by the A and the resulting 
neutron—hole. The major peaks are substitutional. The p3,. peak in *°O consists 
of a A in a p3,. orbit about the host nucleus *°O in a p3,. state, while in the 
P1/2 case the *°O is in a p,,. state. The splitting in *°O between these two states 
is 6 MeV, with a maximum amount of 0.3 MeV which can be ascribed to the 
A spin-orbit interaction. It is therefore very small. The DWA calculation of 
Boussy (77) confirms this result. The A-nucleus spin-orbit potential is thus very 
much smaller than in the nucleon—nucleus case. Later experiments in which 
y-ray transitions between hypernuclear energy levels were observed in a 
(K~,z y) coincidence measurement. [May et al. (81) ] confirmed this result. 

We also note that an (s,/2) A(P3)3)n state is found. This illustrates an important 
point. In a hypernucleus, the A with a mass (1115.6 MeV) similar to the nucleon 
and indeed a member of the SU(3) octet (n, p, A, 2*, 2°, =~, 2°) does not need 
to satisfy the Pauli exclusion principle with respect to the nucleons in the 
nucleus. It can enter regions of configuration and momentum space forbidden 
to the nucleons. For example, the state (s, j2)n(P3/2)n is forbidden by the exclusion 
principle, but a A in the s,,. orbital about the *°O host is allowed. From the 
point of view of the study of nuclear structure, the A in a hypernucleus acts as 
a baryonic probe, thereby providing another and quite different way to study 
nuclear properties. 


10. SPECIFICITY AND SYMMETRY 


The isolation of a given mode of interaction, which is one of the essential 
elements helping to ensure specificity, is greatly aided by symmetry requirements. 
These lead to selection rules that must be satisfied by the reaction. On the other 
hand, by studying the appropriate nuclear reactions and observing the selection 
rules, one can help determine the symmetries of the underlying elementary 
particle interactions and the accuracy with which they are satisfied. The 
discovery of parity nonconservation is a notable example of the use of nuclear 
properties for this purpose. 

There are two kinds of symmetry of interest, intrinsic and space-time. The 
first is exemplified by charge, isospin, and strangeness. The second leads to such 
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overall conservation principles as conservation of linear and angular 
momentum, parity, and energy. Dynamically, the space-time properties of the 
fields that interact with nuclei are of fundamental importance. Since the vector 
potential (A, #) transforms as a 4-vector, the electromagnetic field couples with 
the 4-vector nuclear charge current (J, ) and thus serves as a probe of these 
nuclear properties. This coupling is required by Lorentz invariance of the 
Lagrangian, giving the interaction term j-A—pq@. The selection rules for 
electromagnetic transitions given in Chapter VIII of deShalit and Feshbach (74) 
are direct consequences of the transformation properties of A and @. On the 
other hand, if the selection rules are known, it becomes possible to deduce these 
transformation properties. 

In actual practice the transformation properties of the electromagnetic fields 
are used to identify the spins and parities of the levels of a nucleus by observing 
transitions induced by y-rays, by the Coulomb field of heavy ions, or by the 
inelastic scattering of electrons. 

Once these quantum numbers are established by, for example, observation 
of electromagnetic transitions, it becomes possible, by observing the transitions 
induced by another field, to determine its transformation properties. For 
example, nuclei can be used as “filters” that distinguish among the various 
symmetries of the weak interactions [Chapter IX of deShalit and Feshbach 
(74) ]. In B-decay, by choosing the appropriate decaying nucleus and the 
appropriate final state, one can examine separately the Fermi and 
Gamow-Teller interactions. The superallowed O* > O* transitions of isospin 
T = 1 nuclei [see deShalit and Feshbach (74, p. 788)] involve only the Fermi 
matrix element, <y,|t*e""|W;>, while the decay of °He into °Li, from a spin 
O state to a spin 1, involves only the Gamow-Teller interaction, < -|t*oe'#"|p;>. 

It is possible using neutrino-induced reactions [e.g., (v,e)] and appropriate 
initial and final nuclear states, to select out various components of the weak 
interaction and obtain their momentum dependence. The results for the Fermi 
and Gamow-Teller matrix elements obtained from B-decay mentioned above 
involve only low momenta (i.e., small g) values. The selection rules for the 
neutrino-induced process are given in Table IX.17.2, of deShalit and Feshbach 
(74). By choosing appropriate initial and final states in the reaction, one can 
select out various combinations of terms in the Hamiltonian equation (IX.17.15). 

Pion reactions can be used to explore the nature of the transition axial vector 
currents. For example, in a (y, 2) or (z, y) reaction, the coupling to the nucleons 
must involve transition axial nuclear currents because of the pseudoscalar nature 
of the pion. The leading term of the (y, z) reaction amplitude near threshold is 
proportional to 

\t 


where E is the electric field associated with the y-ray and @ is the pion field 
wave function. We see that the Gamow-Teller combination is involved, while 


Er*6-Ed|y,) 
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the axial current is given by >';t;-6;. The connection of the pion transition to 
the weak interaction is not in retrospect surprising because of the relation 
between the axial current and the pion field given by PCAC [see (IX.14.4) of 
deShalit and Feshbach (74)]. Similarly, the (K,z) reactions can probe the 
transition and exchange strangeness currents. 

Intrinsic symmetries will also provide selection rules that select reaction 
modes. Strictly speaking, isospin is not conserved in nuclear reactions because 
the Coulomb interaction violates isospin conservation. However, the effects 
of Coulomb force, such as the Coulomb barrier on either the incident channel 
or on the exit channel or both, can be taken into account. One may then ask: 
Upon making this correction, will the remaining features of the reaction conserve 
isospin? In other words, is the effect of the Coulomb field (or other isospin 
breaking interactions) of importance only when the projectile approaches the 
target or when the emergent particle leaves the residual nucleus? The answer 
appears to be that isospin is usually conserved in one-step direct reactions once 
the external effects of the Coulomb field are taken into account. However, the 
question of whether isospin is conserved in multistep processes is more difficult 
to answer in general. One would expect it to hold if there are only a few steps 
involved but that as the number of steps increases it would begin to fail. The 
expectation that isospin is conserved in direct processes relies on the long range 
of the Coulomb potential, which as a consequence has small nondiagonal matrix 
elements connecting states of differing isospin. The Coulomb potential can have 
substantial diagonal elements, giving rise to substantial energy shifts (the 
Coulomb energy). An excellent example of this effect is seen in the isobar analog 
state, which differs substantially in energy from its parent state because of the 
Coulomb interaction but whose wave function is hardly affected because its 
nondiagonal matrix elements between states of differing isospin are small [see 
the discussion on p. 102 of deShalit and Feshbach (74)]. However, in the 
multistep processes one has the possibility that the isospin (conservation) 
violation accumulates after a number of steps and become appreciable. It should 
also be borne in mind that the effect of the isospin violating interaction depends 
not only on the magnitude of the nondiagonal matrix element but also on the 
density of final states; the greater their number at the right energy, the greater 
the probability of a transition. The relevant additional fact is that the density 
of levels goes up very rapidly with the number of steps. It thus seems likely 
that if a reaction involves more than a few steps, isospin is probably not 
conserved. We would, for example, not expect isospin conservation in the 
evaporation part of the spectrum. This is indeed observed. 

A rather striking example of the breakdown of isospin conservation occurs 
in the (a,y) process. The «-particle has zero isospin, while the y-ray can be 
considered for the energy domain under investigation to have unit isospin. 
The process therefore involves a change AT = 1 between the initial and final 
nuclei. Under these circumstances, the process 7°Si(a,y,)°7S leading to the 
ground state of 3S is isospin forbidden, whereas >°Si(a,y,)°*S is allowed. But, 
in fact, the cross section for the first of these is larger than the cross section for 
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the second! The explanation seems to be that a number of steps must be involved 
as the system proceeds from the capture of the a-particle to the final release of 
the y-ray. 

Isospin symmetry is broken because of the interaction carried by the 
electromagnetic field. That interaction can be considered to be transmitted by 
the interchange of the photon by the interacting systems. When we extend our 
considerations to include the strange particles, isospin symmetry is extended to 
the SU(3) symmetry. If isospin symmetry were exact, the masses of the neutron 
and proton would be identical. If SU(3) symmetry were exact, the masses of 
the neutron, proton, A, 2'T’?~), and =‘~-” would be identical. They are not. 
The A-proton mass difference, for example, is 177.3 MeV. This symmetry 
breaking (in addition to the electromagnetic variety described above) is thought 
to be a consequence of the mass of the strange quark, which differs from that 
of the up and down quarks. Recall that the proton consists of two up quarks 
and one down quark, while the A is made up of an up, a down, and a strange 
quark. Symmetry breaking of the baryon—baryon forces occurs because the 
kaons and pions are massive; the forces they transmit have a finite range given 
by their Compton wavelength, which is on the order of 0.4 and 1.4fm, 
respectively. It is clear that in contrast with the Coulomb potential, the 
differences between the nuclear matrix elements of the forces generated by pion 
and kaon exchange will not be small and thus SU(3) symmetry is broken. 
However, it 1s possible, as in the Coulomb case, that the nondiagonal matrix 
elements between states specified by SU(3) quantum numbers are small. In that 
event, SU(3) analog states would exist. 

We conclude this section with two examples of the impact of symmetry on 
nuclear reactions. Spatial symmetries in the angular distribution of reaction 
products can be a consequence of the statistics satisfied when the projectile and 
target are identical. The simplest case is provided by the elastic scattering of a 
'2C nucleus by another ‘*C nucleus. This system obeys Bose statistics; that is, 
the wave function of the system must be symmetric with respect to the exchange 
of the two !7C nuclei. The wave function for the system can be written as follows: 


P(E.)P(Eo)x(R. — R,) 


where ¢(&,) is the wave function describing the '7C particle and &, represents 
all the internal coordinates. The wave function y describes the relative motion 
of the two nuclei, depending only on the center of mass R, and R, of each of 
the particles. From the Bose symmetry it follows that 


x(R, — R,) = x(R, — R,) 
Hence asymptotically, 


y(R, — R,) _t [elk (Ra- Ro) 4 9 ik-(Ra— Ro)] 


ik|Ra — Rb| 
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The scattering amplitude 
f()+f(x— 8) (10.2) 


is symmetric about 90°, which simply reflects the identity of the two '7C nuclei, 
as can be seen in Fig. 10.1. It is not possible to determine which of the two **C 
nuclei scattered through the angle 6 and which through the angle (x — @). The 
plus sign between the two amplitudes is a consequence of the Bose statistics 
obeyed by the '?C nuclei. Fermi statistics implies the opposite sign. 

More generally, Bose statistics imply that the only even-parity wave functions 
enter into the incident wave [see the first two terms in (10.1), which describe 
the incident wave for a two-body Bose system], and therefore (assuming 
conservation of parity) only even-parity wave functions are to be found in the 
emerging wave. This conclusion applies not only to elastic scattering but also 
to reactions. Thus in the '*C(1C, w)?°Ne reaction, as a consequence of the Bose 
statistics of 17C, only even-parity states of the « + ?7°Ne system are generated. 

These arguments are readily generalized to particles with spin. Nuclei with 
an old number of nucleons obey Fermi statistics, while even-A nuclei obey Bose 
statistics. A simple example is the scattering of identical spin-5 particles, such 
as protons or '’O nuclei. One can classify the spin states of the system as singlet 
and triplet, the first of which is odd under exchange, the second even. To satisfy 
the requirements of Fermi statistics, the spatial wave function for the singlet 
state should be even under exchange, whereas for the triplet state the spatial 
wave function is odd. The former then has even parity, the latter odd parity, 
so that for the triplet state the scattering amplitude has the form 


S()—f(a— 9) 


and is zero at 0= 7/2. 

A general theorem derived, for example, by C.N. Yang deals with the 
maximum complexity to be expected in an angular distribution. Consider, for 
simplicity, the collision of a spinless system by a spinless, target leading to 
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spinless products. The maximum angular momentum L, brought in by the 
incident wave that will make significant contributions to the collision is 
determined by the Coulomb and angular momentum barriers. The limit imposed 
by the latter is approximately 


L, andl k;R 


where k; is the incident wave number and R is the radius determined by the 
range of the interaction. Similarly, there will be a limit to angular momentum 
of the final system given by L,. The theorem states that when the angular 
distribution is decomposed into Legendre polynomials P,, the maximum value 
of L will be the minimum of the two values 2L; and 2L,. The theorem can 
readily be understood on the basis of the information content of both the 


1O4 t 
; 208Pb(p,p) 2°8Pb at 1.04 GeV 
iy} 
if 
| —— Rayleigh - Lax without s.o. 
3 ---- Rayleigh - Lax with s.o. 
103 | 
vt 
2 io 
‘e lO \ ofa 
\ tf 8 
: ' 
< | 
as) 
b lA 
xo) ee | 
lo) 1 


| -! | 
° 4 8 l2 I6 20 24 


Ocm (deg) 


FIG. 10.2. Comparison of experimental angular distribution for the elastic scattering of 
1.04-GeV protons by ?°8Pb with the predictions employing the Rayleigh—Lax potential 
with and without spin-orbit (s.o.) terms. The density-dependent Hartree-Fock densities 
are used. [From Boridy and Feshbach (77). ] 
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incident and emerging waves. For example, if the highest-order Legendre 
polynomial entering in the incident wave is P,,, the incident direction is defined 
with an uncertainty of O(1/L,). The collision process cannot reduce this 
uncertainty, so that the maximum order of the Legendre polynomials in the 
emerging amplitude certainly cannot exceed L;. The angular distribution 
involves the square of the amplitude and thus the limit of 2L; is obtained. When 
spin is introduced the theorem now states that the maximum value of L 1s the 
minimum of 2L,, 2L,, and 2J, where J is the maximum value of the total 
angular momentum of the system entering in the reaction. A simple consequence 
of this discussion is that the angular distribution for the elastic scattering will 
exhibit oscillations whose period is greater than or on the order of 1/kR. At 
very high energies or for strongly absorbed particles the oscillations are of the 
order of (1/KR) (see Fig. 10.2). 


Problem. Prove that the only states of a spin-zero nucleus that can be excited 
by the forward (6 = 0) inelastic scattering of a-particles are the natural parity 
states, O*, 17, 27,..., 39")... 
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In the preceding sections and in Sections I.12 to I.15 of deShalit and Feshbach 
(74), we have reviewed some of the elementary concepts that are useful for the 
understanding of nuclear reactions. We have seen how by choosing the 
appropriate experimental parameters—target, projectile and its energy, type of. 
reaction, excitation energy of residual nucleus, energy resolution, and angular 
definition that can be obtained with the detection apparatus—one can select 
the type of final state excited and determine its properties. These detailed studies 
for a wide range of experimental parameters are essential for a deep and broad 
understanding of the properties of nuclei. In this final section we discuss the 
long-range goals of nuclear reaction studies, which go beyond the discovery of 
the “simple” degrees of freedom, the nuclear normal modes of motion. 

A principal goal is the determination of the nuclear Hamiltonian, that 1s, 
the detailed description of the forces that determine nuclear structure and the 
interaction of nuclei with a variety of particles, and the form to which these 
reduce for the nuclear normal modes. The energy spectrum of a nucleus is very 
useful in this respect. The Hamiltonian of Chapter VI in deShalit and Feshbach 
(74), for example for rotational deformed nuclei, was in the long run mostly, 
but not entirely, justified by the observed rotational energy spectrum. But, in 
addition, properties of the nuclear wave function such as the B coefficients for 
radiative transition probabilities provided important supporting evidence. If we 
wish to go beyond the model Hamiltonian, much more information on the 
nuclear wave function is required; in fact, if we knew the nuclear wave function 
for one state with “infinite” accuracy, it would be possible to determine the 
nuclear Hamiltonian. 
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Interestingly, the one-step direct reactions provide the most direct 
information on the nuclear wave function. Perhaps the most outstanding 
example is the use of elastic and inelastic electron scattering to determine the 
charge and current density inside nuclei. 

Formally, the amplitude for a transition of a target nucleus with wave function 
Y, to the residual nucleus with wave function ‘, can always be cast into the 
form 


F pp =< URITV 7D (11.1) 


The operator 7 depends on the coordinates of the problem, including positions, 
momenta, spins, and isospins, and on the state of the incident projectile and 
the emergent particle. As is apparent from the form of (11.1), the observation 
of the transition will yield information on the overlap ‘W, with Wp, its nature 
depending on whether F is a one-body, a two-body, or a more general, 
many-body operator. When the residual and target nucleus have the same mass 
number, that is, when scattering occurs, for example, in the (p,p) or (p, p’) 
reaction, and when 7 is a one-body operator as regards its dependence on 
target nucleons, 


i 


(presuming symmetry), Equation (11.1) becomes 


Far =¥ | VHL2. AVF OWL AMD 


i 


where the integration refers to summation over spin and isospin and integration 
over spatial coordinates. The center-of-mass motion of the residual and target 
nuclei will be included in the operator 7 so that ¥, and Y, depend only upon 
internal coordinates. The spatial integrations are then over 3(A — 1) coordinates. 
The remaining three coordinates are those of the center of mass. Using the 
symmetry of J and the wave functions, one finds that 


TF pr=A |vsa. ...,A)F (IP 7(1,..., A)d(1) +: 


OT 


F pp =A | pF (1)d(1) (11.3) 


tMore generally 7 = ia F ili’). This form leads to more complicated results which we discuss 
later [see (11.10)]. 
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where p@). is the density matrix: 


Pp [ROAD AND2s 4AM) (11.4) 


The experiment can provide the values of 7 ,, (more precisely |7 ,,|*) as a 
function of energy, momentum transfer, and finally, energy transfer if the 
tite is inelastic. From that one hopes to deduce p{ or at least to compare 
with 7 ,, computed using a pQ). based on theory and/or other experiments. 
Elastic electron scattering can be used to determine the charge density of a 
number of nuclei. The density refers to the diagonal value of p&}.,, p??. Similarly, 


inelastic electron scattering can be used to determine nondiagonal elements of 


(1) 
Pr: 


Problem. Prove that when 7 cs (|i), Tpp=Atrp ariliT (i|i’), where 
the trace is carried out with respect to spin, isospin, and spatial coordinates. 

Obviously, the question arises of when the operator 7 is a one-body operator. 
It clearly has that character when the underlying interaction between the 
projectile and target is weak or electromagnetic in character, for then first-order 
perturbation theory may be applied. It also has that character for single-step 
direct reactions. Generally, 7 for a multistep direct or compound nuclear 
reaction is a many-body operator. 

There are several types of densities: matter density, charge density, spin 
density, and spin—isospin density. The latter describes the probability per unit 
volume of finding a particular particle (i.e., neutron or proton) with a particular 
spin orientation at a point within the nucleus. Equation (11.4) for p$} is just 
the matter density. It is convenient to rewrite it and pp; as the matrix element 
of the operator /(r): 


= 7 Dor—1) (11.5) 


where r, is the coordinate of a nucleon and 
Part) =<PRiplr> (11.6) 


The expression for the charge density 6 is 
pr “Sil + 1,(i)]6(r —r,) (11.7) 


while the spin and spin—isospin density operators are 


p(n) = ) o,(i)o(r — ¥;) (11.8) 
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(ot) it : ‘ 
PSO) == Yet 9(50—¥) (11.9) 


The diagonal ground-state values of 6 are quite well known. Its nondiagonal 
values and the matrix elements of 6‘ are now in the process of being determined 
by elastic and inelastic electron scattering. Further information is also provided 
by the scattering of high-energy protons and pions by nuclei. 

Equation (11.2) provides an accurate representation of one-body operators 
only if the interaction between the projectile and the target nucleon is sufficiently 
weak. For the strong interactions, (11.2) is replaced by 


GF =Y Fii'li) (11.10) 


i’ ,t 


and pry now becomes a matrix not only with respect to the subscripts R and T 
but also with regard to space [see (III.4.4) in deShalit and Feshbach (74) }: 


Prr(il’) = | W*(i,2,...) Pri’, 2,...)d(2)-- (11.11) 


The spatial matrix properties of this full pp-7(i'|i) can be exploited to obtain 
nuclear information of even greater subtlety than, say, that obtained from 6“. 
For example, take the diagonal 


pli |i) = prpl’li) (11.12) 


It can be considered as a Hermitian matrix in i’ and i, and as a consequence, 
can be diagonalized. The procedure will be described later (see p. 203). For the 
moment it is sufficient to state the result: 


pM) => VIMW,On, (11.13) 


A 


The functions w,(i) are orthogonal and can be normalized. They are the best 
single-particle wave functions for the description of the target, at least as for. 
as the reactions leading to the determination of p(i’|i) are concerned. 

One-particle transfer reactions such as (p, d) or (p, 2p) are frequently used to 
determine the properties of single-particle wave functions. The analog of prr 
for this case is 


Sarl) = | PH23..o5AM (1, 25.n5 AQ) (11.14) 


Clearly, if ‘P, differed from W, by the addition of one orbital to a Slater 
determinant, Sp7(1) would be proportional to the corresponding single-particle 
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wave function. The square magnitude of the constant of proportionality gives 
the probability that ¥, consists of ‘¥, and a particle in a particular single-particle 
state and is known as the spectroscopic factor. If Wp is a complex combination 
of excitations, this constant will be small, and in the absence of other effects 
originating in 7, the cross section will be reduced. The cross section for 
one-particle transfer reactions tends to be largest when the shell model 
description is most applicable. 

Returning to scattering, two-particle density matrices [see (III, 4.9) in deShalit 
and Feshbach (74) ] appear when the operator F is a two-body operator: 


F =¥ Fii,j) (11.15) 


i<j 


The resultant 7 ,, is then 


F pp =3A(A — 1 RL MF U2 lover ADD) 
OT 
TF pp =7A(A — 1) | p2(1,2)F (1, 2)d(1)d(2) 
where 


p21, 2) = vac, 3,..., A) P7(1, 2, 3,..., A)d(3)-:- (11.16) 
The corresponding operator is 


p(x, y) =——— AA); —-—~ », 6x — ri) d(y — Fy) (11.17) 


The pair correlation function C(x, y) is defined by 


C(x, y) = P(x, y) — P(X)ALy) (11.18) 


It has the property 


[cm y) dx = [cr y)dy =0 (11.19) 


since 


fora, 2)d(1) = p(2) 


Pair correlations for both elastic and inelastic scattering will be present whenever 
the interactions are sufficiently strong. They therefore can play an important 
role for hadron interactions with nuclei. Some information on the diagonal 
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ground-state two-body density is available from the calculation of the binding 
energy of nuclei [see (III.4.11) in deShalit and Feshbach (74)]. 

Spin and isospin components of the correlation function can be obtained 
through the use of appropriate operators. The operator 


»(2) ecg ee ns 
p= qa h- r)O(y —r,)4(1 —6;"6,) (11.20) 


gives the probability density of finding a pair of nucleons at x and y in the 
singlet (S = 0) state. Similarly, 


2(2) ne 
Oe Lrs0= ae Fea rJo(y —rz(3+6;6,)4(1—1t,;°t;) (11.21) 


gives the probability density of finding a pair of nucleons at x and y bal the spin 
triplet (S = 1) and isospin singlet (T= 0) state. These will appear in 7 2, if the 
two-body operator 7 (1,2) has a spin and isospin structure which necessarily 
will appear in the form exemplified by (11.20) and (11.21). 

Two-body transfer reactions [e.g., (p, >H)] will provide information on the 
two-body wave functions since it will involve overlap integrals of the form 


§2)(1,2) = [PH4...ANeo(2 3,4,..., A)d(3)-- (11.22) 


Deviations of S@)(1, 2) from the product of single-particle wave functions, which 
might be obtained from single-particle transfer reactions (11.14), would reflect 
the presence of correlations in the wave function ‘Y,. In the case of the (p, 7H) 
reaction, there is a pronounced sensitivity to correlations in which the two 
neutrons (T = 0) are in a '‘S, state. 

Generally, correlations may be needed to describe a process when the strong 
interactions are involved. Highly accurate studies with the weak and electro- 
magnetic interactions could in principle provide information on_ the 
correlations—that is, if the accuracy required second-order perturbation theory 
in order to obtain a sufficiently precise prediction. For strong interactions, the 
multistep processes will generally be sensitive to correlations. This can most 
easily be seen in the high-energy limit, for which it is possible to picture the 
reaction as preceeding by a number of collisions between the nucleons in the 
target and the projectile. Clearly, if two such collisions are important, the 
consequences will depend on the pair correlations in the target; if three, the 
triple correlations will be relevant; and so on. 

We can extend this discussion to include third- and higher-order density 
matrices and correlations. We have, however, already shown that a principal 
result of the study of reactions will be the determination of properties of the 
wave functions of the target and residual neclei. If it were possible to carry out 
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all the indicated evaluations (it is probably not necessary or desirable to carry 
out all of them), one would determine the nuclear wave function and thereby 
the nuclear Hamiltonian, which is the ultimate goal of the study of nuclear 
structure. We are a very long way indeed from carrying out this ambitious task, 
and the description given above is almost certainly overidealized. The 
outstanding example of the application of this analysis is the use of elastic and 
inelastic electron scattering to determine the charge and current density inside 
nuclei. More recently, high-energy proton scattering by nuclei has begun to 
achieve similar results for the matter density. 


Problem. Define 6(x, y,z). Show that the third-order correlation function is 


C(x, y, z) = p(x, y, z) — p(x)p(y, z) — p(y) p(x, z) 
— p(z)p(x, y) + 2p(z) p(y) e(x) 


Show that [C@ dx =0. 


CHAPTER II 


MULTIPLE SCATTERING 


1. INTRODUCTION 


Considerable simplifications in the theory describing the reactions induced by 
a projectile incident on a nucleus become possible when the energy of the 
projectile is sufficiently high. In this limit, the projectile in passing through the 
nucleus can be considered to undergo successive collisions with the target 
nucleons—hence the term multiple scattering. In the lowest approximation, each ° 
of these collisions is treated as a two-body (projectile—target nucleon) collision. 
One can thereby relate the transition amplitude for the processes induced by 
the collision with the nucleus to the transition amplitude for those induced by 
the collision of the projectile with the individual nucleons making up the nucleus. 
The complex many-body problem is thus reduced to a simpler two-body one, 
although it must be borne in mind that the projectile—nucleon collision occurs 
in an “environment” produced by the other nucleons in the nucleus, sometimes 
referred to as spectators. 

For this approximation to be accurate, it is necessary for the nucleus to be 
sufficiently dilute so that the projectile encounters only one target nucleon at 
a time. The range of the force between the projectile and nucleon should therefore 
be small compared to the distance 27, between the nucleons. A second condition 
requires that the wavelength of the projectile be small compared to the distance 
between the nucleons of the nucleus: 


kro > 1 (1.1) 


where k = 1/X If the wavelength is so long that this condition is not satisfied, 
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a collision with one nucleon will necessarily involve its neighbors and thus it 
cannot be regarded as a two-body collision. It will be recognized that an essential 
part of these conditions is the requirement that the projectile is “on the energy 
shell” between collisions; that is, between collisions the energy is kinetic, h?k*/2m. 
One can readily take into account a constant potential energy, — V, in the region 
between collisions where the energy is then (h7k?/2m) + V. 

Under these circumstances the projectile wave proceeds through the nucleus, 
producing at each target nucleon a scattered wave. These scattered waves for 
elastic scattering will be coherent and in the forward direction will interfere 
constructively, leading to a scattering amplitude proportional to the number 
of nucleons, A, in the target. The cross section in the forward direction will be 
proportional to A’. For larger angles of scattering the cross section will decrease 
as the angle of scattering or equivalently the momentum transfer. q, increases. 
The relevant parameter can be determined by the following considerations. 

When an incident projectile collides elastically with a target nucleon, it will 
impart a momentum transfer q and therefore an energy h7q7/2M to the target 
nucleon. However, at small angles, that energy is not sufficient to lift the nucleon 
out of the Fermi sea. There must be further collisions of the struck target 
nucleon with the other nucleons, so that finally the nucleus recoils as a whole. 
For that to occur, the uncertainty in position of the struck nucleon, h/q must 
be larger than the size of the nucleus. Hence, roughly 


q 


where R is the nuclear radius. Or since for elastic scattering 
q = 2psin $0 


inequality (1.2) becomes 


2kR sins < 1 (1.3) 


For angles greater than those satisfying (1.3), h/q will be less than R and only 
part of the nucleus will be involved. Thus the nucleus will not be able to recoil 
as a whole and the elastic scattering amplitude will be reduced, falling from its 
0 = 0 value. 

When these conditions are satisfied, one can, for example, obtain the elastic 
‘scattering amplitude for the collision of the projectile by the target nucleus in 
terms of the nuclear density, and of the two-body (projectile—nucleon) scattering 
amplitude. This result is of great power since it permits the determination of 
the nuclear density from experiments using a variety of projectiles that probe 
different spin-, isospin-, and momentum-dependent components of the nuclear 
density. 
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The importance of the approximations involved must, of course, be evaluated. 
A detailed discussion is given in Section 4. For the present we note that the 
conditions described above are never exactly satisfied since there is a finite 
probability that the separation of two target nucleons will be so small that the 
potentials between the projectile and the target nucleons will overlap and/or 
that the projectile wavelength will not be sufficiently small. In that event the 
projectile will interact with at least two of the target nucleons simultaneously. 
The transition amplitude for projectile—nucleus reactions will then depend not 
only on the density of target nucleons but also on their spatial correlation. One 
such correlation is induced by the Pauli exclusion principle and has the scale 
given by 1/k,, so that nucleons separated by less than this distance can no 
longer be considered as independent [see Chapter III in deShalit and Feshbach 
(74) ]. Other correlations will be a consequence of the nuclear forces acting 
between the target nucleons. The scales in this case are the various ranges 
characterizing the nucleon-nucleon potential. The strength of, for example, the 
pair correlation is given by the number of target nucleons, multiplied by the 
probability of a nucleon finding another within a distance r, (= scale length of 
the correlation). The latter factor is given by (r,/R)*, so that the correlation 


effect is of the order of 
3 3 
4(‘) -(£) (1.4) 
R ro 


using R =r,A’/?. It is thus difficult to observe correlation lengths much smaller 
than ry. (For a more quantitative result, see Appendix A.) 

Another approximation we shall often use in this chapter asserts that the 
projectile passes through the nucleus in so short a time that the target nucleons 
are essentially stationary. This approximation, referred to as the frozen nucleus 
approximation, 1s valid for sufficiently high projectile energy. The characteristic 
time, t,, for target nucleon motion can be obtained from the zero-point motion 
of the nucleon of amplitude ry. The corresponding momentum is h/r, with 
energy AE = h?/2Mr<. The time t, is then 


h 2Mré 
Th ~~ —— = (1.5) 
AE h 
The time required for the projectile to pass a target nucleon is 
E 
Tp = 2%9 —5 (1.6) 


Ppe 


where E, and p, are the energy, including the rest mass and momentum of the 
projectile, respectively. The ratio t,,/t, needs to be much greater than 1 if the 
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frozen approximation is to be valid: 


2 
Dap ee (1.7) 
cs E, 
In the limit E, > M,c’, this ratio becomes Mc’ro/hc, which is much larger than 
unity. In the nonrelativistic limit, one obtains for the ratio, k,rogM/M,. Thus if 
the projectile is a nucleon, inequality (1.7) becomes identical with (1.1). 
Under the frozen nucleus approximation the transition amplitude 7 is a 
function of the position, spin, and so on, of each of the target nucleons that 
prevail at the time the projectile passes through the target: 


F =F (t1,¥,-.-5%,) (1.8) 


The transition amplitude to be compared with experiment is obtained by taking 
appropriate matrix elements of 7 with respect to the target nucleus states. For 
elastic scattering that amplitude is 


F p= VIF ¥> (1.9) 


where P; is the target nucleus wave function. For inelastic scattering, it 1s 


4 


F p= ,|F¥D (1.10) 


where ¥ , is the final target nucleus state. This approximation is called adiabatic. 
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Much of the physics of multiple scattering can be understood at a qualitative 
level by studying a simple case. In this example the target nucleus is taken to 
be a system of nucleons which is so dilute that the probability the projectile 
will undergo two collisions with a target nucleon 1s small. The frozen nucleus 
approximation will be used so that the target nucleons will be considered as 
being fixed during the course of the collision. 

Under these circumstances the transition amplitude F will be given by a 
sum of amplitudes emanating from each of the target nucleons: 


F =Y tk, kt) (2.1) 


where t is the projectile-nucleon amplitude giving the scattering of a projectile 
with incident momentum hk, and final momentum hk, by a target nucleon atr,,. 


TLax (51). 
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We now must make use of an important theorem relating the amplitude 
t(k,,k;,r,) with the amplitude of a scatterer located at the origin t(k,,k,; 0). 
Toward this end, compare the integral Schrodinger equations appropriate to 
these two situations: 


l ik|r—r’| 

W(rjx,) = et — — | __ ye’ — wees, de (2.2a) 
4xnJ|r—r'| 
1 ik|r—r’| 

W(F; 0) = et — | V(r )W(r's0) dr’ (2.25) 
4x) |r—r'| 


where V is the scattering potential. In the first of these equations introduce a 
shift of the origin: 


r—r,=s r—r,=s 
One obtains 
ik|s—s"| 
W(s+r,;0 ) = efhesgiherm — em Vor')W(s' + 4,31, ds’ 
no°n] ~~ 1 no*n 
4x J |s—s'| 


Comparing this equation with (2.2b) yields immediately the important result 
W(S +1,31,) =e ™Y(s; 0) (2.3) 
Thus the shift in the origin results only in a change in phase, a consequence of 


translational invariance of the Schrodinger equation (2.2a). From (2.2a) we 
obtain 


t(k ,k;;r,,) = fewer Vir — 4, wr) dr’ 
=e ikstn fear V(s)w(s' +r,31r,) ds’ 


Using (2.3) it follows that 
t(k,, k;;r,) =e *)"™t(ky, k;; 0) (2.4) 


One corollary of this equation will be important for later discussion. We 
leave it as a problem. 


Problem. Let ¢(r,r’;r,) be defined by 


dk, dk, 
(27)* (22)? 


(2.5a) 


t(r, r’; r,,) = | fer, k;; r,Jen ikj-r/ 
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Show that 

t(r,r’;r,,) =t(r —r,,r —r,, 9) (2.55) 

We can now return to (2.1). Using (2.4), 1t becomes 

F =t(k,,k,)¥ et 
q=k;—k, (2.6) 
t(k,,k,) = t(k,,k;; 0) 
Finally, the elastic scattering transition amplitude is 


F elk, k;) = t(k,,k,)¢P;| Det ¥;> 


Using the antisymmetry of the wave function Y,, this becomes 


F alk ;,k;) = At(k,, k;)6(q) (2.7) 
where 
p(q) = fee ote) dr, 
and 
pity) [Mile )Pdta (2.8) 
fote.)ar, =1 (2.9) 


From (2.9) it follows that the Fourier transform of the density, 6(q), 1s unity at 
q = 0, that is, for scattering in the forward direction. Generally, as described in 
the preceding section, 6 will drop rapidly with increasing scattering angle. (Note 
that |q| = 2ksin36, where @ is the scattering angle.) For example, if 


3 3/2 1 . ae 
p(r) = (=) me /R?) (2.10) 


which satisfies (2.9) and 


R? = [overs dr 
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so that R is the root-mean-square radius, then 


6(q) as e4°R?/6 ae e ~ (2/3)k? R? sin? (1/2)8 (2.11) 


We note the rapid decrease in p(q) and therefore of the scattering transition 
amplitude, (2.7), as the scattering angle, the energy, or the size of the system 
increases. The quantity (q) is referred to as the form factor. 

According to (1.10), the inelastic transition amplitude is given by 


F pk k,) = tk; ky) CPS e'¥,) (2.124) 


or 
FT 5, = Atk, k;)p 5:(q) (2.12b) 


where #,;(q) is the Fourier transform of the transition density: 


p si(q) = [erp pill) ar, (2.13) 


and 
p pl 1) = aes ae J) (r,, >, a .) dr, eee (2.14) 


Note that 7 ,(k,,k;) is zero whenever q is‘zero because of the orthogonality 
of ¥, and W;. As a consequence, 7 ,; at small g will be proportional to some 
power of gq. 

Further insight is obtained from examination of the total angular distribution 
for inelastic scattering summing over all possible final states: 


do’? Qn m k 
—tt_ = 9 JY |F |? =—— VF 5? 2.15 


where the projectile wave functions appearing in 7 ,; are asymptotically plane 
waves of unit amplitude and m is the reduced mass of the projectile—nucleus 
system. p, is the density of final states and j,; is the incident current density. 
Inserting (2.12a) into (2.15) and summing over the final states one obtains 


da ine) m2 k 
d 10 = ga ( Gitlks ko ) 


SCV |e rc Y Dery 
(2.16) 


av 


The factor in front of the sum is the cross section for projectile—nucleon scattering 
except that the projectile-nucleon reduced mass is replaced by projectile— 
nucleus reduced mass. We shall return to this point later. 
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Making use of the completeness of the final states ‘, the sum in (2.16) may 
be performed. A sum rule is obtained: 


do (nel) m2 k er 
yi (mar) Zeer 
S H avn,m 


Vile ee) 


Using the antisymmetry of the wave function P,, the sum is readily shown to 
equal 


>, (CP [eV r OP — COP et > CP |e TP) 


= A+ A(A— 1)p(q, — q) — A’ A(q)A(—4q) (2.17) 
where 
p(q, — 4) = Je ~™ o(r,,¥2) dr, dr, (2.18) 
and 
pitts) |IMt tants.) (2.19) 


The quantity p(r,,r,) is the diagonal two-body density giving the probability 
density to find a nucleon in the range dr, at r, and another in the range dr, 
at r,. To obtain the correlation density, one must subtract the probability that 
obtains when the two particles are independent, p(r,)p(r,). Thus 


C(r,,12) = p(t,,%2) — p(t,)p(t2) (2.20) 


Note that 
[ctr.rayan == [Ctr.ts)dr, (2.21) 
The Fourier transform of C is 
C(q1.4>) = Jews *'42"72C(r,,4r,) dr, dr, (2.22) 


From (2.21) 


C(q,,0) = C(0,qz) =0 (2.23) 
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Asymptotically, C(r,,r,) should vanish since for large |r, —r,|, the nucleons 
are expected to be independent, so that 


C(r,,r,)- 0 as |r, —r,|— 00 (2.24) 
In terms of the function C, the right-hand side of (2.17) is 


A + A(A — 1)C(q, —q) — Alp)? 


so that 
do (ined) m? k = 
are = On)? h (Zin, ka?) [AC —|p(q)|?) + A(A — 1) C(q, — @)] 


(2.25) 


We see immediately the expected result that this cross section vanishes as g— 0. 
As already indicated [see (1.4)] and to be shown in more detail below, C ~ 1/A, 
so that (doln’) /dQ),,~ A. This result is to be contrasted with the elastic 
scattering cross section, which according to (2.7), is proportional to A”. The 
latter is a consequence of the constructive interference of the waves scattered 
by the target nucleon in the forward direction. For this reason, the elastic 
scattering is referred to as coherent scattering. The inelastic cross section 1s 
referred to as incoherent scattering since proportionality of the cross section to 
A can be interpreted as addition of the cross sections, rather than the amplitude, 
for each target nucleon. 

An important consequence of this discussion of inelastic scattering is that it 
will be easier to observe the correlation term at the larger angles, qR ~ 1, and 
in the inelastic scattering. 

A simple model of p(r,,r,) will serve to illustrate some of these points. We take 


o(r,,¥%>) = Ne@ (2/2)05 +3) 4 — ge (1/2)87(r1 — 12)? (2.26) 

The correlation is carried by the second term in parentheses. It disappears as 

lr, —r,|— o. Moreover, p(r,,r,) goes to zero as |r, —r,|— 0, simulating the 

effect of a hard core and/or the Pauli exclusion principle. The parameter « 1s 
O(1/R) and B is O(1/r,), where r, is the correlation length, so that 

p>a (2.27) 


except for the smallest nuclei. N is a normalization factor determined by the 


condition 
| fote.ta)an dr, =| 
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Note that 
p(r,)= fo. r,) dr, 


has a contribution from the correlation term in P: 


(22)?/? oO? 3/2 
—N —(4/2)a2r2 — (1/2)[(a? + 2B?)/(a? + B?)Ja2r? 
p(r) 3 e 2 2 © 
0% a + B 


2 pie 252 ‘ 2p2 
ny = pee r2 (= gee (2.28) 
pra 04 


The second term in brackets has a shorter range than the first term. The 
normalization factor 1s 


a 1° 


Nira ear eo? pase a eS ee 
(2n)"{1— [aro + BY} poe Omit —(1/./8)\(a3/B3)) 


It is straightforward to evaluate the Fourier transforms: 


l a2 3/2 
6(q) = ————-_——- , e ”/2”’ — (=) 7 (1/2)4?fa? + B2)/a?(a? + | 
1 — [a?/a? + 2B7)]°? a? + 2p? 


3 
Bia ee oe Coed = een (2.30) 
3 
Bra 1 —(1/,/8)(a7/B°) /8B 
and 
B( )= ee ee — (qj + 43)/2a? 
p Gi>42 a 1 _ (0? /(a? 4 2p7)]>? 
2 3/2 
—| =| ge (1/2)[1/a2(a? + 282) Ma2(az + 43) + B2(q1 + q2)7] 
a? + 2p? 
(2.31) 
Finally, 
rm a° 2)(q? + q3)/a2 —(1/4)a2 B2[a2(q? + q2) + B2(q1 + q2)2 
C(q1.42) > me; [e Ol (a7 + 493)/a +e (1/4)a*B*[a*(q7 +43) + B*(qi + q2)*] 
= (e~ 4/40? — 43/20 if. e~ 1/20? — q3/4a?y 4 (2.32) 


We see directly that for B>«, C is on the order of (r,/R)°, so that C~1/A. 


~~ 


C(q,,42) goes to zero as q, or q, go to zero. Note also that for large q, and 
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q, the decrease of C is governed by the parameters 1/a?, 1/2«2 and when 
q, +4. =0, by 1/2f8*. This last case will provide the smallest asymptotic rate 
of decrease since 1/8? « 1/a*. The sum rule, (2.25), depends on C(q, — q): 


3 
C(q, —q)—— -— ‘ [e vie? +e 128? _ Qe ~ S/4Na7/07)7 (2.33) 


Boa ./8p° 


which at large angles is dominated by the second term. 


3. OPTICAL MODEL POTENTIAL! 


The preceding discussion assumes that the projectile wave incident on each 
target nucleon is the incident plane wave. In fact, the incident wave 1s composed 
of that plane wave together with the waves that have been generated by scattering 
from all the other nucleons of the target nucleus. The discussion in Section 2 
is thus invalid if the probability for secondary and multiple scattering, that is, 
rescattering of wave generated by a previous scattering, 1s important. When 
that is the case, the wave incident on a target nucleon consists of a linear 
superposition of plane wave so that (2.1) is replaced by 


Z dk 
PF i=<rilZ Fp =¥ | EP eh korg, 8 
n Jj (27) 
or 


dk : 
FT y=A | Ons [dro k; 1) Xn(k) (3.1) 


where ¥,(k) is the probability amplitude for a plane wave of momentum k to 
be incident on the nth target nucleon. We now introduce ¢(r,r’;r,,) by inverting 
the Fourier transform, (2.5a), and using (2.5b) as well, so that 


el — A — 
(27)° 


Gr 


[ote dr, [ae [ae e~tkrreg —y or’ — re!" Z (k) (3.2) 


The integral over k yields directly the incident wave in coordinate space: 


dk ... 
Xl) = (ss e*'7,(k) (3.3) 


*Lax (51). 
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so that (3.2) can be rewritten 
T y= A | dre-ikr | ir} | esi rt) fa 3.4) 


We now make the approximation that y,(r’) is independent of n and can be 
written x(r’). This is not exact since the linear combination of waves incident 
on the nth nucleon, (3.1), should not include the effect of the wave coming from 
the nth nucleon itself. However, if the number of nucleons 1s sufficiently large, 
the error should be small. When y,, is replaced by y, the resulting amplitude 1s 
identical to that which would be obtained from a Schrodinger equation with 
the nonlocal energy-dependent optical model potential V°?"(r, r’): 


VOPR r)=A (ar, t(r —r,,,¥ —r,)p(,,) (3.5) 
Its Fourier transform is 
VoPv(k, k’) = | a dr’ eK Yopv(y, p’)eik 
= Ap(k — k’)t(k, k’) (3.6) 
In using (3.6) it has been the practice to structure f(k,,k;) as follows: 
i(k ,, k;) = te(q) q=k;—k, (3.7) 


where E, the projectile energy, is treated as a parameter. Under these circum- 
stances 


t(r,r;r,) = o(r —r’) 


(2x)? fe - we ae t-(q) dq 


= 6(r —r’)t,(r —r,) (3.7’) 
The optical potential then becomes local: 
Vor’ r) = d(r — r’)VEP%(r) 
V(r) =A [ar tp (r c r,,)p(,,) (3.8) 
This is the form of the high-energy multiple scattering optical potential found 


in the literature [Lax (51), Kerman, McManus, and Thaler (59) ]. Its Fourier 
transform is 


VePr(q) = Jew Vie (t) = Atg(q)p(q) (3.9) 
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Both (3.5) and (3.8) demonstrate that within the limits of the approximations 
employed to obtain them, that high-energy elastic scattering experiments 
provide a probe, symbolized by the transition matrix t(k,,k;) characteristic of 
the projectile—nucleon scattering, to study the one-body density p(r). Each 
projectile, whether a nucleon, a-particle, pion, and so on, will be sensitive to 
different aspects (i.e., spin and isospin dependence) of p so that by combining 
experiments one may be able to obtain a complete description of p. 

Even in the approximate form, (3.5) and (3.8), the transition amplitude for 
all values of k, and k; needed to obtain V°?? cannot be determined directly 
from experiment since one would have to know f(k,,k,;) for k,#k;. The 
procedure generally used takes a functional form for f,(q) fitted to experimental 
data and using that form extrapolates to values “off the energy shell” (1e., 
k, #k;). A commonly used form is 


i,(q) = B(E)e (3.10) 


This procedure leads to minor errors, for the following reason. For larger nuclei, 
only values of ¢,(q) near g = 0 will enter importantly into the optical potential. 
The reasons follow. The scale of p(q) is 1/R (R = nuclear radius). For infinite 
nuclei 6(q) is proportional to 6(q), while the scale of f is 1/ry, where ry is the 
range of nuclear forces. Hence f(q) falls off with increasing gq much more slowly 
that p(q). In the relatively small momentum transfer range in which p differs 
from zero, there is no difficulty in obtaining the requisite #(q) from experiment. 
For very large nuclei (i.e., nuclear matter), (3.9) becomes 


Verd(q) = Ai, (0)A(q) 
and 
VEP%(r) = Ai, (0) p(n) (3.11) 


The imaginary part of VS?" can be related to A, the mean free path of the 
projectile in nuclear matter. We note that 


2 2 is 
jz Im Vg" =" Ap Imig(0) = —4nAplm f(0°)= —Apkor (3.12 


where in the last step we have made use of the relationship between the imaginary 
part of the elastic scattering amplitude at 0°, f(0°), and the total cross section: 


62 = Im f(0°) (3.13) 
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From the Schrodinger equation one has 


2m 2 
(kp + ik;)? = 7 E— <2 pers (3.14) 


},? 


where kp and k, are the real and imaginary part of k, respectively. Inserting 
(3.11), using (3.12), and assuming that kp >k, leads to 


2m 
ke = ye (E aa yor) 
and 
2m 


ye yor a al 2Krk, = 2kk, 


Hence, using (3. 12), 


k,=5Apor (3.15) 
and the mean free path, 4, 
| 1 
ee (3.16) 
2k, Apor 


a familiar result. (See Chapter V, p. 354, for a derivation that takes into account 
the important effect of the properties of the medium in which the collisions 
occur.) 

The optical potential bears a simple relation to the results obtained in 
Section 2 for the scattering amplitude [see (2.7) ]. Equation (2.7) is the first Born 
approximation amplitude using the optical model potentials, (3.5) or (3.8). The 
Schrodinger equation with these potentials takes into account the distortion of 
the incident plane wave by the nucleon medium. The Schrodinger equation also 
develops an amplitude that satisfies unitarity, which is not the case for the first 
Born approximation. Form equation (3.8) [rather than (3.5)] is often pointed 
to as justification for the folding potential described in Chapter V, to which the 
reader can turn for further discussion. 

The foregoing derivation of the optical model potential fails under two 
circumstances. First, it fails if three-body forces are important [Austern (83) ], 
for then the scattering cannot involve one nucleon at a time with the projectile 
on the energy shell between collisions. It also fails, even when only two-body 
forces are acting, when the target nucleons are too close to each other. In that 
event, a double scattering in which the projectile is not on the energy shell after 
the first scattering becomes possible, in contradiction to the postulated 
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conditions for the validity of (3.5) and (3.9). The importance of this process 
depends on the probability that the target nucleons are sufficiently close to each 
other, that is on the correlation function. If the energy deficiency is AE, the 
lifetime of the system is h/AE and the distance traveled by the projectile is 
hv/AE. By the end of this time interval a second collision restoring the system 
to the energy shell is necessary, so that hv/AE must be on the order of the 
correlation length r,. As AE increases, the correlation length to which the 
experiment is sensitive decreases, so that the projectile must go farther off the 
energy shell to see smaller correlation lengths. 

One can take account of these collisions in which two of the target nucleons 
are close together by considering multiple scattering as involving a series of 
scattering from. two target nucleons rather than from one target nucleon as 
assumed in the earlier discussion. It is intuitively clear that in that case (3.8)? 
is replaced by 


Vorv(r rr’) = A(A— 1) (a, (ar, tr, 05045 Fin) O(n lm) (3.17) 


In this equation t is the transition amplitude for the scattering of the projectile 
by two target nucleons located at r, and r,,. It is generally a nonlocal operator. 
[It is left to the reader as a problem to derive (3.17) using an analysis following 
that which led to (3.8). ] The two-particle density p(r,,,r,,) can, according to (2.20), 
be written as follows: 


PUT ns Fm) = Pn) Pm) + Cn, Bn) (2.20) 
where [cf. (2.21) ] 
[cl r,, Jar, =O= [ct Vn) Um (2.21) 


Consider the term generated when the first term of (2.20) is inserted into (3.17): 


A(A — 1) | qr, [aro P50 a» Fn) P(Em) 


This term describes the independent scattering of the projectile by nucleons at 
r, and r,,. This is precisely what the optical potentials (3.5) and (3.8) were 
designed to describe. Hence this term is already contained in (3.8). The term 
arising from the correlation in (2.20) is 


A(A — 1) far, [dr aCltasta)t%e r'51,5 Tm) (3.18) 


*The more complex equation, (3.5), could equally well be generalized. 
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Using (3.8) to describe the scattering from the two-particle system, one obtains 


(P(r rs 1,5 0m) =5t(r —4,)O(t — 1’) + 5t(r —4,,)6(r — ¥’) 


+ At (r, r'51,5 lm) (3.19) 


The first two terms are obtained from (3.8); the last is the nonadditive 
contribution obtained when the scattering from the two-body system is obtained 
more precisely. Inserting into (3.18) and using (2.21), (3.18) becomes 


A(A — 1 [ar |r, C(t ysl) At P(E, 5 Fas Vin) 


The revised optical potential taking into account the possibility that two of 
target nucleons can be close together is 


Vor r’) = A {ar p(r,)t(r —r,)d(r —r’) 
+ A(A — » far, [arsctn, r,)At(r, 371,10) (3.20) 


It is generally not possible to obtain At‘*’ for the necessary ranges of r, and r, 
from experiment. Therefore, to complete (3.20), a method for calculating At 
must be given. One might numerically solve the problem of projectile/two- 
nucleon scattering in the frozen nucleus approximation [Sparrow (75)] or one 
can provide an approximation [Feshbach, Gal, and Hufner (71); Chaumeaux, 
Layly, and Schaeffer (78) ], which permits a ready evaluation of this term. By 
taking the Fourier transforms of the C At) term, one can verify that because 


of the properties of C(q1.4>) [see (2.32) ], the magnitude of that term is on the 
order of (r,/R)° (~ 1/A) multipled by the magnitude of At®(q,,q,). The first 
factor reduces the A dependence of V°"" to a linear one. The second is expected 
to be small at high energies since most of the scattering by the two-body system 
will be given by the first two terms of (3.19). One therefore expects the second 
term in (3.20) to be small compared to the first term (see Appendix B of this 
chapter). However, because of interference of the first and second term, the 
latter may become visible especially at high momentum transfers, where the 
precipitous decrease of the first term will be modified by the presence of 
the second. 

One should note the differing origin of the correlation function present in 
(2.25) and (3.20). In (2.25) we are concerned with the inelastic cross section. 
There is no interference and only C(q, —q) makes its appearance. Only single 
scattering is present in the amplitude, C making its appearance as a consequence 
of squaring the transition amplitude and summing over all final states. The 
conclusion reached in Section 2, that C will not be visible in the elastic scattering, 
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must be modified because as has been emphasized, interference of the first and 
second terms in (3.20) may make the correlation-dependent term visible. 


4. FORMAL THEORY OF MULTIPLE SCATTERING! 


The intuitive considerations of the preceding sections need to be put on a firmer 
footing in which a more accurate result is derived, with the approximations 
clearly stated and methods for the calculation of corrections indicated. In this 
section we employ the formalism developed by Kerman, McManus, and Thaler 
(59) [here called the KMT method; see also Feshbach, Gal, and Hufner (71)], 
which in turn is based on the analysis by Watson (53, 57, 58) and Lax (51) of 
the multiple scattering problem. 

Formally, the multiple scattering problem can be stated as follows. Let the 
potential acting between the incident projectile and the target nucleus be a sum 
of two-body interactions, v;, including spin and isospin dependence acting 
between the projectile and the ith target nucleon: 


V= > vo (4.1) 


where is the antisymmetrization operator operating on the target nucleons, 
thus guaranteeing that only those wave functions for the target system that 
satisfy the Pauli principle will enter into the discussion. When the projectile 
consists of nucleons, we shall assume that the Pauli principle acting between 
the projectile nucleons and the target nucleons need not be enforced [Takeda 
and Watson (55) ]. Physically, this seems reasonable (unless the collision leads 
to a large energy loss), for one can identify the projectile after collision by its 
large energy. However, there have been some criticisms of this procedure 
[ Picklesimer and Thaler (81) ]. 

The goal of the multiple scattering theory is to relate the transition matrix, 
J, for the projectile—nucleus collision to the transition matrix, t, for the 
projectile—nucleon collision. From (4.1), 7 satisfies 


t 


A A Wf 
F(E)= ¥ v.80 + ¥ v,—F(E) (4.2) 
i=1 =1 @ 


where 


a=E*)_K—Hy (4.3) 


and Hy is the target nucleus Hamiltonian; K is the kinetic energy of the incident 
projectile relative to the center of mass of the target nucleus. On the other hand, 


*Kerman, McManus, and Thaler (59); Feshbach, Gal, and Hiifner (71); Feshbach (81). 
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the t matrix satisfies, for scattering from the ith nucleon, 
1 | 
t,(E) =U; + vj EO —K, t;(E) (4.4) 


where K, is the kinetic energy operator in the projectile-nucleon system. 
As a first step, one introduces an operator t which is the transition matrix 
for the averaged two-body interaction (1/A)>\70,.#: 


ie | eae 6 
T=—) 0,08 +—) v0;—T 4.5 
AX Ax OL oo 


t 1S a many-body operator closely related to t;. This relationship is made more 
explicit by introducing 1; defined by 
» (4.6) 
T; : 
A 
Then 
A 
tT, =v0,8 +0;—T (4.7) 
OL 
which should be compared with (4.4). t; may be considered as the effective 
two-body operator in the nuclear medium. The latter’s presence is indicated by 
the antisymmetrization operator .?~ as well as by the nuclear Hamiltonian in 
the operator «~*. Equation (4.7) takes into account the contribution to the 
scattering amplitude generated by the ith nucleon of the waves emanating from 
all the other nucleons, as indicated by the presence of the operator t on the 
right-hand side. 


We can now use (4.5) to eliminate v; from (4.2) for t. This elimination is 
essential if v; is singular. Toward that end, rewrite (4.5) as follows: 


A 
i i o4 
and replace >'v,.7 in (4.2) by the right-hand side: 
A G\ 1 
7 = (4 -Y0= + (4 -S0% og 
i a i OL 4 
Using (4.5) [Problem. Prove (4.8) ] 


1 
ee ay ae (4.8) 
a i 04 
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this equation becomes 


| 1 A 1 
Fade Ace —11(S He +E vt 7 | 
a 04 04 i a 


or 
1 
F=At4H(A—-1)t-F (4.9) 
4 
Define 7’ by 
gag (4.10) 
A-—1 
Then 
| 
J! =(A—-1)t+(A—-1)t-TF' (4.11) 
1 


We thus obtain the remarkable result that the scattering induced by >); v; can 
equally well be considered as a consequence of the effective interaction 
(A — 1)t(= [(A — 1)/A]5¢1;). The effect of the Pauli principle is now contained 
within the operator t, while the transition matrix 7 is to be obtained from the 
solution of (4.11) by multiplication by the factor A/A —1 according to (4.10). 

With this result it now becomes possible to introduce the “frozen” nucleus 
approximation with some improvement upon its formulation as given in 
Section 2. We return to the Schrodinger equation equivalent to (4.11): 


[E—K —H,—(A—1)t]¥ =0 (4.12) 


and derive an equation for the open-channel component of ‘PV. That component 
will at least contain the elastic channel, but it can as well contain other channels 
of interest. Toward this end we introduce a projection operator P which when 
applied to any wave function such as ¥ will yield the open-channel component 
of interest. P is given by 


P=0)<04+1)<14+-» (4.13) 


where 0> is the state vector for the ground state of the target nucleus, | > the 
first excited state, and so on. The number of terms included is determined by 
the physics of the phenomena under study. Here the emphasis is on elastic and 
inelastic scattering. The projection operator Q complementary to P is defined by 


Q=1-—P (4.14) 
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The following relationships will be needed: 
PP? =P 0?=Q PQ=QP=0 (4.15) 
We also define the symbols tpg, Ttpp, and Tg: 


Tpg = PQ Top = OtP 
top = Ptr To9 = OtQ 


The Schrédinger equation (4.12) can be replaced by a pair of coupled equations 
for P¥ and O'P, where P¥ + OW =: 


LE —K —(Hy)pp —(A — 1)tpp](P¥) =(A — I)tpgQ(Q'P) (4.16) 
LE —K —(Hy)oq — (A — 1)te9 (QP) = (A — I) top(P'¥) (4.165) 


Solving the second equation formally for (O‘¥) and substituting in the first 
equation yields 


E — K —(Hy)pp —(A — 1) tpp 


| 


—(A—1)tp¢ E—K —(Hy)oo —(A — 1)t99 


(A — Near [PY =0 (4.17) 


thereby deriving an effective Hamiltonian and in particular an effective potential 
for the subspace projected by P. Equation (4.17) is exact. The first-order term 
in the effective potential, (A — 1)tpp, is supplemented by a second-order term 
involving t twice, which describes the system making the transition from the 
space projected by P to the complementary space projected by Q, propagating 
in 2 space followed by a transition back to the space projected by P. The 
Schrodinger equation iterates this process. Equation (4.17) is exact, but it is in 
a form that is suitable for approximation. For example, the frozen nucleus 
approximation is obtained by replacing (Hy)g9 by an average excitation energy 
é and (A — 1) tgg by a first approximation to the two-body projectile-nucleus 
optical model Hamiltonian. Hence 


Voot = (A — 1) tpp + (A — 1) tpg (A — 1)tgp 


E—K-—é-v") 
Q 


= (A = 1)tpp + (A = a eg aT is 


(4.17’) 


where V"!) is the first-order potential [given by (4.30)] still to be derived. In 
writing the second of the equations we have used the fact the propagator no 
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longer depends on the target nuclear coordinates, depending only on the 
projectile coordinates relative to the nucleus center of mass. To proceed further 
we must elucidate the relation between 1; and f;. 

The first approximation replaces (4.4) by 


1 
[,~v,+0;-1; (4.18) 
a 


This involves adding Hy to the denominator of the propagator to obtain 1/a. 
This may not be a serious error under the assumption that E is large. Since we 
shall eventually replace Hy, by some average value, this error can be compensated 
to some extent by shifting the energy in (4.4). For a further discussion of this 
point, see Appendix A at the end of this chapter, where it is shown that the 
error is of the order of 1/A. Note also that (4.4) is in the projectile—nucleon 
center-of-mass system, whereas (4.18) is in the projectile—nucleus frame, very 
close for the heavier nuclei to the laboratory frame. 
Using (4.18), one can eliminate v; in (4.7) for t;. From (4.18), 


1 
Uy = (1 sr ome 
OL 
Substituting in (4.7) gives 


1 1\ o 
=(1-08 uot +(1 02) 
04 04 a 


A 1 A 
mob 1,20 —12( not 40,20] 
04 04 04 


where the equation 


has been used. This equation follows from (4.18). Using (4.7), the equation for 
tT; becomes 


1 
TU; = tA + t;—(t = T;) 
OL 
The equation for t is then 


1 1 
A oO 


A 
1 1. w-1 

t; (4.19) 
A 


A a 
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where the following relation has been used: 

T= VT; (4.20) 
and it is assumed that the operators are acting on antisymmetrized wave 
functions. It is important to replace the propagator (1/a)[ = 1/(E — K — Hy) ] 
by 1/&, which takes the effect of the nuclear medium more completely in account: 


= EE) K—Hy—(A—1)t (4.21) 


These two propagators are related by 


h- Go. oh Oe aa 1 
ee at OO) 
04 o4 a xa 
Or 
1 1 1 1 
~=~—-(A—1)t— (4.22) 
o4 a Oo a 


But we need (./ — 1)/a and this 1s, from (4.22), 


A—-1 Al 


Cf. ro 


(4.23) 


which follows from the equation (./ — 1).~% =0 and (4.20). Inserting this result 
in (4.19), we have 


of —1 
= 4, (4.24) 
a 


1 1 
SS t,&A 1 C; 
Aye +42 
providing the desired relation between t and ¢;. [It is the analog of the 
Bethe—Goldstone equation stated in Chapter III of deShalit and Feshbach (74). | 


One can now solve this equation for t by successive approximations. In the 
first order, obtained by droping the second term on the right-hand side of (4.24), 


1 
Wit 
eer 
or 


1, ~t, (4.25) 


To second order obtained by using this result in (4.24), 


1 1 IS —1 
pe Sie (4.26) 
AG AG v7 
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or 


| 


| 1 1 1 
=—)t,+— t,-t;-— t;—t; 4.26’ 
A rr AX 6k oe 


where we have used ~/t; = (1/A))/t;. We can now calculate the effective potential 


operator Voots the optical model potential y PO = PV,,,P. From (4.17), 
Vio =(A — It +(A- yerer 
2_ I 2_P 
= (A — 1)t+ (A — 1)*t—t-—(A—1)*t—T 
of OL 
where 


a@=E-—K—é—V' (4.27) 


One now inserts approximation (4.26’) into Vix, making the additional 
approximation of replacing & everywhere by «. The result is 


Pag 9 1 At Yt, 4 


opt 
A ixj 


- 


d = -t; (4.28) 


This is the principal result of the multiple scattering formalism as developed 
by Kerman, McManus, and Thaler (59). Its extension to third order has been 
given by Ullo and Feshbach (74). There are three major approximations made 
in deriving (4.28). They are, in major part, high-energy approximations in that 
they become increasingly valid as the energy increases. That assertion depends 
in turn upon appropriate behaviour of the matrix elements of t; and Hy with 
increasing momentum transfer, q, and energy. What is required is that these 
matrix elements decrease rapidly enough with these increasing g and E so that 
the magnitude of t,(1/a) is sufficiently small to ensure convergence of the series 
for Vots the first two orders of which are given by (4.28). This limitation can 
be avoided to a great extent if one were to solve the analog of the Bethe- 
Goldstone equation, (4.24) more exactly (1.e., adapting the independent pair 
approximation) rather than use a small perturbation approximation. 
In the case of elastic scattering, P =0)<0, and 


Voor = (0 Von: 10> (4.29) 


and (Hy)pp = 0. The first-order optical model potential is thus 


A-1 
Vow = 7 —— ¢0|})|0> =(A — 1)<0]t,|0 (4.30) 


opt 
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The transition matrix t; is generally a nonlocal operator because of the presence 


of the second term in the Lippman-—Schwinger equation, (4.4). In coordinate 


space it therefore has the form <r —r,,5(r+r,)lé|r’ —r,,5(@” +1), where, to be 


specific, we have used relative coordinate and center-of-mass coordinates for a 
nucleon projectile. The generalization to other projectiles is straightforward. 
Conservation of momentum determines the dependence on center-of-mass 
coordinates: 

t, =dG(r+r,)—5(r +r))t(@r —r,,r —r}) (4.31) 


Then 
Veo r)=(A- b far, [ary Fa,..-)ty P(r, ,82,...)dr2 + 


=(A — » far, [de, Kiera —r,,r— r’ )dG(r +r,)- s(r’ +r‘)) 
(4.32) 


where K(r,,r’,) is the one-body density matrix for the ground-state target nucleus 
K(r,r’) = [dts Pee be al en ee | (4.33) 
In momentum space (4.32) becomes 


opt 


VO, k’) = | dr | dre TYME, rer (4.34) 


Introducing Fourier transforms for K and t 


1 seas er ee 
K(r,r’) = ds \ds'e'S*S* K(s,s8' 4.35 
(r, 1’) Ons | | (Ss, Ss’) (4.35) 
and 
t(x, x’) = {4 [dpierrs¥ ep, p’) (4.36) 


Equation (4.34) becomes (use relative and center-of-mass integration variables) 


i , A-I1f,[,,5, ,,.fstk s +k er 
Vopi(ks k’) = a [4s [as Riss i ie ais k (6k) (4.37) 


The interpretation of this equation is instructive. The projectile brings in a 
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momentum of k’, the target nucleon — s’. Upon scattering the projectile acquires 
a momentum of k, the target nucleon, —s. The delta function ensures that the 
momentum transferred to the projectile, (k —k’), is balanced by the amount 
transferred to the target nucleon (s —s’). The ¢ matrix gives the amplitude for 
a transition from relative momentum 5(s’ + k’) to $(s + k). Equation (4.37) takes 
into account the motion (sometimes referred to as the Fermi motion) of the 
nucleons in the target nucleus. 

As a final development we consider the consequences of the assumption that 
t(r,r’) 18 local [see (3.7) ], 


t(r,r’) = d(r—r')t(r) (4.38) 


upon the first-order potential, (4.32). The evaluation is straightforward. One 
finds that V“(r,r’) is local: 


opt 


Ve — 1’) = 6(r — r')ol(r) (4.39) 
where 
Ur) = (A — b far, p(t, )t(r—r,) (4.40) 


In momentum space 
O14) = le eye p(T) dr 


= (A — 1)p(q)t(q) (4.40°) 


Equation (4.39) is in agreement to order 1/A with the result obtained by intuitive 
arguments in Section 3 [see (3.9) ]. In making this comparison, one should bear 
in mind that the scattering amplitude obtained using the potential equation 
(4.39) must be multiplied by the factor (A/A — 1), according to (4.10), in order 
to obtain the full Y matrix. Thus the intuitive result and the first-order result 
just obtained will give the same amplitude in the Born approximation. Further 
discussion is postponed until the second-order term of (4.28) is evaluated. 

We first express the second-order term in coordinate space assuming t; to 
be a local operator [see (3.7’) ] 


Crete > = or — r’)t(r —¥;) 


Then 
V2(r,r') = (0,r| V2)0,r') 
=(A-—1 fare fare) 0| ¥ é(ir—r’)t(r —1;)<r’|- “I"") 
( ) Ce AA ~1)° p> ( )t(r —r;) 


x 6(r” —r')t(r’ — 4,0) 


1 
— 1 COS Ste )e— 110 Ie" ><O1E, He" — ete 1 0>| 
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Using the antisymmetry of the target nuclear wave function and performing 
the integrations over r” and r”, one obtains 


VO) = (4 — 1)? {<Ole — r,t" — r2)/0> — (Olt — 1 )|0> CO’ — 2/0) 


opt 


1 
x Crl=|r'> 
0 


=(4—1) | dr | argt(r —r,)Crl=Ie Dele —1e)Lp(t 42) — Cts) 0(02) 
OT 


VE(r, x’) =(A — 1)? far, [rae — Oe —r,)C(r,,¥>) (4.41) 
at 


Clearly, Vee is a nonlocal energy-dependent potential involving a scattering by 
a target nucleon at r,, a propagation from r’ to r, and a second scattering by 
a target nucleon at r,. The correlation function measures the probability of a 
target nucleon being present at r, and another at r,. Comparing (4.41) with the 
intuitive derivation of (3.20), one can identify the At”) of that equation (to order 


1/A). 


1 
AMP r5r, 82) = er —1)<rla|r Der’ — Fy) (4.42) 
ri 


We also restate (4.41) in momentum space, as this is the form in which one 
finds it in the literature: 


dk” | dk” 


= ! Z 
VOUk, k’) = (A ~ 1) | [F(k” —k) Ck" |=Ik” i(k’ —k”) 
Oo 


(2n)* J (2z)° 
x C(k” —k,k’ —k”) (4.43) 
where 
C(q,q’) = [ar [rae *4'PC(r,,12) (4.44) 


A posteriori, it appears that the multiple scattering series for the optical 
potential is an expansion in terms of correlation functions of increasing order. 
The first-order term depends on the density, the second in the pair correlation. 
Ullo (74) has evaluated the third-order term and has shown that to O(1/A), Ve 
depends on the triple correlation function C™(r,,r,,13) lending support to this 
surmise. 


Problem. Show that the triple correlation function is given by 


CO (ry, 82,83) = POF, 82,83) — PO, r2)p(r3) — p(r,,13)p(t2) 


— pry, 63) 0(F1) + 2p(r1)e(F2)p(r3) 
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Show that 
for. r,,r3)dr, = C(r2,463) 


The separation into density- and correlation-dependent contributions V(j 
and V‘*) must be modified when the spin dependence of the two-body transition 
operators is taken into account. Here it will suffice to given an example. The 
complete treatment is given in Lambert and Feshbach (73) and Parmentola 
and Feshbach (82). Suppose that the incident projectile is a nucleon and that 

t(r —r,) = Or —r,) + tr —31,o°6; 
Then for a spin 0 target nucleus, 
VME, e) =(A— 1) Ole@—1,)]0>5@—F') 
= (A — 1)<0|t(r —1,)|0>d6(r - 1’) 


so that t does not appear in V“. On the other hand, the equation for V(r, r’) 
becomes 


Vr) = (A = 1PCrI=I) 


x {COOP —1,) +R —¥, oro, [Er — 12) + (r' —1.)6°6, ]|0> 
— (Ofer — Fr, |0> (O|e("’ — r,)|0) } 


=(A— WP crlgi’> {dr far, (Or —r,)t(r —1,)C(r,, 82) 
a 
+ €O[tO rR — 4, )t(r — r2)6,-6,|0>} 


To avoid some Racah algebra, assume that the target wave function is a product 
of a spin and of a space-dependent factor. Hence the second term becomes 


M= [ar [ar cole —r,)t(r —r,)6,°6,|0> 
= fa, [toot r,)t(r —r,)t(r’ —r)(0|6,-6,|0) 
and 


1 
<0|0,°6,/0> FA 6 ;|0> 
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AA lhe *)9;|0> — 3A] 


=a 
— 2. 
A-1 
Hence 
M=-— _ [ar [rset r,)t((r —r,)t(r' —r,) 
or 


M=-— -- [ar p(r, tr — ri) || faraotean res 1) | 


= Pa | dr, | dr,C(ry,¥2)t(r — ¥,)t(r’ — Fr) 


Define the density (but not correlation dependent) optical potential as follows: 


VU) =(A- 1) | ocr ee —r,)dr, o(r —r’) 


opt 


— 3(A — I)<t a > [rvpte, 7 ri) farce )e%e —¥2) (4.45) 


The remainder of the optical potential V + V™ — y™ will now involve only 
C(r,,r,) and not p. 

The Schrédinger equation with the potential Y{)) is equivalent to a pair of 
coupled equations: 


[E—K-—(A—1) [arsote.n% —¥,)]w 
3(A — 1) [arspte.ne —1,)o 
ap =[E—K—é—(A— D) | dr,p(r, Urn N10 


=i, /3(A—1) [ars pte.) (ena (4.46) 


Equation (4.45) can be obtained by eliminating ¢@ from this pair of equations 
and identifying the potential in the resulting single-channel Schrodinger 
equation. The process being described consists of two scatterings. In the first 
the spin of the target nucleon is flipped by the o-o, term, generating the 
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amplitude . The spin of the target and the amplitude w are restored through 
the action of the second o-a,. 

The magnitude of this spin effect will vary with circumstances, depending 
on the ratio between the first and second terms in (4.45), such as the strength 
of the spin-dependent amplitude compared to the spin-independent one. One 


can show that the ratio will decrease like 1 /|/E but that energy dependence 
may be modified by the energy dependence of t® and t©. In any event, before 
the effects of correlations can be evaluated it is necessary to evaluate the spin- and 
isospin-dependent contributions which make their appearance in V©). The first 
order V0) does not contain all the density dependence. 

The optical potential V,,, of (4.28) can be used to describe reaction processes 
such as inelastic scattering. In that case one simply includes the inelastic channels 
under study in (4.13). We consider the simple case of only one inelastic channel. 
One then obtains a pair of coupled equations with the potential matrix 


~ ~ 


LOIPBIO>, <OIPMI1>, <APBIO>, and <1/7BI1), 
We have just obtained <O|V|0>, which in its local form, is given by (4.39), 
where p(r) is the density for the ground state, |0>, of the target nucleus. The 
other diagonal component, C110, 1», will have a similar structure with p(r) 
replaced by the density function for the excited state. The new elements are the 
coupling potentials, which will take the form 


Vo, = <0 Vo) 1>=(A— 1) | pou triet —r,)dr, (4.47) 
where 
Po 1) = [vsc.2,..9810.2.dr ve (4.48) 
Note that 
[poxteadae = 0 (4.49) 


as a consequence of orthogonality of the target wave functions. 

The form factors p,,, as they are sometimes called, are discussed in some 
detail in Chapter V. We therefore will be content with a few remarks concerning 
the Fourier transform /,,(q): 


Box(@) = | ep, (t) dr (4.50) 


From (4.49) we have 


B,(0) =0 (4.51) 
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Moreover, if the transition from |0> to |1> involves a change in angular 
momentum, then py, (r) will involve Y,,,(0, @). Therefore, in the expansion of the 
plane wave exp(iq'r) in (4.50) the first term that survives is proportional to 
i(qr). As a consequence, f,,(q)—q' for small q. This is one of the effects of the 
angular momentum barrier. The Born approximation then indicates a sharp 
decrease in the transition amplitude as one approaches q=0. The effect of 
including distortion will not substantially modify this result, so that one expects 
the inelastic scattering cross section to have its maximum for gR~I and to 
decrease rapidly as q becomes smaller. 

For most situations the distorted wave approximation (DWA) with inter- 
action V,, of (4.47) suffices. The form of V,, suggests the possible use of folding 
to describe the coupling potential (see Chapter V). The extension to include 
correlation effects has been carried out [Feshbach (81)] and the reader is referred 
to that paper for more details. 
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This procedure is applicable when the wavelength of the projectile is small 
compared to the size of the system and when the projectile energy is much 
larger than the depth of the potential in which the projectile moves. We begin 
by considering the problem of the scattering of a projectile by a potential well 
and then develop the generalization to multiple scattering. 

The propagation of short-wavelength radiation is a comparatively ancient 
subject which has received thorough study [van de Hulst (57) ]. It occurs, for 
example, in the design of optical instruments, where the wavelength of the light 
is small compared to the size of the system. It is a method developed in that 
connection which we shall adapt to the present problem. Consider a wave 
propagating through a medium with an index of refraction n. The wavefront 
is defined to be an equiphase surface, while points on the wavefront trace out 
trajectories as the wave propagates. In the approximation to be used, these 
trajectories are calculated in the geometrical optics approximation (infinitely 
short wavelength) with the phase change along the ray given by the optical 
path length, A®: 


A® = [rn ds 


where the integral is taken along the trajectory. By performing this calculation 
for each ray it is possible in principle to construct the equal-phase wavefronts 
and thereby follow the propagation of a wave through the medium. 

In the present context, the ray is replaced by the classical mechanical 


?Glauber (59); Feshbach (67). 
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trajectory of the particle. The index of refraction is given by 


aa Et - yn] = (ke — Uy? 


where 
V (5.1) 
so that 

A® = | k? — Uds (5.2) 


This approximation is thus a semiclassical one. 

In the simplest form of the approximation it is assumed that the trajectories 
are straight that is, undeviated by the action of the potential and thus proceeding 
in the incident direction. This approximation requires that the momentum 
change which occurs because of the action of the potential be small compared 
to the initial momentum. Taking the force to be of the order of V/a, where a 
is an interaction length, and the time during which it acts as a/v, one obtains 
a momentum change of V/v. The resulting angular deflection is on the order of 


Ve OV 
lie (5.3) 
vp 2E 
The straight-ahead approximation is thus valid when 
V 
d~—«l (5.4) 
2E 


To use the geometric approximation it is necessary that the classical trajec- 
tories be well defined. This requires that the classical momentum change V/v 
be larger than the quantum uncertainty in the momentum h/R: 


or 
V 
ae 57 (ER) > 1 (5.5) 
We observe that this condition can be satisfied simultaneously with (5.4) only if 
kR>1 (5.6) 


Problem. Prove that the Born approximation is valid when (V/2E)(KR) « 1. 
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Problem. Show that in the relativistic regime (5.5) is replaced by VR/hc > 1. 
With the straight-ahead approximation it becomes a simple matter to 
calculate the phase change of a plane wave propagating in the z direction. 


Taking the initial phase (z— — oo) to be kz, the phase at any z is 


Zz 


@M(z) =kz+ | 


dz'(./k? —U —k) 


and the corresponding “plane wave” by 


y= exp] ke + \ dz'(./k? —U — || (5.7) 


It should be noted that despite the straight-ahead approximation, wy does 
describe a particle with both longitudinal and transverse momentum. 


Problem. Let the solution, w, of the Schrodinger equation for potential 
scattering have the form 


y=e™ 
Show that when V’S « (VS)’, 
(VS)? ~k2 —U 
Derive (5.7). 


We are now in a position to evaluate the elastic scattering transition matrix 
from w to the plane wave with momentum k,: 


F =O VO 


2 Zz 
=F [are exp if ker | dz'(./k* —U— || 
LU — oo 


~ 5. | dre ¥orry exp] | dz'(./k? — U — |} (5.8) 


Qu Z 
To proceed further we choose the z axis to be along the direction (k; + k,). This 
is a modification of the straight-ahead approximation. It is still assumed that 
the trajectories are straight lines but along the direction given by the average 
momentum (k; + k ,)/2. Then (k; — k,)-r becomes (k; — k ):b where b is a vector 
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perpendicular to k; +k,. Evaluating this scalar product yields 
. 86 
(k; —k,)-b= eSNG COO OUR 
Equation (5.8) becomes 


h? * : ; 
TZ = 7 [a [aber “uexpy| | dz'(./k* —U = || 
U — 0 


The integration over the orientation of b yields 
Z 


a | dz | b db Jo(2kb sin46)U exp} | | "do ea — || (5.9) 


u 


A second approximation consistent with condition (5.4) permits the integration 
over z to be performed. Let 


Oa. /k*?=—U=—k 
Then 
U = —(20k + ©*) ~ — 20k (5.10) 


with an error of U/k? or V/E. Then 


2 0) va 
T= = 2 | bab Je(2kbsin 30) | dzexp( i dr’) 
L — 00 — 90 


The z integration can now be performed, yielding 


9) 12 00 
F = = : | b db Jo(2kb sin4.6)(e* — 1) (5.11) 
0) 


where 


x)= | bds= |" dz(./k? —U —k) (5.12) 


— ce 


This derivation avoids an expansion in the exponent and therefore leads to an 
error linear in V/E rather than exp[i(V/E) ]. With (5.11) we have thus reduced 
the calculation of 7 ,, to a quadrature with an error on the order of V/E and 
valid in the short-wavelength limit (kR — oo) [see (5.4) and (5.5) ]. The straight- 
line approximation used to obtain (5.9) requires, in addition, that the scattering 
angle 6 be small as stated by (5.4). A better limit is obtained from the requirement 
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that the value of k occurring in the expression for y(b) does not differ appreciably 
from the magnitude of 5(k,;+k,). The condition that the error in exp(ix) be 
small is 


4E 


< ——— 5.13 
kRV ( 


Problem. In the expression (5.7) for 7 ,,, take the z direction to be along the 
incident direction. Replacing exp[i(k — k cos @)z] by unity, show that 7,, is 
given by (5.11) with, however, Jo(2kbsin$@) replaced by J,(kb sin 6). 


The expression for the elastic scattering amplitude 


1 2u 
fax po! (5.14) 
1S 
a 
fa=*| b db J,(2kb sin $.0)(e'* — 1) (5.15) 
LJo 


Further exploitation of these results to be developed in this section depends 
on the result to be demonstrated now, that for real U (no absorption) unitarity 
is approximately satisfied (this 1s not the case for the Born approximation); that 
is, the total cross section, 07, given in that event by the total elastic cross section, 


= 2n {If sind (5.16) 
is equal to the cross section calculated according to the expression 
Or = 7; Im f,,(0) (5.17) 
From (5.16) and (5.15) we have 


0. = 2ak? ) b i» b’ db’ | sin 0 dé J,(2kb sin$6)J9(2kb’ sin 58) 
0 0 


0 


x (ei) — 1)(e~ ix) _ 4) (5.18). 


We make use of the Fourier—Bessel integral [ Morse and Feshbach (53, p. 766) | 


| ero are ea 


0 
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Letting x = 2k sin 50, this equation becomes 


™ — 100 d(b — b’ 
| J 9(2kb sin$0)Jo(2kb’ sin $6) sin 6 dé = — 
0) 


Assuming that (f.,)> can be neglected well before one reaches 6=7, the 
integration over @ in (5.18) can be performed to yield 


oy 2a | b db|e'*®™ — {|? (5.19) 


0 


while from (5.17) 


op =4n | b db(1 — Ree) (5.20) 


0 


As can be verified immediately, 07 equals o,, when U and therefore is real. 
The approximate satisfaction of the unitarity condition is thus demonstrated 
in the appropriate limit of no absorption. 

When U is complex, absorption will occur. The absorption cross section a, 
can be obtained by subtracting g,,, (5.19), from a7, (5.20): 


c= 20 | bdb(t ~|e1?)=2n | bdb(1 — e~2!™x) (5.21) 


0 0 


These formulas for the angle integrated cross sections [Eqs. (5.19), (5.20), and 
(5.21) ] can be interpreted as being composed additively of contributions coming 
from a region between b and b + db with the area of 2xb db. Each contribution 
can be calculated as if there is an S matrix, as a function of b, given by exp(iy). 
Indeed, these results can also be obtained from the phase shift series for 7 ,, 
by taking a suitable high-energy limit. One then finds that 


S mee 2id(b) 


where 


44(b) = 6(b) 5, b= 


These results are very useful. Because of their simplicity, they permit a rapid 
evaluation of the elastic angular distributions as well as cross sections. Even in 
domains where they are not quantitatively valid, they yield qualitative results 
that are useful for orientation. 

The results obtained with a square well [Feshbach (67); Bassichis, Feshbach 
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and Reading (71)] are instructive. From (5.15), 


(0 = | b db J )(2kb sin4.6)(e2* V?-# _ 1) (5.22) 


2K Jo 


where R is the radius of the well and 


1U 
ioe Ug a 


The value of f at 0° is 


iU, R? 1 ee 1 
po ne sage (2+ as) | 5.22 
PO) 2k | | aa ixR 2x?R? oa 


In the limit «R — oo, the optical theorem, (5.16), yields 
6, 2nR?* (5.23) 


As one can see from (5.20), this result can also be obtained when the absorption 
is so strong that e'* can be neglected within the radius R. The absorption cross 
section is then 


6,77R* (5.24) 


The angular distribution consists of two terms. The term, which is dominant 
near 0° generally and/or because of strong absorption, is given by the — 1 term 
in (5.22). Note that it is the U, independent part of the integrand. We shall refer 
to it as the diffraction component, f,,. It contains that part of the scattered wave 
responsible for the formation of the shadow, as is immediately clear in the case 
of strong absorption. We find that 


_ Woy [* im — _ Uo p2F1(2kR sin(6/2)) 
F(8) = x |, bdbJ,(2kb sin;6) = ae DER SRIODY sin(6/2) (5.25a) 
oiR J,(2kR sin(6/2)) (5.256) 
2 sin(0/2) 


The angular distribution | f,|* obtained from (5.25b) has a strong maximum at 
d=0°: 


f,{0°) =" (5.25¢) 
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The next maximum in | f,|* occurs at 2kR sin(@/2) equal to about 5.2, at which 
point the ratio to |f,|? at 0° is 1/57.4, demonstrating the strength of the 0° 
maximum. 

From (5.22’) the value of the deviation from f,(0°) is given by 


£,(0°) — fo?) = oR” | : 


dit ezikR — | 
2x | 2ikR GR? 1 


so that 


[fe(O°)— fal") e721 
£40") ik|R 


(5.26) 


When Im|x|R > 1, the small-angle scattering is dominated by f,. Even when 
the absorption is small, the diffraction amplitude will make the major 
contribution when 


U.IR 
~ Yolk 


|x|R 
2k 


1 (5.27) 


Condition (5.27) is identical with the condition (5.5) that the Born 
approximation fail and that the classical trajectories are well defined. It is thus 
satisfied in the regime for which the approximation for y, (5.7), is valid. 

At least two conditions must be met if the semiclassical method is to be 
applied to obtain cross sections for larger angles of scattering. The absorption 
must be sufficiently strong so that one can neglect scattering from the front 
surface of the scatterer. This could generate amplitudes that would interfere 
with the incident beam creating maxima and minima characteristics of 
“rainbow” scattering. Second, it no longer makes sense to use the straight-line 
approximation for, for example, scattering to the back angles. In the spirit of 
the semiclassical method, one should calculate the classical trajectories and then 
obtain a more accurate expansion for w. Equation (5.7) is no longer valid. The 
effect of neglecting the momentum transfer is shown in Fig. 5.1. The effect of 


expanding the square root ./k? — U, around k as used in (5.10) is shown in 
Fig. 5.2. Deviations from the exact result appear at 0~|V|/E. With no 
absorption (Fig. 5.3) strong deviations appear even at small angles. These errors 
decrease in magnitude as the energy increases. For example, for scattering of 
516-MeV nucleons (no absorption), the real and imaginary part of the amplitude 
is compared to the exact amplitude in Fig. 5.4. The semiclassical real part of 
the amplitude, longitudinal momentum neglected, fails after the first secondary 
maximum, while the imaginary part is incorrect even at 0° and increasingly 
beyond that point. In both cases there is agreement to within an order of 
magnitude with the exact results at back angles. Note that all of these examples 
use semilog abscissa. Figure 5.5 shows that the importance of absorption even 
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FIG. 5.1. Comparison between calculated cross sections to indicate the effect of including 
longitudinal momentum transfer and neglecting it, indicated by “no Qz” [From Bassichis, 
Feshbach, and Reading (71). | 


at higher energies, the exact result showing the large effect of interference at 
back angles. 

The application of the semiclassical approximation to multiple scattering 
is referred to as the Glauber approximation [Glauber (59); McCauley and Brown 
(58) ]. We begin with the elastic amplitude, (5.11), which using (5.14) becomes 


fa= ud | eff PC] — e'X") dh (5.14) 


2n 


The scattering is from A scatterers at positions r,( = z,, b;), the scattering potential 
being given by 


V =) V(r—r;) (5.28) 


i 
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FIG. 5.2. Differential cross section for the scattering of 100-MeV nucleons by a 
square-well potential 5f in radius and potential V=(—10—40i) MeV. Comparison is 
made between the exact, the high-energy approximation (including the longitudinal 
momentum transfer indicated by “Qz”), and the square-root form. [From Bassichis, 
Feshbach, and Reading (71). ] 


so that the phase function y is, according to (5.12), 


=| fi? Yue =n) a (5.29) 


2 
32 


where 


U V 


Expanding the square root and keeping only the first term, one obtains 


x(k, b) = > xk, b — b;) (5.30) 


1 f% 1@ 
w=-3 | Uae=—-2 | V(r —r,)dz (5.31) 


— © 
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FIG. 5.3. Effect of absorption, where the radius of the square well is 7f, the potential 
V = —40MeV, and the incident nucleon an energy of 100 MeV. [From Bassichis, 
Feshbach, and Reading (71). ] 


so that 
a ik ‘ack ae 
fa= = dbe'V™| 1 — I] eX (5.32) 
1 i 


Moreover, y; may be related to the single scattering amplitude of the projectile 
by a fixed-target nucleon. In the same semiclassical approximation, it 1s 


ik : 
fi(q) = ey feral — e'*') db (5.33) 
27 
Inverting this relation gives (q , = vector component along b) 
2nik 


; j ; 
a se oad [aah (5.34) 


where the integration is in the scattering plane containing the vectors k; and 
k,. The evaluation of this integral requires knowledge of f,(q) for nonphysical 
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%O 20 40 60 80 100 120 140 
FIG. 5.5. Different cross section for a Yukawa potential, — Voe~"/r, where (2m/h*) Vy = 250 
and k=p/h=5. The solid curve shows the exact result, the dashed curve the eikonal 
result. [From Joachain (75). ] 


complex values |cos 6|>1 of the scattering angle 6, since k is fixed. However, if 
f, decreases rapidly enough with increasing q, this region is not expected to 
contribute appreciably to the integral. 

In the Glauber approximation, one starts with (5.15), postulates additivity 
of the phases as given by (5.30), and computes e’”' from (5.34), avoiding any 
explicit mention of the scattering potential. Because of the additivity assumption, 
(5.30), the Glauber approximation assumes that the projectile is on the energy 
shell between collisions. It cannot, for example, include fully the effects of the 
collision of the projectile with two target nucleons (or more), since that will 
generally add terms in y that depend in a nonadditive fashion on the coordinates 
of both target nucleons. One can immediately see the presence of such a term 
by expanding the square root in (5.29) to second order. Then [Feshbach (69) ] 


x(k, b) = >} x; + J w,(b — b;,b —b,, Z; — Z;) (5.35) 
i>j 
where 


1 io @) 
wim 3p | U(r —r,)U(r —r,) dz 


— @ 
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As a consequence, the Glauber approximation in the form given so far cannot 
be used to evaluate the importance of correlations. The KMT formalism does 
take these two-body terms into account. They appear in the second-order term 
(4.41), which depends on the correlation function C(r,,r,). 

We return to (5.32). Because of (5.34) connecting y,; and f; it is convenient 
to introduce the profile function 


r,=1—ei (5.36) 


so that (5.32) 1s written 


f= = | des 1 ~TJa- r| (5.37) 


T 


The scattering amplitude is obtained by taking the matrix element of fa with 
respect to the ground state: 


2 ik 

f= <OlF.,|0> = > [a “no 1—-[[a- r)I0 (5.38) 
T i 
Note that the product, [[,(1 —I;); contains A factors, indicating that the target 
nucleons scatter the projectile nucleons only once. Expanding that product yields 


1—]JaQ-T)=)d7;- 3 PP ,+ 1 PU, + + (5.39) 
i i#xJ 


it j#k 


The first term yields the single scattering, the second the double scattering, and 
so on, ending with the A particle scattering (III. ,---P4) @#jJ#k--:). 
.According to (5.38), one must now take the expectation value of (5.39) with 
respect to the ground states: 


COl1—[]A-F)IO> =<O|D T10>— > <OIFF;]O>+--- (5.40) 


i#Xj 
When correlations, including those which are dynamic and those which are a 


consequence of the Pauli exclusion principle, are neglected, that is, using the 
independent-particle description for the target, (5.40) becomes 


I 


=1- || tena —T(b— ban, | 


= [ = | or, (b — bdr, | 


U 


(O}1 —[[G—Fypl0> =1—[]<0/1-T|0> = 1 -T fot — V(b — bj) Jar; 
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Introducing the relation between the profile function IT. and the nucleon— 
projectile scattering amplitude f yields 


ik l os @ 
a5 | abe) = c - 5 |pta.oe"* rapa | (5.41) 


T 


where f(q, 0) is the Fourier transform of the density with the momentum transfer 
along the longitudinal direction, (k; + k,)/2, put equal to zero. 

If the binomial in (5.41) is expanded, the first surviving term in (5.41) 1s 
proportional to A, the second to A(A — 1)/2, and so on; the term proportional 
to A is the contribution to the amplitude from single scattering, and the term 
proportional to A(A — 1)/2 is the contribution of the scattering from two target 
nucleons. When the projectile-nucleon amplitude is sharply peaked in the 
forward direction in the laboratory system, as is the case for high-energy 
projectiles, one can readily see that the double scattering term has a wider 
angular dispersion than the single scattering term. Thus in this picture the first 
diffraction peak comes from the double scattering term, while the first diffraction 
minimum is a consequence of destructive interference between the single and 
double scattering terms. Equation (5.41) is a remarkably simple result that can 
readily be evaluated to obtain the elastic scattering amplitude. Its validity is 
restricted to forward scattering, which is most probable for high-energy 
projectiles. In view of the additivity assumption [Eq. (5.30)] it neglects 
correlations arising from the Pauli principle as well as those coming from the 
nature of the interaction. Equation (5.41) assumes that a nucleon in the target 
nucleus scatters the projectile only once. For these reasons it is most appropriate 
for a low-density target system. 

When A is large, [brackets ]* in (5.41) can be approximated as follows: 


| A 
[ —~— | A(q,0)e 4? a) | — e'*4(b) (5.42) 
2nik 
where 
Al. ~iqrb 
kaa p(q, Oe Vf (q) dq (5.43) 
tk 


For large nuclei p(q,0) is sharply peaked around q = 0, so that 


Af(0 | 
= | pa. Oe %dq 
220 (0) | oe) (5.44) 


where z is in the direction perpendicular to b, that is, in the direction of $(k; + k,). 
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The function T(b) 
T(b) = [a p(r) (5.45) 


is referred to as the thickness function, since it gives the thickness of the target 
nucleus as a function of the impact parameter b. 
With approximation equation (5.42), (5.41) can be written 


k | | 
fa= = | db c'9>(1 — eixa) (5.46) 


which has the form to be expected from an optical potential model, (5.14). One 
may then calculate the total absorption cross section, o,, according to (5.21): 


j= [ava —e *!mza) 
But Im y,, in the large-nucleus approximation, is, from (5.44), 


2Imy,= —_ Im f(0) = AoT(b) (5.47) 


where we have used 4z/kIm f(0)=o, the cross section for the projectile— 
nucleon cross section. Therefore, 


co, = | db(1 — e~ 4°7») (5.48) 


the classical result. 

Once x, 1S known, (5.43), one can ask for the equivalent optical model 
potential, that is, the potential that will give rise to the known y, through the 
relation (5.31): 


0 


l ae (aaa 
x 4(b) = — a U (0) dz = — - [ Veo (t) dz (5.49) 


Using the approximate expression for v4, (5.44), one obtains 
U oo = — 40 Af (0)p(r) (5.50) 


This should be compared with the result obtained using the KMT method of 
Section 4, which yields, according to (4.40) and using the large-nucleus 
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approximation, 


Us = — 4nd — 1) f Opt) 


Problem. One can consider (5.49) as an integral equation for U,,,. With the 
assumption U,,, = U,,,(r), this equation may be solved. Toward this end, use 


r as the integration variable in (5.49), so that it becomes 


ee ul © U(r)rdr 


kJ, ./r?—b? 


This is the Abel integral equation. Show that the solution is 


ed _ db Ma (5.51) 
r be 7" db 


Note the result 


if bdb _t 
r./(r? — b”)(b? — R*) 2 


Discuss (5.51) using a reasonable description of 7,. 


In this section and the preceding one, we have developed two different 
formalisms, the KMT and the Glauber approximations, for the multiple 
scattering of high-energy projectiles by a target nucleus. A comparison between 
the two procedures is possible for the formulas for the KMT V(}, (4.40), and 
the Glauber f,,, (5.41). Diagrammatically, both of these correspond to a 
component of the multiple scattering in which the target nucleus and the 
projectile are never excited, as illustrated in Fig. 5.6 for the scattering amplitude 
where the vertical lines indicate the presence of an interaction. The second 
KMT term, V{&), (4.41), correspond to the contribution in which the target 
nucleus is excited and then deexcited, as shown in Fig. 5.7. The Schrodinger 
equation involving V0) + V© iterates the two elementary diagrams, the one 


shown in Fig. 5.7 and the diagram in Fig. 5.8, which is the basis for Fig. 5.6. 


Projectile 
Target nucleus 


FIG. 5.6 
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Projectile 


Target nucleus 
(ground state) 


Target nucleus (excited) 


FIG. 5.7 


Unfortunately, for the hope of using strongly interacting hadronic probes to 
study correlations, studies of the high-energy proton reactions have failed so 
far to reveal any easily identifiable and substantial effects (see Chapter IX) of 
the correlation terms in elastic scattering, so that the KMT equation (4.40) and 
the Glauber equation (5.41) do suffice for most purposes. For this contribution 
we can think of (5.41) as providing a solution to the Schrodinger equation for 
the optical potential. It is a convenient solution particularly for small systems, 
certainly more readily evaluated than a phase-shift analysis when the energy is 
large (unless of course the WKB method is used). It is, however, approximate 
and is not accurate at the larger angles or at the diffraction minima. 

The effect of correlations can be introduced into the Glauber approximation 
by adding two-body terms to the expression for the phase-shift function y as 
in (5.35). Some of the consequences of that ansatz have been developed 
[Feshbach (69)]. One of these is qualitatively important. In obtaining (5.41), 
correlations were neglected. In particular, ¢0|>';, I;1;|0> was placed equal to 
Dix SOlP;10>< OP ;|0>. The difference, >’, L<O|TPT;|0> — ¢O|L,|0><O|T|0>], 
involves correlations. However, when two-body terms are included in y, one 
obtains, instead, ¢O|I';I’; + iw,,|0>, so that in discussing correlation effects one 
must take into account both the on-the-energy-shell effects given by II’; and 
the effect of dynamical correlations as described by w,,. If one takes for w,, the 
form given in (5.35) obtained by expanding the square root (k? — U)’/2, one 
finds that the w,, term gives the effect of the overlap of the potentials acting 
between the incident projectile and two of the target nucleons. In this model 
the effect of overlap does tend to zero with increasing energy, so that at 
sufficiently large energies the w,, term should be relatively unimportant. The 
important point to be borne in mind is that it is not possible to distinguish 
between the correlation effects present in the ground-state wave functions and 
the effect of overlapping potentials. The two mechanisms give rise ‘to 
indistinguishable matrix elements (except for their energy dependence). 


Projectile 


Target nucleus 
(ground state) 


FIG. 5.8 
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6. CENTER-OF-MASS AND PAULI-PRINCIPLE CORRELATIONS, 
FERMI! MOTION 


A. Center-of-Mass Correlations 


The effect of center-of-mass correlations is particularly important for light nuclei. 
It is a consequence of the conservation of momentum, which requires that the 
momentum of the center of mass be unchanged by the interaction between the 
projectile and the nucleus. This requirement is formally satisfied by target nuclear 
wave functions that depend only on intrinsic coordinates, that 1s, on 


r,=r,;—R (6.1) 


where r; is the coordinate of ith target-nucleus nucleon and R is the 
target-nucleus center of mass. Similarly, the wave function for the projectile— 
nucleus system depends only on the coordinate of the projectile relative to the 
center of mass of the nucleus. However, it is very often the case that the model 
wave functions ¥“™) available for the calculation of p(r) and C(r,r’) (e.g., the 
interacting shell model wave functions) have not had their center-of-mass motion 
removed; that is, they are written as functions of the 3A coordinates r; rather 
than of the 3(A — 1) coordinates rj of (6.1). To the extent that the model wave 
functions are good, so that an approximate decoupling of the center-of-mass 
motion and the internal motion occurs, one can relate the model density and 
correlation functions with the exact p and C. 
We begin with p and recall that 


BO (q) = CHE] efaF pO» (6.2) 


where the superscript (M) indicates model quantities. Introducing (6.1), one 
finds that 


pg) = CHOMP ee’ TROY 
If ¥™ were exact, it would be a product wave function: 


WO) = Wot 0 55 -- +>) Pem(R) (6.3) 


Then 6“ (q) would factor as 


Bq) = (QD) Ben(@) 
where 
P(q) = <Wolt, eT Wolk, ---)D 


and 


Bea(@) = <Pemlet Pam? CPO let PHO”. oa) 
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Therefore, the desired p(q) is 


jg -2 


= 6.5 
P em(4) a 


In case the wave functions used for ‘¥S” are constructed from single-particle 
harmonic oscillator wave functions, (6.3) and (6.5) are exact. [For details, see 
Feshbach, Gal, and Hifner (71).] 

For the correlation function C(q,q’) we have 


a 1 ; 
Cc™) q)= yw (M)| oid-Ti pig’ ty) Ys (M) 
(qq) Aan) &‘ o | hewe, 
= CHBD ofan tra pay — 5AN(g) 50(q) (6.6) 


Introducing the factorization, (6.3), one finds that 


CG, g') = CG, G) Boen(4 + 1) + 1(G) 5G) LB em(4 + 4) — Bemn(Q Pem(4)] (6.7) 


From this equation C is readily obtained, using (6.5), in terms of model quantities. 

In light nuclei, the center-of-mass effect can be substantial, as illustrated by 
Fig. 6.1. The importance of center-of-mass correlations for elastic scattering 
decreasing rapidly with increasing A and is not visible for nucleon-'°O scattering 
[Feshbach, Gal, and Hufner (71) ]. 


B. Pauli Correlations 


The Pauli exclusion principle requires that the wave function for the target 
nucleus be antisymmetric. As a consequence, even in the absence of a residual 
interaction, correlations are implied. As a first example we use a Slater deter- 
minant for a p-shell nucleus. The 1s and 1p orbitals are taken to be the harmonic 
oscillatory wave functions 


~,,(¥) ~ e~ (v/2)r? 2, () i rY, (9, ye (¥!2)r? 


One then finds that [Feshbach, Gal, and Hiifner (71); Lambert and Feshbach 
(73) ] 


A—4 
a (M) =) i eee 2 erlay 
p'(q) ( eee ) 


~ “q’ f 2 a’ 2 
C’%(q, q’/) = a! q ae a, (“ ) = a(4 q [ever 
y y Vy 


when the values of the coefficients a, are as given in Table 6.1. 


and 
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FIG. 6.1. Effect of CM correlations in p—*He elastic scattering. The solid line includes 
this effect, the dashed does not. Disregard experimental points, which have been changed 
substantially in later experiments. [From Feshbach, Gal, and Hufner (71). ] 


As indicated, the Pauli correlations for *He vanishes for this model wave 
function, as the exclusion principle has no effect. In view of the small value of 
the coefficients, one can expect that the Pauli correlations will have little effect 
on the elastic scattering. This expectation is borne but by calculations for the 
smaller scattering angles. However, some effects do appear beyond the first 
secondary maximum. 

Another model appropriate for heavy target nuclei, is the Fermi-gas model. 
The two-body correlation for that case has been derived in Chapter II [Eq. 
(II.5.14) ] of deShalit and Feshbach (74). This leads to the following result, after 
averaging over spin and isospin: 


C(r,,%.) = — p(r,)p(r2) 


3ji(kelhy —e Y (6.8) 


4(A — ri kp|t, —¥2| 
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TABLE 6.1 

4He 120 169 
on 39 66 
ay 0 3364120 
“2 0 se6 sae 


where j, 1s the spherical Bessel function of first order. As commented on in 
Chapter II of deShalit and Feshbach (74), the net correlation is repulsive (Pauli 
repulsion); that is, it has the effect of increasing the average distance between 
target nucleons beyond what would be calculated from a simple product wave 
function. Approximating the term in brackets in (6.8) by the form (B.13) (see 
Appendix B at the end of this chapter) yields an effective? r, of 5kz/./6, from 
which a length defined by (B.14) can be obtained, noting that B«r,. Finally, 
the second-order potential can be obtained from (B.12). The effect is not small, 
so that Pauli correlations are of importance for the heavier nuclei. Calculations 
show that effects of this order of magnitude are visible at the larger angles. 


C. Fermi Motion 


The nucleons in the nucleus are moving. So far the discussion has assumed 
them to be stationary because during the passage of the projectile through the 
nucleus with a velocity close to c, the velocity of light, the nucleons in the target 
nucleus hardly move. The motion of the nucleus can be taken into account in 
the first-order potential Veo (4.32) or (4.37). For this purpose one needs the 
density matrix K(r,r’) as well as the projectile—target nucleon transition t matrix. 
The first is model dependent. The second involves the t matrix off the energy 
Shell, therefore requiring a complete description of the projectile—nucleon 
interaction for its determination. The density matrix K(r,r’) in the 
independent-particle approximation is given by 


K(r,r')= 2 WAY i(r) (6.9) 


where wW, are the single-particle orbitals. In the Fermi-gas model 


3j,(hplr —r’ 
K(r,r’) = po SiGe Fy (Fermi-gas model) (6.10) 
kr|r—r'| 


where py is the density (A/Q). The major effect of the Fermi motion is to 
introduce a nonlocality with a range of the order of 1/k, into the first-order 


‘The quantities. and r, are defined in Appendix B of this chapter. 
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optical potential. However, as can be seen from (4.37) and the ensuing discussion, 
the behavior of K(r,r’), r#r’ will be important only if t(r,r’), the elementary 
amplitude, is also nonlocal. If t(r,r’) is local, that is, proportional to d(r —r’) as 
in (4.38), only K(r,r) = po survives and there is then no impact of the Fermi 
motion on the first-order optical potential. We estimate that the influence of 
the Fermi motion is determined by the parameter (k,a)*/30, where a is the range 
of the nonlocality in t(r,r’). In the case of nucleon—nucleon scattering, a ~ 0.7 fm, 
so that the magnitude of the Fermi-motion term is on the order of several 
percent. It is clear that Fermi motion becomes more significant in the presence 
of long-range nonlocal elementary projectile-nucleon amplitudes. 


7. SOME KINEMATICS 


(a) One rather obvious requirement of importance for high-energy projectiles 
is the appropriate use of relativity and at the very least of relativistic kinematics. 
The preferred method up to recently [Goldberger and Watson (64); Kerman, 
McManus, and Thaler (59) ] has been to insert the optical potential of Section 
II.4 in deShalit and Feshbach (74) into the Klein—Gordon equation. There is 
an ambiguity even in this simplistic procedure since one must postulate the 
transformation properties of the optical potential. One obtains different results, 
as we shall see, according to whether one presumes that the potential is the 
fourth component of a 4-vector or a scalar. In a recent development, a covariant 
description of the t matrix is used and the optical model employs the Dirac 
equation when the projectile is a nucleon. Use of the Dirac optical model is 
presented in Chapter V. In the following discussion we follow the derivation 
of Goldberger and Watson (64) and Kerman, McManus, and Thaler (59). 

Goldberger and Watson begin with the expression of the energy in the 
center-of-mass frame assuming that the optical potential V is the fourth 
component of a four-vector. Let the energy of the system, excluding the rest 
mass of the target nucleus but including the rest mass of the projectile be €. 
Then 


C2 2 
(6 — V) + Ame* = s/mbe® + pc? + Ame? + ae (7.1) 
mc 


where the energy of the target nucleus is expressed nonrelativistically. A is the 
mass number of the target and m, is the mass of the projectile. Solving this 
equation for p” to first order in V (ie, taking & > V) yields 


1 1 
c2p? = (6? — mec) ________ _ vy _______ 
1+(& — V)/Amc? 1+(& — V)/Amce? 


I 
~ (6? — m2c*) —_____ — ———_—_—_—. 
( po) 1+&/Amc? 1+ &/Amc? 
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Replacing p by h/iV yields the following Schrodinger-type equation: 


1 G2 — 2,4 1 
|v" +(e -28v ) |v ~0 (7.2) 
hee? \ 1+ &/Amc? 1+ &/Amc? 


The (wave number)”, k?, which is given in the Schrédinger case by the 
nonrelativistic 2Amm,E/h?(m,.+ mA) (where E=&—m,c’) is replaced by 
(€? — mc*)/h?c*(1 + &/Amc?). In the nonrelativistic limit (E«mc’) the last 
expression reduces to the nonrelativistic value. We note that the effective 
potential is energy dependent. This is a result of the assumption that V is the 
fourth component of a 4-vector. If V is a scalar, that energy dependence is not 
present. 


Problem. Suppose that V is a scalar. Show that the only change in (7.2) is the 
replacement of &V by mc’V. Derive the Schrodinger equation when V has two 
components, V, and V,, where V, is the fourth component of a 4-vector and 
V, is a scalar. 


(b) The transition matrix elements, f, for elastic projectile-nucleon scattering 
are usually given with respect to the projectile—nucleon center-of-mass frame. 
Multiple scattering theory requires their value in the projectile—nucleus frame. 
The transformation between the two frames is governed by the result that 


SEES <i P5|TF | Pi Bo > / E12 is an invariant (7.3) 


In this expression (p,, E,), (p, E,) are the momentum and energy of each particle 
(projectile, nucleon) before collision, and (p}, FE’), (p,, E,) are their values after 
collision. The wave functions in the matrix element of 7 are assumed to be in 
the form exp(ip-r)/h asymptotically with unit amplitude. However, since the 
invariant volume in momentum space is dp/E, the invariant normalization is 
given by 


<p'|p> = (27h)* 5(p’ — p)/E 


This condition leads immediately to the result (7.3). 

Let tp, be the value of the matrix element of 7 in the projectile-nucleon 
center-of-mass frame, while tp, is its value in the projectile—nucleus frame. From 
(7.3) these are related by 


EE stpn = €1€2tp, (7.4) 
where E, and E, are the energies of the projectile and target nucleon, including 


their rest masses in the projectile-nucleus frame, and ¢, and «, are the 
corresponding energies in the projectile-nucleon frame. Equation (7.4) is 
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approximate since E, # E}, E, # E’,. The equation is valid for small momentum 
transfers; the error is on the order of g?(p? — q”)/m7E7. In addition, tp, is related 
to the scattering amplitude fin that frame by 


Anhc? 
= 7.5 
P E tp (7.5) 
where? 

Ey = 3(€, + &2) (7.6) 

Combining (7.5) and (7.4) yields 

1 

toy = —4mth2c2 21°2 TA 
PN E,E, Eo Sn ( ) 


We now relate all the energies ¢,, €,, and so on, to the energy E, and momentum 
p, of the projectile in the laboratory system. We illustrate the process for the 
case of ¢, and ¢,. In Fig. 7.1 the two situations to be compared are shown. We 
now form an invariant for situation (b): 


(E, +m,c?) —c*p? =m?c* + m3c* + 2m,c?E, =s (7.8) 


We now calculate the same invariant using situation (a). It equals 


(€, + €3)? =4E5 =(./mic* + c*p2, + ./mic* + c*p?,)? (7.9) 

Ey, E25 Pom E;, i 

1>Pem = 2 P L> PL me 2 

my M2 my 

Projectile-nucleon Projectile-nucleon 
center of mass laboratory system 
(a) (b) 
FIG. 7.1 


*The Kerman et al. tyyz is (22) >tp,. This factor is a consequence of the differing normalizations. 
In the KMT case the matrix elements of ¢ are taken with respect to plane waves (1/2z)*/7e'*", so 
that (7.5) is replaced by tyy 7 = —(h?c?/2n7Eo) f. The derivation of (7.5) is similar to that of (7.2). 
Terms on the order of (mpc? —m,c*)/E, and V/E, are neglected. The presence of Ep in the 
denominator of f indicates that the assumption has been made that V transforms like the fourth 
component of a vector. 
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Equating (7.8) with (7.9) yields an equation for c*p?,. This is readily solved to 
yield 


2442 2.42 
Fe SO 
™  mict + m3c* + 2m,c*E, s 
or 
2 2 
_m,c*p, _mc?p, (7.10) 


Pom 
DE Js 
It then follows that 


m,E,+m,c? m,E, +m,c? 
&, = = 
2Eo \/s 
_ m,c?(E, + m,c’) _ m,c?(E;, + m,c’) 


; 2Eo Js 


A little manipulation will show that 


b1e = 3] 1- (1 mt) (7.12) 
si a (1 + mi/m3 + 2E,/m,c*) m2 


For the situations to be considered in this volume it is a good approximation 
to take 


(7.11) 


EE, ~ EC (7.13) 


equating the arithmetic mean of ¢, and ¢, with the geometric mean. Using the 
exact equation (7.12) in the discussion is not difficult, but to keep the results 
simple we shall employ (7.13), so that 


E 
tpy = —4nh?c? —s f (7.14) 


io 


We are now left with the determination of E,E,. E> in terms of E, is obtained 
from equating 4 E@ to the right-hand side of (7.8). The kinematic situations 
involved in determining E, and E, are illustrated in Fig. 7.2, where @, is the 
energy of the target nucleus in the projectile—nucleus center-of-mass frame. We 
take 


a er’ 
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E,,p 6 ,) Er, Pi we Am, 
—_—> <—— ——_—_———— 
mM, Am, mM, 
Projectile-nucleus Projectile-nucleus 
center of mass laboratory system 
FIG. 7.2 


The analysis used to obtain (7.11) can be repeated, with the result 


—_ m,c*(E, + Am,c)(Am,c*E, + mjc*) 


Bhs = 7.15 
ee A*m3c* + m2c* + 2Am,c*E, oe 
Inserting this result into (7.14) and using (7.10) yields the final result: 
k 1+ 2E,/AM,c? */A*m2 
gee eee Es Ae. aig) 


KemE, (1 + mic?/Am2E,)(1 + E,/Amy,c’) 


We leave it as a problem to show that this reduces correctly in the nonrelativistic 
limit (E, = m,C’). 


(c) Breit Kinematics. In employing (7.16) in the optical model Schrédinger 
equation (7.2), one must use values of fp, that cannot be obtained from the 
analysis of the scattering of the projectile by a free nucleon. This point becomes 
clear when one examines the Lippmann-—Schwinger equation, corresponding to 
(7.2), in momentum space. The Lippman—Schwinger equation for the transition 
amplitude 7’ is 


1 
Gt— yi) (1) G' 
FON aM ee, 


where K is the kinetic energy operator. Taking plane wave matrix elements of 
J’ in the projectile—nucleus coordinate frame yields 


dk 
(2x 


" 1 
(1) HONS no ee a ” tbe 


opt 


(kl. 7"|k’> = Ck| VO [kD +| 
(7.17) 


For elastic projectile-nucleus scattering, the magnitude of k and k’ are equal 
and the corresponding energy E(k) is equal to E. Nonrelativistically, 
E = h*k*/2u (u = reduced mass). We then say that the matrix elements of 7’ 
are on the energy shell. The first term on the right-hand side of (7.17) will also 
be on the energy shell if V}, a function of E, is also evaluated at E = E(k). In 


the first-order theory VU) depends on the é matrix for projectile-nucleon 
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scattering in the projectile—nucleus reference frame, tpy. The requirement that 
vii. is on the energy shell translates into the requirement that tpy is on the 
energy shell and therefore can be obtained from the analysis of the experimental 
projectile—nucleon scattering. This last statement is valid to the extent that the 
kinematic regions which are allowed for projectile scattering from a free nucleon 
and from a nucleon embedded in the nucleus overlap. This overlap is generally 
not complete since the scattering from a nucleon embedded in a nucleus can 
involve momentum transfers q = (k — k’) which are larger than those that can 
occur when the target nucleon is free. 

To illustrate this point, suppose that the projectile is a nucleon. Then in the 
nucleon-nucleon center-of-mass frame each nucleon has a momentum k/2 
initially. The maximum momentum change occurs for 180° scattering, yielding 
-a maximum value of q* equal to k*. In the laboratory frame (for simplicity we 
take the nucleus to be infinitely massive so that the projectile—nucleus frame 
and the laboratory frame are identical), q?, is given by 2k?(1 — cos 6), where 0 
is the scattering angle. It is clear that q7, will exceed k?, the maximum q? for 
scattering by a free nucleon, for 0 greater than 60°. Thus for angles greater than 
60° it is no longer possible to obtain tpy from the experimental tp,. 

Turning to the second term on the right-hand side of (7.17), the integral over 
k” involves values of ¢k|V{\|k” > that are not on the energy shell since k” can 
asssume any mangnitude. However, V{) involves the nuclear form factor £(q), 
which decreases rapidly with increasing qR, where R is the nuclear radius 
parameter. As a consequence, the off-energy-shell contributions of ¢k| V2 |k" > 
will be small barring a singular behavior of é(q) when one deviates from 
on-shell kinematics. 

A common method for estimating off-the-energy-shell matrix elements of fp, 
involves establishing an analytic form for tp, as a function of E and q [e.g., 
a(E)e~ 4° often used] from the on-shellexperimental data. Then one substitutes 
in that form, that is, treats E and q as independent variables to obtain the 
value of fp, off-shell. This procedure presumes a smooth behavior of fp, as a 
function of these variables. 

Another method which we shall now describe resolves the problem of the 
overlap of the kinematic regions allowed in free nucleon—projectile scattering 
and that allowed in nucleus—projectile scattering. We return to (4.37): 


a — 1] ae k k'+s 
Pink k) == 3 [as | as Ressyr( aes — )ais—k—s +4) (4.37) 
T 


opt 2 9 


where 
K(s,s') = | dr {are bes 


The variables k and k’ multiplied by h are momenta in the projectile—nucleus 
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frame of reference. We choose a local’density approximation for K: 
K(r,r’)=p (SE) etter save (7.18) 
9 y) 


In the Fermi-gas approximation equation (6.10) this amounts to replacing the 
3j,((x)/x) factor by its value at x =0. The exponential factors in (7.18) are 
appropriate to the nucleon—nucleus reference frame, where k’ is the momentum 
of the nucleon and —k’ the momentum of the nucleus. Then each nucleon in 
the nucleus has a momentum — k’/A, neglecting the momentum of these nucleons 
with respect to the nuclear center of mass. Inserting (7.18) into the equation 
for K(s,s’) and integrating yields 


K(s,s’) = anpa( S—2=*)a(s _s +4) (7.19) 


where we have introduced 


k + k’ 


Q=— 


and g=k—-k’ 


Inserting (7.19) in (4.37) yields a factorized expression for V“)(k, k’): 


opt 


Pyk,k) =(A- na{ -a( 1-4) )(SE* 9 COs = 9) 20 


In the Pn frame, ¢ describes the elastic scattering of a nucleon with momentum 
Q — q/2 by a target nucleon of momentum — Q/A + q/2, with the final momenta 
being given by Q+4q/2 and — Q/A —q/2, respectively. This is referred to as 
Breit kinematics (see Fig. 7.3). Note that for k = k’, Q-q equals zero, so that the 
energies are equal before and after the collison. Moreover, the effective kinetic 
energy in the laboratory frame when k =k’ is given nonrelativistically by 


1 1 \? 
re =— | g?(14—) 4 4 7.21 


In words, the two-body scattering occurs with the Breit momenta and with the 
effective energy given by (7.21) when the scattering is on the energy shell. This 
effective energy varies with the angle of scattering. 

To extrapolate V{) off the energy shell (k’ # k), 7 in (7.20) is replaced by iq) 
evaluated at the effective laboratory energy given by (7.21), which varies with 
momentum transfer g. Tables of i(q) are given by McNeil, Ray, and Wallace 
(83). The resulting potential is nonlocal, taking into account to some extent the 


nonlocality of the two-body transition matrix. However, as is evident from the 
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Initial state Final state 


FIG. 7.3. Two vectors representing the momenta of the incident nucleon, (Q — q), and 
the target nucleon, (—(1/A)Q+5q) maintain the angle between them and their 
magnitudes after scattering. Scattering results in a rigid votation of the two vectors. 


interpretation of (7.20) for V“), the momentum of the nucleons in the nucleus 


opt? 


is neglected. An evaluation of the consequences of this treatment of off-shell 
effects has been investigated by Picklesimer, Tandy, Thaler, and Wolfe (84). 
Significant effects are obtained for nucleon projectiles energies below 300 MeV. 


Note. The relativistic generalization of (7.21) is 


5 
Tt) = —_ — Ime? 
2mc? 


where 


s=(E, + E,)* — he (1-4) 
2 2 2 2 22 
E? =h?c? 4047S 2= | (2) +4 
(9 4° Be re Og 


8. AN EXAMPLE: PROTON-NUCLEUS SCATTERING 


We conclude this chapter with a brief description of the application of multiple 
scattering theory to the scattering of high-energy protons by spin-zero nuclei. 
The objective will be to provide a qualitative understanding rather than a 
definitive comparison of experiment with theory. For thorough discussions the 
reader should consult the papers by Chaumeaux, Layly, and Schaeffer (78) and 
Ray (79) (see also Chapter IX). 
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The starting point is the nucleon-nucleon amplitude for the scattering of 
the incident proton by the ith nucleon of the target nucleus, f. In the 
nucleon—nucleon center-of-mass frame f,, has the Wolfenstein form: 

FioKems Koq) = Aj + Bi6o°5; + Ci(6o + 6;)°(Gem X Qem) 
+ Di(69* Qem)(6i* Vem) + E(6o° Qem)(6i* Vem) (8.1) 


The variable k’_ is the incident momentum of the proton in the two-nucleon 
center-of-mass frame, and k,,, is the final momentum. In addition, 


Gem = Kom = Kon Qaim ae 3 (Kom + Kn) (8.2) 


The vector 0... is a unit vector in the direction of Q,,,. The coefficients A;, and 
so on, in (8.1) are scalar functions of k,,, and k’_, that is, functions of k?_, = ki, 
and k,,,°k/_,. They depend on isospin as follows: 


A’ — A’, + T)°T;A_ 
so that 


A), = <pn|A'|pn> = A’, — A’ A,, =A, +A_ (8.3) 
The reader should verify that (8.1) is the most general form, depending at most 
bilinearly on q,,, and Q,,, which is rotationally, time-reversal, and 
space-reflection invariant. (Note that under time reversal k > — k’.) 

To use (7.16) to obtain the value of t in the nucleon—target nucleus frame, 
we must transform k,,, and k’_ to the projectile—nucleus frame: 


k 
q=k—K =qun Q= 2k +k) ~7— Qem 


3 A 1 
(Gem x Qian) = , (4 x Q) 


The second of these equations is valid at small angles (k’~k) only. Finally, 
using (7.16), one finds that 


Lipy(k, k’) lig = A; + Bi6o°G; + C{6o + 6;)-(q x Q) 


+ D{6o°Q)(6;°Q) + E{6o°q)(G;°q) (8.4) 
where 
k k k 
A; =(E,) — A’ B,=(E,)—— B,C, =n(E,)—~—C; 
Kas Ko kK om 
A : (8.5) 
D,="(E,)—= Ds E, =n(E,;)—“ E' 
n(E;) hae i= n(E;) ae 
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where n(E,) is obtained from (7.16): 


(je ee. SA me) _. 
Mee TE 1+ LAMA? + 1) E,/me? + me2/E,) 


(8.6) 


The experimental values of the coefficients in (8.1) are fitted using a Gaussian 
form: for example, 


Ay» oo A,,(0) gate 


where A) (0) and a,, are complex functions of the energy. 

Anexample of such a fit [Wallace and Alexander (80) } of the nucleon—nucleon 
amplitudes is given in Table 8.1 for the incident proton momentum in the 
laboratory frame of 1.7 GeV/c (kinetic energy 1 GeV). At that time, 1980, the 
only well-known proton—neutron amplitude is A,,. In the p—p case the B’.D’,,, 
and E, amplitudes are poorly known. Because of these uncertainties, it has 
been the practice in applications to multiple scattering to neglect the B’, D’, 
and E’ terms in (8.1) and to fit the nucleon-nucleon data with the A’ and C’ 
coefficients only. Note that the C,, term is not determined from nucleon-nucleon 
scattering but by elastic proton scattering from *He. 

Focusing on the contributions of the A’ term, one should bear in mind that 
p(q) varies much more rapidly than i(q), so that over a considerable range the 
optical potential is given by £(0)p(q). To illustrate, take p(q) to be a Gaussian 

p(q) =e" Farle 
where R is the root-mean-square radius of the nucleus, which we shall take as 
roughly equal to the nuclear radius. Then the quantity to be compared with 
Upp OF Wp, is R?/6h7c* ~ 6A7/*(GeV/hc) *. The latter is far greater than a,, or 
a, for even light nuclei [see discussion in deShalit and Feshbach (74, 109)]. A 
second feature originates in the large imaginary component of A’ terms. This 
has the consequence that the central part, V,, of the optical potential is highly 


TABLE 8.1 


A’, (0) =(— 1.126 + 6.767i)(GeV/hic)"! apy = (5.08 + 0.631) 
A’, (0) =(— 1.695 + 5.628i)(GeV/hic)=? op, = (2.93 + 0.01) 
B’ (0) =(— 1.431 —0.320i)(GeV/he)"! By = (5.84 + 7.443) 


C’, (0) = (4.349 + 7.559i)(GeV/c)~? Y pp = (3.91 + 0.596i) x (GeV/hc)~? 
C’,,(0) = (— 2.355 — 1.654i)(GeV/c)~? Y pn = (4.00 — 2.80) 
D’_(0) = (070 + 1.140i)(GeV/c)~! 5 yp = (4.94 —7.41i) 


E09) = (1.61.19 1 — 1.390i)(GeV/c)-° Epp = (15.6 + 1.123) 
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FIG. 8.1. Multiple scattering optical potential for the elastic scattering of 1-GeV protons 
by *He (central potential). [From Parmentola and Feshbach (82). ] 


absorptive. This is illustrated in Fig. 8.1, which gives the optical potential for 
1-GeV protons in *He. We observe that the real part of V, is weak and repulsive 
while the imaginary part is relatively large. As a consequence, the corresponding 
angular distribution exhibits the oscillations characteristic of Fraunhofer 
diffraction [ f ~ J,(2kR sin(@/2))2kR sin(6/2), Eq. (5.25b)] of the incident wave 
by an absorbing sphere (see Fig. 8.2). The positions of the minima of these 
oscillations depend only on the radius of the sphere, in the case of a sphere 
with a well-defined sharp radius. In the more realistic case, p(r) will involve a 
radius parameter which will then determine the positions of the minima. 
Moreover, these are stable against the addition of spin-orbit contributions to 
the optical potential originating in the C’ term of (8.1), of correlation effects, 
or of Coulomb terms, as demonstrated in Fig. 8.3. Chaumeaux et al. point out 
that the nucleon-nucleon amplitude can be changed by an overall phase which 
can be a function of q? without disturbing the fit to experiment. Such a change 
will, however, have an effect on the multiple scattering since the phases of the 
scattering amplitudes emanating from different nucleons will be modified, 
thereby changing the way in which they interfere (see Fig. 8.4). Note again 
the stability of the position of the minima. 

On the other hand, a change in the density distribution has a noticeable 
effect, as can be seen in Fig. 8.5, where the impact of changing the neutron 
density is illustrated. 
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From this discussion it should be clear that the scattering of protons in the 
range 1 GeV provides a method for the determination of the neutron density 
within nuclei. The proton density is taken from high-energy electron scattering 
after removal of the finite proton charge radius in order to obtain the point 
proton density. Some of the results thus obtained by Ray (79) (which include 
important consideration of additional electromagnetic effects of which the 
interested reader should be aware) are given in Table 8.2. 

The uncertainty in the Ar,,(= <r >*/? — <r} >*/?) is + 0.05 fm. Ar,, is for a 
given nucleus, while Ar,,, is evaluated for two isotopes with differing neutron 
number. Examples of the deduced neutron density is shown in Fig. 8.6 for the 


10+ ' 
. 208Pb(p, p) 2°8Pb at 1.04 GeV 
1" 


—— Rayleigh—Lax without s.o. 


$ ---- Rayleigh—Lax with s.o. 
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FIG. 8.2. (a) Comparison of experimental angular distribution for the elastic scattering 
of 1.04-GeV protons by 2°°Pb with the predictions employing the Rayleigh—Lax potential 
with and without spin-orbit (s.o.) terms. The density-dependent Hartree-Fock densities 
are used. [From Bordy and Feshbach (77).] (b) Comparison of the angular distribution 
for the elastic scattering of protons by '°O, *°Ca, *®Ni, °°Ni, °2Ni, ®*Ni, ?°Zr, and 
2°8Pb with predictions employing the Rayleigh—Lax potentials. The Hartree—Fock-— 
Bogoliubov densities are used. [From Chaumeaux, Layly, and Schaeffer (78). ] 
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eNi(p.p) 


Tp = 1.047 GeV, 
__R=66 (GeWc) 
__ B= 0.0 (GeWc) 
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FIG. 8.4. Change of the cross section when the nucleon-nucleon amplitude is multiplied 
by a phase factor e'#% for different values of 8. [From (Chaumeaux, Layly, and Schaeffer 


(78).] 


Ni isotopes. From Table 8.2 we see reasonable agreement with Negele’s 
density-dependent Hartree—Fock calculation, an agreement that is also present 
in Fig. 8.6. The outstanding major disagreement is in the value of Ar,,,, for the 
pair *®Ca and *°Ca. 

Both Chaumeaux et al. and Ray take correlations into account. According 
to both authors (see Appendix B at the end of this chapter), the effects are 
appreciable at the larger angles. However, they are of the same order as effects 
arising in the uncertainties in the input data and small electromagnetic effects 
involving the form factor of the neutron. The effect of spin-dependent 
correlations, including those arising from B’, C’, D’, and E’ terms, on elastic 
scattering have been investigated by Lambert and Feshbach (73) and Parmentola 
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—— DDHF densities 


103 --- P,* “5~ Py (DDHF) 


ro) 
NM 


Iho (mb/sr) 


io! 


10° 


10°! 


Oem (deg) 


FIG. 8.5. Effect of changing the neutron density distribution. [From Boridy and 
Feshbach (77). ] 


TABLE 8.2 | 
C292 Cp2y "2 p21 DDHF 

Nucleus (fm) (fm) (fm) Arnp AP nn’ Arnp — Alan’ 

40Cq 3.491 3392 3.482 0.10 ~0.05 

48Cq 3.625 3.396 3.470 0.23 0.13 +.0.04 0.19 0.26 

s8N]i 3.700 3.686 3.772 0.01 0.00 

64Nj 3912 3.745 3.845 0.17 0.21 +.0.02 0.13 0.18 

116¢y 4.692 4546 4.619 0.15 0.12 

12405 4851 4599 4.670 0.25 0.164002 021 0.13 


208Pb 5.611 5.453 5.503 0.16 0.20 
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FIG. 8.6. Point neutron density distributions for °8*°*Ni deduced from second-order 
KMT analysis (shaded bands) and predicted by the density matrix expansion (DME) 
approach to Hartree-Fock theory (dashed curves). The difference between the °*Ni- and 
>8Ni-deduced neutron densities is compared with the DME prediction in the lower half 
of the figure. [From Ray (79). ] 
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and Feshbach (82) for a *He target. These authors find that generally the 
influence of the B, D, and E terms is small if the nucleon—nucleon parameters 
of Table 8.1 are used. Chaumeaux et al. éxamine the spin-dependent effects of 
B, C, and E (D is not included) in inelastic scattering, pointing out quite correctly 
the sensitivity of the angular distribution and of the polarization to these 
coefficients. The results for these quantities, using coefficients A, B, C, and E 
quite similar to those given in Table 8.1, are less than satisfactory. But 
adjustments within the uncertainties can improve comparison with experiment. 


APPENDIX A 


In this section we apply the optimal approximation method of Gurvitz, Dedonder, 
and Amado (79) to projectile—nucleus scattering. We focus on the relationship 
between t; and 1; as given in (4.19). In the course of that derivation «)( = E — Ky) 
of (4.4) is replaced by «(= E— Ky — Hy), as in (4.18). The method of Gurvitz 
et al. allows for an adjustment of the values of E so as to reduce the consequent 
error. Let 


and 
i Ly 2 
{; = 0; + 0; — i (A.1) 
Xo 
The equation for 1,, (4.7), remains unchanged: 
A 
T; = v;,A + v; — T; (4.7) 
OL 


The dependence of both f; and t; on v; can be used to eliminate v;, producing 
a relation between f; and 1;: 


_{(BL 1 
t= tA + t; (=-=) (A.2) 


The optimal approximation will be applied to an auxiliary quantity t; defined by 


1 1 
T, =t,+ i(+-)x (A.3) 


a Ay / 


in terms of which 
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To second order, 


_ _ 1 1 
1 =t, +t; — (W% —a)-T; 
Ao 
et) ee ae 1 _ 
~t;+t;—(% —a)—t; (A.5) 
Xo Ao 
~t,+ At, 


We shall now show that it is possible to choose & (by choosing é) in a manner 
independent of the target nucleus, so that (A.1) describes two-body scattering 
and so that 


and therefore in agreement with (4.26), with t; replaced by f,. 

To demonstrate (A.6), consider the matrix element of the second term in 
(A.5) (= At;) with respect to the target nucleus and the incident and emergent 
projectile. Let the latter have momenta p and p’, respectively, while the target 
nucleus wave function in the momentum representation is W,(P, —p/A, 
P, —p/A,...), where Z P, = P is the total momentum of the projectile plus target. 
The propagator (1/%,) is taken to be diagonal in momentum space: 


_ lp’ — p)o(P, — P,)o(P, — P2)--- 
é— p*/2p 


1 
(PPP, = 


Ao 


(A.7) 


p.P,P2~ 


As a consequence, ft; of (A.1) is diagonal in the target nucleon momenta, as 1; 
can only change the projectile momenta. 


Cp, P,P. ---lélp,Pi,P2---> =<p'lélp>o(P, — P,)o(P, —P2)---  (A.8) 
We can now proceed to evaluate the matrix element of At; for elastic scattering; 


the incident projectile has a momentum p, and the target nucleus P— p. One 
obtains 


CP's WolAt; |p, Wo > 


PD pe 
= | dp, dp; | ap, [aP, -va(P,—B,p, -E-- 


a I pas - 
x Cp t|P1 > ——5-— <P. P. Po. -- 10 — @| Pa, Pi, Po,.--> 
&3 — p4/2p 


: 1 P p 
x t; a P, ——,P,—-.,... AY 
<P2| Pe — pu vol 1 A 2 y (A.9) 
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Evaluating the matrix element of &) — « gives 
CPi Ps PS ee . |X i a|p>, Pi; P35: “a 


de _Pi_(p_Pi_y 1 -B)) 
= O(p, po) es Di (z Qu E5-(P, y 


x 6(P’, — P,)d(P, — P,)--- + VP, — P,)d(P, — P,)--- 


x 0(P, 1 — Pa- OCP 41 — Pra 1)O(Ph 42 — Pa)| (A.10) 


where the assumption has been made that the nucleons in the target nucleus 
move in a mean field described by a local potential V. Using the Schrodinger 
equation satisfied by W,(P, — p/A,...), the integration over the P, and p, can 
be performed to yield 


CP: WolAT IP, Wo > 


= |ap, | ar, {aps wa(Pi- -F, P,- r )cp'tip.> 
* opal B Dae (PB) (RF) | 
6, — py/2p d5 A 


ra I / / 
adiabatic -2..) (A.11) 
1 — pi/2u 


The quantity in the braces becomes (2/A)(p — p,)°P’, + (1/A7)(p? — p’). At this 
point the Breit coordinates are introduced: 


q=p-—p K=3(p+p) K-q=0, 4(p?+p?)=K?+4q* (A.12) 
yielding 
2(p — p,)P’, = 2(K + 5q — p,)'P, 


= 2(K + 5q — pi)-(P, — K) + 2(K + 3q — p,)(K) 


By using time-reversal invariance of the integrand of (A.11) it can be shown 
that the first term of the equation above integrates to zero, so that no dependence 
on the coordinates P’ remains. As a consequence, the term in brackets in (A.11) 
becomes | 
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It follows from (A.11) that 


CP'WolAt;| po > =0 


if one chooses 


q° = (py — K)’ 


é,=E+ 
: SmA 2mA 


(A.13) 


where E = p?/2u. This choice of ¢, is independent of the target nucleon variables 
P,, so that as implied by (A.7) and (A.8), ¢; is the transition amplitude for the 
scattering following from the Schrodinger equation: 
2 2 a K 2 
E i qq s\P ) 7" 


Pi 
— v—— = 0 
24 8mA MA 2 lpi y 


The effective energy is obtained by dropping v from this equation. One can 
then rewrite the term in brackets as follows: 


2 2 K2 1 ] 1 2 
Sst alata) 
2h 8mA AWmA+py) 2\u mA mA + UL 


so that the effective energy is 


re a ae 
2u 8mA 2(mA +p) 


E ee (A.14) 


and the effective momentum operator is p, —[u/(mA+y)]K, so that the 
projectile momentum p is replaced in the Schrédinger equation by 
P— Lu((mA + py) IK. 

The development in Section 4 uses t; rather than ¢;. In first order these two 
quantities will be approximately equal if the last two terms in (A.14) are small 
compared to the first. These ratios are on the order of u/mA, which 1s appreciable 
only for the lightest nuclei. 

The optimal approximation reduces the second-order term to zero through 
the choice of €, given by (A.13). The question remains as to whether higher-order 
terms are significant. The third-order term is discussed by Gurvitz, Dedonder, 
and Amado (79), who conclude that it is not if t varies slowly with the energy. 
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The second-order optical model potential VS) given by (4.41) is nonlocal, with 


the consequence that its effect is difficult to evaluate analytically or even 
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numerically. One approximate method derived by Feshbach, Gal, and Hifner 
(71) [see also Feshbach (81) as well as papers written with Lambert (73), Ullo. 
(74), and Parmentola (82) ] replaces the Schrodinger equation containing Ve 
with a pair of coupled equations. This procedure is in any event necessary if 
the spin-dependent terms are to be taken into account accurately as described 
in the text (see p. 100). In this section further approximations valid at sufficiently 
high projectile energies and small momentum transfers are made which yield 
a local form for V0) akin to that obtained by Chaumeaux, Layly, and Schaeffer 
(78). 
We repeat (4.41) with <r|1/a|r’> = G(r, r’): 


| V2), Wr’) dr’ = (A — 1) | dr'G(r;,r’) | | dr dr,t(r — r,)o(r’ —r2) Clr, W(r) 
(B.1) 

We now assume that 
Clty, 12) = plrs)p(r)y(r, —F2) (B.2) 


Second, we note that t(r—r,) 1s sharply peaked at r~r,. Assuming that p(r) 
varies slowly over that peak, little error 1s made if p(r,;)t(r —r,) is replaced by 
p(r)t(r —r,). Equation (B.1) then becomes 


|v. r)y(r’) dr’ = (A — 1)p(r) [ar ce, ror )F(r —r)wir’) (B.3) 
where 


Fr—-r)= fa, [arate —F,)t(r’ —r2)y(r, — 2) (B.4) 


Note that one can show that the integral on the right-hand side of this equation 
is a function of (r—r’). Since the integrands in (B.4) consist of three sharply 
peaked functions, F itself is sharply peaked at r=r’, so that p(r’) in (B.3) can 
be replaced by p(r): 


| V2 (,r')W(r’) de’ = (A — 1)?p(r) | dr’ G(r,r')F(r —r' Wr) (B.5) 


This result could also have been obtained by using the local density 
approximation for second-order multiple scattering in nuclear matter. In that 
case it is exact, and in the case of a finite nucleus, G(r,r’) is to a good 
approximation G(r —r’), so that 


| V(r — r)(r') dr’ = (A — 1)*p7(r) | dr' G(r —r’)F(r —r')(r') 
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The integral on the left-hand side can now be reduced to a local form using 
the Perey—Saxon (64) approximation, which is discussed in detail in Chapter V 
(p. 000). In the present case 


| dr’ G(r — r')F(r — r' Wr’) = | dsG(s)F(s)W(r — s) 
= [ascor (sje S*r(r) 


so that V(i\(r,r’) can be replaced by 


opt 


VY%=(A- 1p? | dsc (sje SYr (B.6) 


The Perey—Saxon approximation exploits the fact that the dominant component 
of W(r) is the plane wave e'*. Then 


V2)(p) ~ (A — 1)2p2(r) | dsG(s)F(s)e~'*'s (B.7) 


opt 


In this approximation the Ve dependence on r is given by p?, in comparison 
with V"), whose spatial dependence is determined by p(r). An improved 
approximation for V'?), which may be needed when the nuclear surface plays 
a significant role, can be obtained by Taylor expansion of p(r,) and p(r,); for 
example, p(r,) would be placed equal to p(r)+(r, —r):Vp(r)+---. Such 
corrections may be of importance in dealing with inelastic scattering. 

Evaluation of the integral in (B.7) can be simplified by using the eikonal 
approximation for G. In zeroth order we neglect the excitation energy é and 
the potential energy term V"”: 

10 


G(s) = G(b, 0) ~ Gin = — hctk e6()6(b) (B.8) 


where from (7.2), 


!. ges mic* E+m,c* 


ot aa 
h?c? 1+ 6/Amc? 1+&/Amc? 


(B.9) 


The energy & is the energy of the system, including the rest-mass energy of the 
projectile but not that of the target nucleus. The function 6(¢) is the unit function 


Si C>0 
He = 4) <0 
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We must still fix the ¢ direction. This we take to be the direction of k. One 
now obtains 


10 
 Dh2c?k 2k 


| dsG(s)F(s)e~* = al aCF(0, £)0(¢) = sl " aC F(0,C) 


ge *k 
where it has been assumed, as is usually the case, that F(0,¢) is even in ¢. 


Recalling the definition of F, (B.4), the integral of F(0,¢) can be expressed in 
terms of the Fourier transforms of t and y: 


ie ()ado = 3, |@asta, Oe — q1,0)7(G1,9) (B.10) 


We parameterize this result by 
| Fo. C) dl = — (#0)?! (B.11) 


where ! is a length. The final result for Ve is 


VoEN= sa - 5 [A — Nomi? (B.12) 


This potential is proportional to the square of V(}}, (4.40), when the short-range 


approximation is made for t(r—r,). A rough estimate for | is obtained by 
assuming the Gaussian form (see Table 8.1) for i(q), iO)e~ 7/%", and for )(r): 


yr) = (-1)< rile (B.13) 
3r2 


the form used by Chaumeaux et al. This choice for y(r) satisfies the condition 
that its volume integral is zero, satisfying (2.21) when p can be taken to be a 
constant. Finally, C(r) approaches —1 as r goes to zero. With these choices | 


becomes 
i (B.14) 
3 (1+ 2p?/r2)? 


As pointed out by Feshbach Gal, and Hiifner (71), | is reduced because of the 
presence of the range of the projectile—nucleon potential given by Pf in (B.14). 
Inserting typical values for r. (~ 0.7 fm), B? =0.4fm?, one finds that | = 0.084 
and that the magnitude of y2) is small compared to V{). However, because 
of the dependence of p” rather than p, there is a greater. proportion of high- 
momentum components which can affect the cross section for large momentum 
transfers. 


CHAPTER lil 


FORMAL THEORY OF NUCLEAR 
REACTIONS 


1. INTRODUCTION 


A formal theory of nuclear reactions should provide a framework within which 
it is possible to describe the wide range of reaction mechanisms exhibited in 
nuclear collisions. It should develop, directly from the nuclear Hamiltonian, the 
amplitude for the rapid processes, such as the single-step direct reactions as 
well as for the relatively slow compound nuclear resonance reactions. It should 
include the intermediate structure doorway state reactions and go beyond to 
the multistep reactions of both the direct and compound variety. It should be 
possible to obtain in the high-energy limit the multiple scattering approximation 
of Chapter II. Finally, it should permit the application of statistical 
considerations and thus obtain the statistical theories of nuclear reactions 
applicable to the various experimental situations. It should be emphasized that 
the formal theory only develops a framework; a framework that provides a means 
for inserting the physics of the reaction under consideration. Once this is done, 
the theory should yield expressions that allow a direct interpretation of the 
experimental data in terms of well-defined parameters. 

As we have emphasized, reactions can be ordered according to the time delay 
they involve. Time delay in a given reaction can be introduced by providing 
alternative mechanisms to the direct one by means of which the system can 
proceed to the exit channel of interest. Instead of the system proceeding in a 
single step to the final state, it can make a transition to another channel (or 
channels) and so delay the development of the final state. This possibility is 
shown schematically in Fig. 1.1 for the case of elastic scattering for simplicity; 
that is, it is assumed that the energy is so low that this is the only reaction that 
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Entrance Channel “Other” Channels 


FIG. 1.1 


can occur. Following the direct route the system would never leave the entrance 
channel. This route is symbolized by AF. But as is indicated by the figure, the 
time-delayed routes ABCDEF can also contribute to the process. The time delay 
depends on the ratio of the probability of the transition from the entrance 
channel to the “other” channels, BC in the figure, to the probability that the 
system proceeds immediately to the final state, symbolized by F. However, this 
branching ratio is not the only parameter of importance. For example, if it were 
large, not only would the transition from the entrance channel be rapid but the 
transition back to the entrance channel would be equally quick. There would 
be some time delay but not necessarily a substantial one. For the latter to occur, 
another condition needs to be satisfied, one that inhibits the return transition. 

To see what this condition is, it is necessary to decompose the other channels 
into a group that connect directly with the entrance channel and the remainder, 
as illustrated by Fig. 1.2. As indicated, the system can proceed to the doorway 
channels, as those channels that couple directly to the entrance channel are 
designated, and either proceed on to the “remaining” channels or return back 
to the entrance channel. The remaining channels, by definition, do not couple 
directly to the entrance channel. Thus a second important parameter 1s the 
ratio of the probability for the transition from the doorway to the remaining 
channels to the probability for the transition from the doorway back to the 
entrance channels. If this ratio is large, the time delay will be large for then the 
system will be trapped, spending a considerable fraction of the interaction time 
oscillating between the doorway channels and the remaining channels. 

This time delay can be especially long at particular energies, the resonance 
energies, as can be seen from the following discussion. Suppose for a moment 
that the transition probability from the doorway channels to the entrance 
channel were zero. Then the system, if placed in other channels (consisting of 


Entrance Channel Remaining Channels 
Doorway 


Channels 
FIG. 1.2 
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” Other” Channels Remaining Channels 
Doorway Channels 


FIG. 1.3 


the doorway and remaining channels), would be bound. Under these circum- 
stances the system will oscillate between the doorway and remaining channels 
indefinitely but only at certain energies, the bound-state energies, E,. Suppose 
now that the transition probability to and from the entrance channel is increased 
from zero. It follows that when the incident energy is correspondingly close to 
the binding energies E,, a very long time delay will ensue and the system will 
resonate. As this transition probability increases, the resonant energy will 
increasingly depart from E,, and usually the time delay will be reduced. 

In summary, resonances will occur for elastic scattering when the system, 
restricted to other channels, as illustrated in Fig. 1.3, has bound states of positive 
energy, E,. The resonance energies will be close? to E,. The coupling to the 
entrance channel need not be small. However, if it is strong, the shift of the 
resonance energy from E, will be large and the width increased, that is, the 
time delay shortened. 

Resonance scattering of light by atoms provides a well-known example. The 
incident projectile is a photon of energy hw, the target an atom in its ground 
state. This system forms the entrance channel. This channel will couple to an 
excited state of the atom with excitation energy «. In the absence of the electro- 
magnetic coupling by virtue of which radiation back to the ground state would 
occur, this excited state is bound. When the photon energy hw is close to ¢, 
hw ~ &, a resonance in the scattering of the photon will occur in which the 
incident photon is absorbed by the atom and then emitted. 

This effect can also be observed in the passage of monochromatic light 
through a medium made up of such atoms. If again hw ~e, the index of 
refraction, n, will undergo a very sharp change as a function of photon energy, 
as illustrated in Fig. 1.4, the phenomenon being referred to as anomalous 
dispersion. 

Another example, and one that more closely approaches the nuclear case, 
considers the interactions of a projectile (e.g., a neutron) and a target nucleus 
in the ground state. The incident projectile moves in a field of force exerted by 
the nucleus, as illustrated in Fig. 1.5a. The target nucleus shown in the same 


+ A . 

*If E, is near zero, the effect of coupling to the entrance channel can move the resonance energy 
to negative values. The resonance is then referred to as a negative energy resonance. This concept 
is useful if there is an effect of the resonance at positive energies. 
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(Re n-1) 


hw 


FIG. 1.4 


figure consists, in the independent particle model, of nucleons, indicated by the 
filled circles, in the bound-state orbits. Figure 1.5a then illustrates the entrance 
channel. As a consequence of the interaction between the projectile and the 
target, a nucleon in the target 1s raised in energy while the incident projectile 
loses a corresponding amount of energy. If the excitation energy of the target 
is € and the incident projectile energy is E, the energy of the projectile is E —«. 
This situation is shown in Fig. 1.5b, where it is assumed that E —¢ is negative. 
The system is now bound in the sense that all the nucleons are individually 
bound. Of course, if the excitation energy of the target were to be returned to 
the projectile, it would again be unbound. But in the absense of that coupling 
the system is a bound one, although the total energy E is positive. The potential 
in which the projectile moves does have a bound state at —E,, indicated by 
the line in the projectile half of the figure. According to the qualitative discussion 
presented earlier, when E — ¢ 1s close to — E,, or 


E~e—-E, 


a resonance will occur. This example is still very far from a realistic description 
of the neutron—nucleus interaction, but it does contain the essential elements. 


Projectile Target Projectile Target 


(a) (0) 
FIG. 1.5 
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A detailed, albeit simple example will serve to illustrate this discussion. The 
Hamiltonian of the system illustrated in Fig. 1.5 can be written 


H=H,+T+V(r,€) (1.1) 


where r is the coordinate of the incident particle and € represents all the 
independent coordinates of the nucleons in the nucleus. T is the kinetic energy 
operator, V(r, &) the potential energy of the projectile relative to the target center 
of mass, and H, the Hamiltonian for the target nucleus, therefore depending 
only on €. Assume for simplicity that this Hamiltonian has only two eigenvalues, 
0 and ¢, with the corresponding normalized wave functions W,(&) and w,(&). 
The total wave function for the system is then 


Laois [uo(t)WolS) + u(r) (5) ] (1.2) 


where uy and u, describe the projectile wave functions in the two channels 
Fig. 1.5a and b, respectively. Inserting this expression for VY in the Schrédinger 
equation, 


HY = EP 


and using the orthogonality of W. and w, yields a pair of coupled equations 
for Up and u,: 


u u 
[E-—(T + Voo)]— = Vor 


u u 
[E—e—(T+V,,)]—=Vio— 
r r 


where 


V(r) = (| V(r, SW ide 
The integrations in these matrix elements is, as indicated, over the variables & 
only. We now assume that uy and u, are spherical, that Vo, is given by an 
attractive square well, 


Von = —Vo r<a 


that 


Ah? 
Vi,= —-— Or —a) 24 = constant 
2m 
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and that 


Ah? 
Vor =Vio=- ae o(r — a) A=constant 


Hence uy and u, satisfy the differential equations 


us, + (k? + K2)uy = — Ad(r — au, r<a (1.3a) 
ul +(—K* + Ad(r — a))u, = — Ad(r — a)ug (1.3b) 
where 
2m 2m 
Ke =e E)  K3=T5 Vo 
and 
pce 
h2 


This selection of potentials has the merit that (1.3) in the absence of the coupling 
to the entrance channel has only one bound state at k = ky; that is, 


vi tL —Ké + Ad(r — a) ]v, =0 


has only one bound state solution. We leave it as an exercise for the reader to 
show that xk, satisfies the equation 


2 
ia (1.4) 


1 __ e” 2Koa 


The right-hand side of this equation is given by the solid curve in Fig. 1.6. 
When Aa> 1, one solution of (1.4) exists at the intersection of the curve and 
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.the dashed line. As we shall see, the resonance generated by the coupled 
equations (1.3) will occur near the solution of (1.4) 


As a first step we integrate (1.3a) and (1.3b) over a small range a + 0. This yields 


U(a*) — u,(a~) = — Au, (a) 


u' (a*)—u'(a~) + Au,(a) = — Auj(a) 


Note that 
Uy = sin Kr r<a 
a sinh xr r<a 
Uu => 
asinhkae *“"~® r>a 
where 


K =./k*+ K> 


and a is a constant to be determined. It is now a simple matter to evaluate 


fz au,(a*) 
Uo(a) 
One obtains 
A2 2 
if SK Geol Kae ee (1.5) 


[2xa/(1 — e772"? ] — Aa 


As we show in the Appendix to this chapter, resonances occur when f = 0. The 
second term in (1.5) is plotted in Fig. 1.7. Assuming that k « Ko, the first term 
is a constant that we take to be positive as an example. The function f equals 
zero at the intersection of the dashed line and the solid curve. The value of the 
resonance energy, Ep, is Eg = € —h*K;/2m. This is a resonance if Ep > 0. 

The difference between Kg and kK, depends on the curvature of the second 
term as a function of xa and the size of the first. Assuming that kp ~ Kg, one 
obtains 


Ko A?a? 
KRQa ~ Kya + — — 
A (1 —Aa+ 2k,a)Kacot Ka 


This formula demonstrates that the deviation of the kp from ko, that is, the 
deviation of the resonance energy from the energy of the bound state of channel 
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2a 


u,, grows as the strength of the coupling between the channels measured by 
Aa increases. 

The width of the resonance is shown in the Appendix to this chapter to be 
given by 


— 2ka 


eee (1.6) 
(Of /OE)r=Ep 


Evaluating the derivative at xk, rather than at Kp, to simplify the result, and 
assuming Ka to be constant yields 


2h? kK A’a’ 


rae 


mA [1+(2k, —A)a](Kacot Ka)* 


We see, as predicted, that the width increases (and the time delay decreases) as 
the coupling strength increases. : 

When E differs from Ep by an energy several times I, the energy variation 
of the cross section because of the energy variation of the second term on the 
right-hand side of (1.5) becomes unimportant. Of course, an effect remains, and 
usually the coupling to the second channel does increase the time delay. 

In an actual projectile-nucleus reaction, the second channel is replaced by 
many channels labeled “other” channels in Fig. 1.1. There are then many bound 
states and correspondingly, many resonances, in contrast to the single bound 
state and single resonance of the coupled equations (1.3). In the next section 
the formalism applicable to the more complex and more realistic situation is 
developed. 
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The formal theory of nuclear reactions presented below relies on the concepts 
presented in the preceding section. Of course, the system to which it is applied, 
the compound system consisting of the projectile plus target nucleus, is much 
more complex than the system discussed at the end of Section 1 for which the 
target nucleus was assumed to have only two states, the ground state and one 
excited state. Nevertheless, it is possible by using projection operator techniques 
to rephrase the more general problem so that significant similarities to the 
simpler case are developed. 

What we shall do is to partition all the states of the system into two sets of 
states. One set will contain the entrance channel and at least those channels 
that are involved in the prompt component of the reaction amplitude, that is, 
those which contribute to the direct single step as well as direct multistep 
processes for the reaction under consideration. This set of channels will play a 
role similar to that of ug, of (1.2). The second set will contain all the remaining 
channels (the other channels) including, necessarily, those that are bound in the 
absence of coupling to the first set. They play a role similar to that ofu,w, of (1.2). 

These conditions do not constitute a precise definition of the partition. As 
we shall see, this lack of precision is useful since it allows the insertion of the 
pertinent physics of the problem into its analytical formulation. One illustration 
of such a partition would be helpful. Suppose that the physical process is the 
elastic and inelastic scattering of a pion by a nucleus (to avoid, in this illustration, 
the complications of the Pauli principle that would occur if the incident particle 
were a proton or, for that matter, any nuclear projectile). The appropriate set 
of states will include the entrance channel u,(r)W,(€) as well as the inelastic 
states u,(r)w,(6), where w, are the states of the target nucleus, wy, being the 
ground state, w, the first excited state, and so on; € are the coordinates, including 
spin and isospin of the nucleons making up the target. The functions u,(r) give 
the wave functions of the pion, where r is the pion coordinate relative to the 
center of mass of the target. If the energy of the projectile is E and the excitation 
energy corresponding to y,, 1s €,, the energy associated with the pion is E — ¢,. 
If this energy is positive, the asymptotic form of the wave function u,, n #0, 
will be of the form of an outgoing wave e'*""/r, where k, = [2m/h’)(E —«¢,)]’/. 
Those channels for which k, is real, that is, (E — ¢,) > 0, are called open channels. 
If E —¢, is less than zero, k, is pure imaginary and the asymptotic form of u,, 
is proportional to e""/r = e7'*"'"/y, These channels are referred to as closed 
channels. 

Once the representation of the Hilbert space to be used is described, the next 
task is partition into the prompt (the first set) and delaying (the second set) 
components. One solution is to include all the open channels in the first set 
and all the closed channels in the second set. This is the partition most commonly 
used at relatively low projectile energies, since then the number of open channels 
will be small. However, even in this case it sometimes proves advantageous to 
include some of the closed channels in the prompt space, or vice versa, some 
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of the open channels in the space of the delaying channels. This option is always 
available. 

At high projectile energies, the delaying channels become unimportant for 
the most part. All important channels are prompt (although there can be delayed 
after-effects) and the partition used in Chapter II selects for the first set just 
those channels that are of immediate interest (e.g., the entrance channel if elastic 
scattering is being studied). 

The selection of the set u,(r)wW,(&) is not just a matter of convenience. There 
is an implied statement in making that choice regarding the reaction mechanism. 
For example, it is implicitly asserted that particle transfer channels are not 
important for elastic or inelastic scattering. This is, in fact, not always the case, 
for it can occur that by transferring a particle or cluster of particles from the 
projectile to the target, it is possible at some energies easily to excite a “giant” 
resonance of the new system formed in this way. Inelastic excitation or elastic 
scattering of the target would follow if inverse particle transfer back to the 
projectile is made. In the case of pion—nucleus collision, the list given above of 
the possible channels in fact omitted one significant channel that is formed 
when the pion is absorbed by the target nucleon, the A. 

These examples stress the flexibility of the partition and the role of physical 
intuition, first, in selecting the complete set that is to be partitioned and then, 
in choosing the partition. 

Since the nature of the representation of the Hilbert space of the problem 
will vary considerably, it will be useful to develop a general formalism. Toward 
this end let us assume that the Hilbert space of the problem is partitioned as 
described above into two orthogonal components, Y and 2. The first of these, 
FY, will contain the prompt channels; the other, 2, the closed channels, the exact 
nature of the partition depending on the physics of the reaction being considered, 
as described above. The projection operators P and Q project onto the subspace 
FY and 2, respectively, and satisfy 


P=Pt Q=@Qt 


2.1 
a a (2.1) 
P+Q=1 
The state vector of the system, ‘P, satisfies the Schrodinger equation 
(E— H)¥ =0 (2.2) 


We can now determine the equation satisfied by the prompt component of '¥, 
PY, and the time-delaying component, Q'V. Writing 


Y=PP+OY 
and multiplying (2.2) from the left by P and Q yields 


(E — A pp)(P¥) = Ap (Q'Y) (2.3) 
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and 
(E — Hog)(QY) = Hop(P'P) (2.4) 
where 
Hpp=PHP, Hpg=PHQ, etc. 
If we write 


H=H)+V 


where Ho is the sum of the Hamiltonians for the internal degrees of freedom 
of the projectile and target and the kinetic energy operator for their relative 
motion. It is usual to restrict the class of projection operators to those for which 


Hp = Veg Hop = Vop 


The analogy of (2.3) and (2.4) with (1.3) of Section 1 is rather clear. Whereas 
in the latter case Y and 2 contain only one component (1/r)ugW_ and (1/r)u,W,, 
respectively, the more general case of (2.3) and (2.4) will contain many 
components. 

This simple partition can be used to obtain some quite general results. We 
can formally solve (2.4) as follows: 


1 
OW =—_____H 


7H. opPY (2.5) 


This expression includes the boundary condition that there is no incident wave 
in the subspace 2. The in in E‘*)= E + in, n 0%, is included in case some of 
the open channels are in 2. Substituting (2.5) in (2.3) yields 


(E — H,,,)P'¥ =0 (2.6) 
where 


I 


PQ EW mn Hoo Hop 


A cp = Hpp + H (2.7) 


The first term on the right-hand side, H pp, is associated with the prompt process. 
The second term describes the time-delaying effect of coupling Y space with 2, 
propagation in 2 as given by 1/(E‘") — Hg,) and then reemission into Y. The 
Schrodinger equation (2.6) iterates this process. 


Problem. Referring to the discussion in deShalit and Feshbach (74, p. 648), 
show that #.,,, where 


A ore — PH oP 
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satisfies the integral equation 


H =H + HO OX (2.8) 


E™— Hp 


We see that H,,, is energy dependent, complex, and nonlocal. These properties 
are consequences of the presence of the propagator 1/(E*.— H gg): Because of 
this, there is a dispersion-type relationship between the real and imaginary parts 
of #.,,. To derive this result most simply, we express H,,,— Hp p in terms of 
the eigenstates of the operator Hyg. This operator will generally have bound 
eigenstates whose eigenvalues form a discrete spectrum, and unbound eigenstates 
whose eigenvalues form a continuous spectrum. Hence 


Ho9®, = 6, (discrete) 
(2.9) 
A yg P(E, a) = & P(E, a) 


where a is an index which together with & specifies the continuum state. 
These state vectors are assumed to be normalized and therefore form an 
orthonormal set: 

<®,|®,> = 0,,. ®,|O(8, «) > =0 

CD(E", o') | D(E, a) > = d(€’ — E)d(a — a’) 
Then 


(2.10) 


H,,®,><®,A, H.,.® © 
H gq — Hyp = J ea Datla. | da (a Bea AG oe 


P E-é6é, hO) 29 
Using the result 


1 Pp 


where # indicates that the principal value integration should be taken and 
o(E — &) is the Dirac delta function,.we obtain 


Hp ®, >< OH 
Re(H 5, — H pp) = > —fe sen or 


dé 
Ss E—é6, +9 | A | dtp, a) ><D(E, «)H op 


(2.114) 


while 


Im(H.¢¢—Hpp) = —2 | da H py ®(&,a)><O(8, a)H gp (2.11b) 
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Note that this operator is negative definite, as it must be to represent a decrease 
in flux in the prompt channels because of the presence of open channels in 2 
space. Substituting (2.115) into (2.11a) yields 


Hpo®,><®,Hpp 1 dé 
Re Haq = Hyp + ne Oar _ 1g | Oe agit Aen(6) (2.12) 


where it is assumed that H pp is real, as is usually the case. 


Problem. Show that (2.12) can also be written 


Veg? ><OV, 
Reva E86. a 


9 | Ae Im V...() (2.13) 
This result is the nuclear analog of the Kronig—Kramers relation between the 
real and imaginary parts of the index of refraction for light (see Fig. 1.4) 
propagating through an infinite medium. For an infinite nuclear medium there 
are no significant closed channels at low excitation energies, so that the second 
term on the right-hand side of (2.13) is essentially zero. However, at energies 
that permit the excitation of isobars, this term could be appreciable. 

We turn next to resonances. Recall from the simple example of the preceding 
section [see (1.3) et seq.] that resonances are associated with the bound states 
of the time-delaying component of the wave function. In the present context, 
this is Q‘Y. The bound states are now given by ®,, with energies &,. As one can 
see from (2.10) for H,,,, rapid energy dependence of H,,, will occur near &,, 
and one would predict that rapid energy dependence and therefore a long time 
delay will occur for E~ &,. For E near &,, H,,, can be written 


_ H,,,®.)<®.H 
H cp = Hpp + —2 2 oe QP (2.14) 


where all the remaining terms in the expansion (2.10) have been grouped together 

to form H,,, which will be assumed to have a slow energy dependence near 

&,. We shall see what this means after examining its consequences. Equation 

(2.14) is equivalent to the partition in which 2 contains only one state ®,. 
The Schrodinger equation (2.6) becomes 


= H,,,®.)<®.|H,,,P¥ 
(EH, (PY = Mea? BalHoeP#> 


Its formal solution is given by 


1] Hpg®,><®,|H opPP > (2.15) 


PY = x) + —____ 
BOF E-6, 
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where x‘*?, the distorted incident wave, is the solution of 
ry + 
(E — Hpp)x' )—( 


satisfying the outgoing wave boundary condition. The 7 matrix giving the 
transition amplitude is 


(Xs |Hpg?,><®,| HopP¥ > 


P 
GF 5 = JF ra + 
E é 


fi 


(2.16) 


where 7“) is the prompt direct amplitude associated with the first term of 
(2.15), and x? is the solution 


(E = H pp)x5™ = '@) 


describing the final amplitude satisfying incoming wave boundary conditions. 
Returning to (2.15), multiply both sides by ¢®,H op, yielding 


D,| Wo9oPs >< ®s| HopPP 
(,|HypPP) = (| Hop x(t?) + SPs Moos? Psi Hop PY > 


E-8@, 
where 
W,,=H H (2.17 
QQ ~~" QP E“)_ Ff, PQ : ) 
Solving for ¢®,|HopP¥ >, one obtains 
<o,|H_ Py) — E896 sl opki”? 
: oe E—&,—<®,|Woo®,> 
Inserting this result in (2.16) yields 
(-) (+) 
F = 71) 4 SEE NH rg®,)< Pal Hoot» a 


E— &,—<®,|Woo®,> 


This is a typical resonance formula. As expected, the resonance occurs near &,. 
There is an energy shift and a width that are given by the expectation value of 
W ° 
QQ° 


(,|Woo®,> = A(E) — $i (E) (2.19) 
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so that 


Fag Pg SEP NH pps) Pel H pt? 
=F" 


- E—E,+(i/2)I, ay 


Note that E, and I, are functions of E. The statement that E, is the resonance 
energy assumes that their energy dependence is weak. Inserting Wg, from (2.17) 
into (2.19) provides more explicit expressions for A, and I: 


l 


P 


<®,| Woo?s = (9, OP 
| ake oe 


P | 7 
Hop——— Hpo®, — in ®,|H opS(E — App) H pg ®> 
B=. 


Comparing with (2.19), we see that 
B= 2n<®,|HopO(E — H pp)H po ®, > (2.21) 


Introducing a complete set of states y‘*) of the Hamiltonian H ,, at the energy 
E, one obtains 


DP, = 229 |<®,|Hopx>/? = DT, (EB) (2.22) 


The width I, is thus the sum of partial widths T.,, corresponding to the decay 
of the state ®, into various possible channels with the same value of the energy 
E. The numerator of the resonance term in (2.20) is obviously related to these 
partial widths: 


(®,| A opx;””> — gidi | _si— oidi_Isi_ 


2n JT 


id 
I, "Ger 


es Ge ee as, = 2.23 
CXF | PO > On Jan ( ) 

where 0; gives the phase of y‘*), that is, 
ie. = QF, (2.24) 


where F; is real. Since ®, is a bound-state wave function, it can be taken as 
real. These results, (2.22) and (2.23), upon insertion into (2.20), yield the familiar 
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Breit—Wigner formula! 


T ag 4 + iets) Isf9si___ (2.25) 


pS ae De E—E,+4ir, 


Further properties of I’, will be discussed later (see p. 242). 

The subscript s represents all the quantum numbers required to specify the 
bound state ®,. These will certainly include its total angular momentum J and 
its parity IJ. The resonance therefore contributes to a particular partial wave, 
while the prompt, direct amplitude 7 oe will generally involve several partial 
waves. 


Problem. Show that 


7 -1o(# T(E’) 
E—E' 


Show that 


DP s= 2m), Cy (H — App) Ixs> 


This one resonance + direct amplitude description is exact. It is not, however, 
useful if the direct amplitude 7%) and therefore E,(E) and I’,(E) vary rapidly 
with energy FE near E,. Generally, if the resonances arising from the bound 
states at &, aré well separated, the direct amplitude is observed to vary slowly 
with energy. However, if the separation in energy D between neighboring @, is 
on the order or less than I,, it would be necessary to remove a group of 
resonances in, say, an energy interval d, before the direct amplitude would 
become relatively constant over the energy region in the center of d. The 
resonances are then said to overlap. The formalism developed above can readily 


‘Equation (2.24) assumes that y‘*) and xf ) are eigenstates of S,, the S matrix associated with H pps 
with eigenvalues e?'*' and e's, respectively. However, if they are solutions of coupled equations, 
that is, if the prompt space contains more than one channel, as will occur if direct inelastic or 
transfer reactions are energetically allowed, that will no longer be the case. It is then necessary 
to introduce the real orthogonal transformation M,,, which connects an eigenfunction of S,, x, 
with eigenvalues e?'**, with an open-channel distorted plane wave such as x‘*?. This transformation 
is obtained in the course of solving the prompt problem. Then (2.25) is replaced by 


ones Se IsaJ SB 
; M gi 
2n E—E,+iiI, 


Tee 
J ,==M, | alte, + (2.26) 


where g., gives the magnitude of ¢®,|H ples Results (2.26) holds in the DWA approximation, or 
when only one channel is open. We shall refer to the latter as the single-channel case. 
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be extended to include this case [Feshbach (58,62)]. However, it will be 
convenient and instructive to use a different but equivalent approach. 

We begin with the general expression that follows from (2.3) and the 
two-potential theorem: 


F p= T+ <xe | pgQ¥ i> (2.27) 


where we have inserted the subscript i on ¥ to indicate that it is the ‘Y developed 
by the incident wave x‘*’. The exact expression for Q‘Y; can be obtained as 
follows: Solve (2.3) for P'Y;: 


PW, = y+ Hy OQ; (2.27’) 
P 


1 
| Dares 
Substituting this result into (2.4) yields the inhomogeneous equation 


(E Hoo = OY; = Hopx; (2.28) 


oo) 


where Wo, is now given by 


Woo = Hop EO _H,, Pe (2.29) 
Solving (2.28), one obtains 
OY , = Hoy (2.30) 
i OPhi ’ 
E— H 99 a Woo 
so that 7 ,, becomes 
1 
TF 7p +( (| H,, —_—_—___——__H ae 2.30! 
fi fi Xr °° E — Hog — Woo opXi ( ) 


The second term gives explicitly the time-delayed component that is generated 
by the coupling of the F space to the 2 space. Its explicit energy dependence, 
as given by the propagator [1/(E — Hgg — Wgg)], can be rapid when E is near 
a pole of the propagator. 

One can recover the result of (2.18) if 2 space contains only one state ®, 
satisfying (2.9). Then 


1 
amie) 
E— Hog Woo 


| 1 
= ®,) es (=) aE 
E—(®,|(Hog + Wog)®,> E—&,—A,+1iI, 
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where (2.19) has been used. Upon inserting this last result into (2.30’). one again 
obtains the Breit-Wigner formula, (2.20). 

The extension of this procedure to the case of several overlapping resonances 
is straightforward. We simply expand 2 space to include just the requisite 
number of bound states ®,. That number is determined by the requirement that 
the energy dependence of the amplitude generated by H,, in the energy interval 
of interest is sufficiently slow. One can then obtain the eigenvalues of the operator 
Hog + Wog by solving the secular equation 


det |(E, — &,)6, — W,| =0 (2.31) 


where 


wR 


Wi = <, | Woo, 7 (®, fet 


ee ae Hpo®) (2.32) 
PP 


The eigenvalues E,, are complex, since W,, is not Hermitian. The result for the 
isolated resonance is obtained immediately if the determinant has only one term. 
The eigenfunctions of Hog + Woo, Q,, are finite linear combinations of the 
bound-state wave functions ®, which have been included in 2: 
Q,= x, 
The functions Q, form a biorthogonal set with the adjoint functions Oo” 
(OQ, = buy 


The coefficients x satisfy the set of linear equations 


> [(E, = E)0., = W,, 1x =0 
t 
while the corresponding coefficient for Q, X™ satisfies 


y x L(E, a E )0 5, W..] =0 


With these results in hand it is now a simple matter to expand 1/(E — Hogg — Woo) 
in terms of Q, and so finally obtain 


A 
eo + (2.33) 


where 


AO =e |HO KOO ay) (2.34) 
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Note that the A‘? are complex and that 


VAM = OK xE 1A pg ®s><P5|Hgpx$*”> (2.35) 


Mn 


where the completeness of ®, has been used. 
Let us for simplicity again consider a single channel, so that 
yo? = @~ 2184 (+) 


VAY = 07?) Cxf OLA pp ®, >|? (2.36) 
m S 


Then 


The A™ and E, are not independent. For example, the diagonal sum rule when 
applied to the secular equation (2.31) yields | 


> Im E, = Im W,, 
LL Ss 
Inserting the value of W., and making use of (2.36), one obtains 


1 ,, 
DAY = ——e# mE, (2.37) 


Lu rn 


For isolated resonances this equality holds for each individual py, thus reducing 
to (2.22), which states that the total width (= — 2Im E™) equals the sum of the 
partial widths that appear in the numerator of the resonance amplitude. 
Equation (2.37) states that this equality holds on the average, that is, 


2nd |<x$'|Hpg®,>/? = —2Y Im E, (2.38) 


y 


Other relationships, such as (2.37), may be obtained from the properties of the 
secular equation (2.31). 

Because of the relationships between A“ and E,, the number of independent 
real numbers required to describe the resonance term in (2.33) is not as large 
as might appear. Without these connections each term involves two complex 
numbers, AY and E™, or four real numbers, We shall shortly derive a more 
economical expression in which this number of real parameters is reduced by 
one-half. 


It is instructive at this point to show that relationship (2.37) is a consequence of the 
unitarity of the S matrix. For this purpose it will suffice to develop this relation for 
single-channel elastic scattering. Then 


A 
4 E-E 


m 
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From 
S=1-27ni7F 
one obtains 
Aw) 
E-E 


m 


S=S,—2ni) 
where S, is the S matrix for the prompt process. It is convenient to introduce #™), 


which is defined by 


AM = Sa 


Hence 


J) 
s=5,] — 2ni¥ | 


E-E 


u 


To avoid obfuscating complications, consider the simple case of just two resonances, 


7 
5=s,] 1-2n( “14 2) 
E—E, E—E; 


= Se ead 
* (E — E,)(E— E) 


Unitarity, SS* = 1, requires that 
(E — E,)(E — E,) — 2nio ,(E — E,) — 2niod .(E — E,) = e8~ FD E- Fa) 


where the phase / is to be determined. Equating coefficients of E* on both sides of the 
last equation gives 1 = 0, while equating the coefficients of E yields 


E, + Ey + 2ni(ol, +.) = E* + E* 


SO that 


1 
A, + A,= 


—(Im E, + Im E,) 
Tl 


Or 
1 
A, + A, = ——S,(Im E, + Im E,) 
7 
in agreement with (2.37). 
Problem. Consider the case where several resonances contribute. 


It is clear that many other relationships can be obtained by comparing 
coefficients of still lower powers of E. Not all of these relationships are 
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independent. It thus becomes important to determine the number of independent 
constants appearing (2.33). 


The XH Reactance Matrix (Feshbach (67a) ). Consider (2.28) once more, where, 


it is to be recalled, 2 space contains a finite number of bound states ®,. 
Expressing Wo, more explicitly, (2.28) becomes 


Pp 
(e = Hoo — Hor =“ Ha JOY + in) Hopxy <x" |H pg QP? > =Hopx;”? 
PP Y 
(2.39) 


where y designates those open channels whose energy equals the initial energy, 
E. The wave functions for the incident state yj*) belong to the set y‘"), while 
x5’ belongs to a corresponding set of states x‘). To simplify the formal 
manipulations it is useful to introduce the projection operator O: 


OS a (2.40) 
Y Y 


with 


Also, let 


so that (2.39) becomes 


(E— # o9)QOY + itA yg gH ogQQ = 1s Pavey de (2.41) 
where 
Hog = OHQ 
From (2.41) 
OY = 
E—# 99+ itHggH og 

Note that 

ee eN ere, | eer eee eee ee |e 

E—#H 99+ itHggH og 1+ inl1(E- Ag) lA goHog E- H a9 

It l 


= ——___ Hyg ———_—___________— 
E-H#o. °° 1+inH LIME — HX 99) Hoo 
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where we have made use of the operator identities 


! ! 1 11 


1+ AB 14+BA XY YX 


Inserting the resulting expression for QP into (2.27) yields 


ei Rep au) (2.42) 
where 
H =Hoo eee: Hoo (2.43) 
E-# oo 


Note that % is a finite Hermitian matrix for real E. We also note that the S matrix 


2niK 
RP eo fy gee eect 
1+inKk 
or 
= _\| 20K 
Si= KXF a> = (a met”) 
Finally, 
1-—inKk 
Sa=( 70) | ey? 2.44 
fi (xs ta inn ™ ; (2.44) 


The unitarity of the S matrix can be demonstrated from this result. Note, 
however, that it is not immediate, but requires the use of the relation between 
the distorted waves {*), x) and the undistorted waves. 


Problem. Prove the unitarity of S,, of (2.44). 


To obtain a resonance expansion of 7, we introduce the eigenvalues x, and 
eigenfunctions of the operator #, which is Hermitian when EF is real: 


HY, =«,Y, (2.45) 


The functions Y, form an orthonormal set. They are also eigenfunctions of / 
where 


_1l-ine 
1+inKk 
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Zid 
3 


with eigenvalues (1 — izx,)/(1 + izx,). If we write the eigenvalues of as e 
we find that 


tan O,=—TK, 


It is possible to express x, in terms of e,, the eigenvalues of #9, with corre- 
sponding eigenstates ®,. We note that 


COE 


K,=<Y,|HY,> = « H a) 


or 
= [Fal Hogs)? 
Pos E—e, 


Defining the widths 
2 — , \12 
Vis = 271¢ Y,|Hoo®, >| 


we obtain finally! 


2 ; 
ee er (2.46) 
E—e, 


Note that y,, and e, are energy independent if the projection operator Q is 
chosen to be fixed with energy. 
The transition matrix is then given by 


T 53 Fi + Ly Oe Oe (2.47) 
Ky 
while 


= Lae YD; Tries tala) = Lay Yer Yilxe > (2.48) 


It is often convenient to work in a representation in which S is diagonal and 
project to the scattering states y‘*, as given explicitly by (2.48’). In the single- 
channel case the potential S matrix, (yj? |x}7)>, and the full S matrix are 
diagonal simultaneously. The resonance energies are given by the poles of (2.48’), 
that is, when 


1 + ink, =0 


*Note that k, is real for real E, with poles on the real axis with positive residues. However, x,, is 
not rigorously an R function in Wigner’s terminology because e, and ®, are functions of the energy. 
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or 


2 E-e, 


For an isolated resonance, that is, e, takes on only one value e,, this equation 
yields the resonance energy, e, — iy,,/2. The shift A, no longer appears because 
of the difference between Hyg and #g 9. To compare the result directly with 
(2.23), consider the case where yp is restricted to one value; that is, we consider 
only a single channel. There is then only one x,(=x), so that 


| 1 __ g2id 
Gs 2.48”) 
2ni 1+ ink 
and 
Si = Pe seeds = g2i(5+o) (2.49) 
1+ ink 


Assuming as an example that there are only two states ®, and ®, in Q, (2.46) 


yields 
c= 3 ( p+, ) 
2n\E—e, E-e, 
and 
1 TE—A 
as = (2.50) 
l+ink 2n(E—e,)(E—e,)+(i/2)(TE—A) 

where 


T=yitys A= 7102+ 7241 


Equation (2.50) involves only four real numbers, while the resonance series 
(2.33) for two resonances would involve apparently four complex numbers for 
the single-channel case. However, as (2.50) demonstrates, there must be two 
independent relations between these constants. One of these is given by (2.38). 
The others can be derived either from the properties of the secular equation 
(2.31) or from the unitarity condition [see Levin and Feshbach (73) ]. 


3. DERIVATION OF THE OPTICAL MODEL POTENTIAL 


The optical model potential as originally defined [Feshbach, Porter, and 
Weisskopf (54) ] is that single-channel potential which would generate the energy 
average of the elastic scattering amplitude (or the transition amplitude). The 
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energy average was to be taken over a domain, AE, which is large compared 
to both the width I’ of the individual resonances or fluctuations in the cross 
section as well as their spacing D. On the other hand, AE should be small 
compared to energies I,, over which the potential scattering amplitude varies 
considerably. For nuclear potentials I’,, is of the order of several MeV, which 
is to be compared with the width of compound nuclear resonances, which can 
extend from fractions of an eV to a few hundred kilovolts. 

In the context of the formalism of this chapter, the energy averaging of the 
transition amplitude is equivalent to an energy average of P'Y, since Y contains 
the incident channel and therefore 7 £) contains the elastic scattering amplitude. 
F can, of course, contain all the prompt channels, so that the analysis which 
follows will generalize the optical model to include these prompt processes, 
such as the single- and multistep direct reactions. 

This result for < P'Y > can be seen directly from (2.27’), which can be written 
as follows: 


1 
PY Hy "ate ae -H pg Qt; (3.1) 
EO =H, 


Averaging both sides according to conditions outlined in the preceding 
paragraph yields 


CPP >= 43 + Ap < QF > (3.2) 


Ee H, 


since the only quantity on the right side that varies with energy rapidly enough 
to be changed by the averaging procedure is QV. The transition amplitude 
generated by (3.2) is clearly the energy average of that generated by (3.1), as 
can be seen from (2.27): 


FT 5,= TZ. + (x7 1H pgQ'? i> 
Upon averaging this quantity, one obtains 
CF p= TR AKKL | pg< O¥>> (3.3) 
To determine the optical model potential it is necessary to determine the 


Schrodinger equation satisfied by < PY). Toward this end, we replace OY in 
(3.2) by the result, (2.30), obtaining 


Nt 1 | 

CPH,) = 1S + as Hag — ) Hartt” (3.4) 
PP 

where 


C99 =E— gg — Woo (3.5) 
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Operating on both sides of (3.4) with E“? — H,, yields 


1 
(E— Hpp)< P¥;) = Hro( —)Hopt! (3.6) 
QQ 


This could have been directly obtained from (2.3) since it leads directly to 
(E — Hpp)< PY; > = Hpg< QP; > (3.7) 


We now replace x‘*) in favor of « PW) by solving (3.4): 


y= 


ee ee Re a7 
1+ [I(E™ — Hyp) Hp legg) Hoe ? aD 


so that (3.6) becomes 


1 


1 | 
(E — Hpp)< PY; > =H (=) oe 
sd Pe \eog/ 1+ LIKE — Hopp) TH p< 1/egg > Hop 
(3.7") 
Using the operator identity 
1 _ | 
1+CAB 1+BCA 
with 
A= : B=H d -C= 
— om 9 = QP? an i= E) a H pp PQ 
one obtains 
(E—H,,)<P¥;> =H (=) H,p<P¥;> 
cane PON Gna) Ve Hoel AE SHa I epGllegg 
1 1 
Te \ Goo) 1 Wog< Vea 7 
Therefore, the optical model equation for < PY 1s 
1 
E—H,,— Hp,, ————-—_——-H |pr=0 (3.8) 
FECA egg) + Wog * 
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The optical Hamiltonian is therefore 


1 


H .=H,,+ H,,—_————__Hf 
t PP 2 Legg) + Woo QP 


op 


(3.9) 


If <1/eg99> were replaced by 1/egp, (3.9) would return to the exact form (2.7). 

The term (1/e99> represents in an average way the impact of the omitted 
channels in 2. Obviously, the value depends greatly on the choice of the states 
to be in Y, which should be made according to the physics of the situation 
being considered. Choosing only the elastic channel to be in # throws all the 
effects of the other prompt channels into <1/eg,>. This may be what is needed 
if only elastic scattering and total cross section are of interest. If prompt channels 
exist and are included in Y, (3.8) becomes a set of coupled equations with 
complex diagonal and coupling potentials. It should not be surprising that the 
diagonal component of the optical potential for the elastic channel differs from 
that of the optical potential obtained by restricting F to the elastic channel. 
As we shall see, H,,, is absorptive. As might be anticipated, the absorption is 
larger for the single-channel Y space since it must contain the effects of the 
channels that have been placed in 2. 

The reader should note that the optical model potential described in this 
section differs from the optical model potential derived in Chapter I. The latter 
is obtained by the multiple scattering approximation valid in the limit of high 
energies and short wavelengths. The optical model potential of this chapter is 
a consequence of energy averaging the fine-structure resonance. As a 
consequence of the averaging process, detailed information (e.g., regarding the 
resonances) cannot be obtained from the optical model potential and its wave 
function. 


Averaging. It now remains to evaluate (1/eg,>. The average of any function 
F(E) is given in terms of a normalized density p(E, Eg) as follows: 


<FIB)> = |v, Eo) F (Eo) dE (3.10) 
where 
ie Ey) dE, =1 
Therefore, 
(+) | ot Bo dE (3.11) 
— )= | Pe, £o) ———— 4£0 
sa OX) Ey — Ho9— Woo 


Note that Woo is a function of energy but a slowly varying one, so that the 
only energy dependence we need to consider is the explicit one. It should be 
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recalled that 1/e9, varies rapidly with energy because of its complex poles, that 
is, because of resonances or fluctuations. 
Two forms of p(E, E,) are in common use: 


A 1 
P(E, E,.) = — —-—_—“—_- Lorentzian (3.12) 
2n (E — E,)* + (A/2)* 
1 AE 
AE B= 16|<—= 
p(E, Eo) = box average (3.13) 
AE 


0 |E-Eg|> = 


These two forms emphasize differently the resonances at a distance from Eo, the 
box average giving them zero weight. It is possible to devise a family of density 
functions which vary from the Lorentzian to a Gaussian that is similar to the 
box form [Levin and Feshbach (73) ]. These will give differing answers for the 
integral defining ¢1/e9 >. For the present it will suffice to discuss the conse- 
quences of the two examples above. 

The Lorentzian has the advantage of analytic simplicity. Consider the 
Lorentzian average of F(E): 


_A®  F&) 
FO | en ey ane 


Assuming that F(E,) has no singularities in the upper half of the complex E 
plane and that it is well behaved on the infinite semicircle, it 1s a simple matter 
to evaluate the integral using the calculus of residues. One obtains 


(Fb). = F( E+] (3.14) 


Hence 


(+) a er (3.15) 
€o9/4 E+(iA/2)— Hogg — Wog 


The effect of the averaging process is to increase the width of each resonance 
by A. Since A is assumed to be large compared to each of these widths, the 
fluctuations caused by the resonances are completely smoothed. The optical 
Hamiltonian, (3.9), becomes 


| 


Hot = H pp + Upp —— 
(Boot = Hoe + Meg E-Hygt(i/2A * 


(3.16) 
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To obtain the box average it is convenient to evaluate a typical term in an 
expansion of 1/eg9: 


] l E+(1/2)AE dE, 
(eceawa) “ul... E, — E, + (i/2)T, 


1 ((2/PsE-Est(1/2)AE] yj 


dx 


AE Q/T)E-Es~(1/2)AE) x + 1 
As long as 
|E—E,|«5AE (3.17) 


that is, near the center of the interval, 


( a )--3 (3.18) 
E—E.+(i/2)r, AE 


Condition (3.17) can be rephrased to state that (3.18) is valid for resonances in 
an interval 6E about E as long as dE « AE. For (3.18) to be useful, the following 
inequalities must hold: 


AE>0odE> ‘p (3.19) 


This condition is not restrictive except in the case of extraordinarily broad 
resonancest. From (3.18) it follows that 


(+)= ee (3.19’) 
C00 AE 


The optical Hamiltonian 1s then 


itt 1 


H ~-~— H,) —_————_H 
AE *°1_—(in/AE)Wog 


H pp (3.20) 


Suess = 


In both cases the optical Hamiltonian is complex. In the limit of large A (or 
AE) the imaginary part is negative definite, as it must be so that the optical 


tEquation (3.18) is not valid for resonances near the edge of the interval AE. This is referred to as 
the edge effect. If the edge effect is substantial one expects a sensitivity with respect to the averaging 
interval AE. Generally, experimental results are quoted when the data are insensitive to AE and 
thus (3.18) may be taken as valid for that reason. The edge effect is also present for the Lorentzian 
since it weights these resonances beyond (E + A/2) in a particular way. 
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potential is absorptive. This is expected since the elimination of the channels 
in 2 space leaves some of the flux unaccounted for. 

More graphically, an energy average of the wave function is equivalent to 
the construction of a wave packet, whose passage time at a given space point 
is on the order of (h/AE). The differing averaging densities, p, develop different 
shapes and time dependence for the wave packet. The Lorentzian, for example, 
leads to an exponential decay with time. As developed in deShalit and Feshbach 
(74, p. 91 and following), the prompt amplitude will not contain any contribution 
from the delayed component, whose time delay is h/T, [ « AE. Thus when the 
incident wave strikes the nucleus, part of it passes through promptly, and part 
of it is delayed. The prompt amplitude does not contain the latter, so that the 
averaged prompt amplitude exhibits absorption. Moreover, as the width for 
the resonances (or fluctuations) increases, or equivalently, if it is necessary to 
consider a number of resonances simultaneously because they overlap, this 
separation in time between the delayed and time component will be reduced, 
raising the question of how much should be assigned to each. Clearly, if the 
width is on the same order as AE, there can be no distinction between the two 
and the optical potential should be real, in the absence, of course, of true inelastic 
processes. 

The shape of the wave packet plays a critical role for this issue. (H,,,), does 
not depend on Wo, and does not show this effect. On the other hand, (H,.,.),.. 
does. For that case we evaluate the imaginary part of the expectation value of 
this potential, which is directly proportional to the absorption: 


Im {<P |(H 55.) b0x6 PP > 
1 


— In 
AE POT Gn/ABLIE™ — mat) 


(3.21) 


=Im( <P¥) 


where we have used (3.7”) and (3.19’). Noting that (3.7’) implies that 


iT 1 
<P> = (1 gi Heatlor at” 
AE E™ — H,p 


we can rewrite (3.21) as follows: 


Im { {PP} |(Vo5.)pox< PP > 


itt | — It 
_ (+) =< (+) 
=Im( ( + Mller asa) AE Hrallor ) 


Assuming that y{*? is an eigenstate of Sp, so that 


ae Sy eo F 
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where F is real, one obtains 


Im { {PP >|(Vea) box PP > 


T 
— HygHap + 25H, Hp H gpS{E — Hp)H poll get” 


Introducing the widths [see (2.35) and (2.22) | 
= 2n|<®,|Hopxy"?> 1? 


and restricting Y space so that it includes only y$*?, we find that 


I 2 
absorption ~ —Im<¢ < PP 9 |( Vander PPD) | EET =a eral OTs) 
(3.22) 


Thus the absorption differs from zero if 
(3.22) 


where <D» is the average spacing between resonances. This condition agrees 
in order of magnitude with Wigner’s limit [Lane, Thomas, and Wigner (55) | 
and has been derived in another fashion [Feshbach (69) ]. This should not be 
taken as a rigorous condition on a given channel strength function, as it depends 
on a particular choice of the averaging density. However, it does have a 
qualitative significance. In fact, it can be shown [Mello and Feshbach (72) ] that 
large widths imply a strong correlation of widths with resonance energies and 
a hypersensitivity with regard to the choice of the averaging interval AE. 


4. INTERMEDIATE STRUCTURE, DOORWAY STATE RESONANCES, 
AND GIANT RESONANCES! 


The subjects of this section have been discussed in deShalit and Feshbach 
(74, pp. 99-104) and in Section I.6. It will therefore suffice to provide only a 
brief review before entering into the formal description. 

Intermediate structure refers to an energy dependence of the cross section 
whose scale, Ij, lies between the width, I".,, for the fine structure produced by 
compound nuclear resonances or Ericson—Brink fluctuations (see Chapter IV) 
and the width, I,,, for the gross structure that would appear in the cross section 


*Block and Feshbach (63); Feshbach, Kerman, and Lemmer (67). 


180 FORMAL THEORY OF NUCLEAR REACTIONS 
for single-channel elastic scattering produced by.a real local potential, that is, 
Bes ie eee (4.1) 


To observe intermediate structure it is necessary to average the cross section 
(either by numerically averaging good resolution data or by using poorer, but 
not too poor, experimental energy resolution). In this way the fluctuations in 
the cross section are smoothed and larger widths become visible. The interval 
AE over which the average is made should be less than I, but much greater 
than D, the spacing for compound nuclear levels. This process is demonstrated 
in Fig. 1.13.7 of deShalit and Feshbach (74) for an isobar analog resonance. 
Conversely, intermediate structure should exhibit fine structure when examined 
with sufficiently good energy resolution. This is illustrated by Fig. I.1.1, which 
shows the fine structure associated with two isobar analog resonances at 2.77 
and 3.14 MeV. 

Many examples of intermediate structure have been observed. So far we have 
discussed the giant electric dipole resonance, the subthreshold fission cross 
section, and the isobar analog resonance [see deShalit and Feshbach (74, p. 
99-104) ]. Giant resonances generally are examples of intermediate structure. 
The quadrupole resonance at an excitation energy of 60/A‘/* MeV, the electric 
monopole mode, and the Gamow-Teller resonances are examples. The light 
heavy-ion system '*C + 17C exhibits intermediate structure involving many 
resonances, as shown in Fig. 4.1. These fragment into fine structure when 
examined with very high energy resolution. 

All the foregoing cases involve isolated resonances. However, there will be 
cases in which they overlap. For these a statistical theory of the type that has 
been discussed briefly in Section I.6 and is discussed more fully in Chapter IV, 
is appropriate. 

The states corresponding to these resonances have been referred to as doorway 
states and the corresponding resonances as doorway state resonances { Block 
and Feshbach (63) ], to emphasize that they serve as the first stage beyond the 
entrance channel in the development of the complex compound nuclear state; 
that is, the system would have to pass through the doorway state before the 
full complexity of the compound nuclear state could be generated. This 1s 
illustrated in Fig. 4.2. The doorway state is a relatively simple state, not as 
complex as the compound state or as simple as the entrance channel state paral- 
leling the inequality (4.1). The hypothesis that such simple states exist and that 
they are the only states that couple strongly to the entrance channel will be 
referred to as the doorway state hypothesis. 

A simple, although somewhat idealized example will help to make the 
doorway state hypothesis more concrete. Suppose that the incident projectile 
is a nucleon. Suppose, moreover, that its energy is such that no reactions are 
possible, so that only elastic scattering can occur. The entrance channel wave 
function, y{*?, then describes the motion of the incident nucleon in the field of 
the target nucleus. This nucleon—nuclear interaction is specified by a model 
Hamiltonian that is appropriate for this energy range. The remainder of the 
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FIG. 4.1. Nuclear structure factors derived from the total y-radiation yields of the 
'2C 412C interaction. [From Erb and Bromley (84).] 
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wave function is generated by the residual Hamiltonian given by the difference 
between the exact and model Hamiltonians. As an example, suppose that we 
idealize this residual interaction by assuming that it consists of a sum of 
two-body interactions. Furthermore, as an example, suppose that the target 
nucleus has a closed shell or subshell so that the appropriate entrance channel 
Hamiltonian is the shell model Hamiltonian. The entrance channel is then a 
one-particle state in shell model terminology. The residual interaction acting 
on x‘*? will excite a particle-hole pair, the incident nucleon changing its state, 
generating a two-particle/one-hole stafe (2p—1h). The states produced in this 
fashion, or a linear combination of them, are doorway states since they are the 
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only ones that are coupled by the residual interaction to the entrance channel. 
All the states of this complexity (i.e., of the 2p—1h structure form the doorway 
state space, Y. Since the particle-hole interaction can build up collective states 
with preferred spin and isospin (e.g., the dipole J=1~, T=1 state), a doorway 
state may often be more simply described as a particle plus vibration state. 
More generally, a doorway state can be a particle plus a collective state, and 
then it may be more convenient to employ collective variables in describing 
the residual interaction. 

The above is simply an example; the doorway concept is not limited to the 
case of a nucleon incident on a shell model target nucleus. The examples of 
intermediate structure listed earlier include the case of an incident photon (E}), 
an incident «-particle, or the collision of two ‘*C nuclei. What is required is that 
upon the first collision [Weisskopf (60)] the residual interaction produces a 
relatively simple configuration, analogous to the 2p—th states discussed above. 
In the case of the giant dipole resonance, that simple state is well known to be 
a linear combination of particle-hole excitations [see deShalit and Feshbach 
(74, p. 491) ]. 

As discussed in the introduction to this chapter, a resonance occurs whenever 
there is an approximate state of the system that is bound and whose energy 
equals the total energy of the system. The important point is that in this state 
the energy has been redistributed and a sufficient fraction of the incident kinetic 
energy has become internal energy. A doorway state has just this property, 
namely that some of the system’s energy has been used for excitation rather 
than remaining as kinetic energy. In the example quoted above, this energy is 
used to excite a particle—hole pair. If, in addition, the total energy of the doorway 
state equals the incident kinetic energy, a doorway state resonance will occur, 
producing as a consequence intermediate structure in the cross section. 

The resonant doorway state wave function will generally be composed not 
only of the states generated directly by the residual interaction acting on the 
entrance channel wave function but will also include additional components of 
the same complexity. These are contained within doorway space %. In our 
example, after the initial formation of 2p—lh states, the nuclear Hamiltonian 
acting on them will produce others (as well as states of different complexity) 
which are not directly coupled to the entrance channel. The resonant doorway 
state, being an approximate eigenstate, will generally involve these components 
as well as the directly coupled ones. 

The resonant doorway state is not an exact stationary eigenstate of the 
nuclear Hamiltonian. It will decay with time and thus has a width. In addition 
to the escape width T!, caused by transitions to various exit channels and 
common to all types of resonances, there is the width, which is a consequence 
of the possible transition to states of higher complexity, roughly speaking to 
the fine structure states (see Fig. 4.2). This width, T'}, is referred to as the 
spreading width, ';. The total doorway state width, I, is the sum of these two: 


r,=Ts4+r) (4.2) 
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The visibility of the doorway state resonance depends critically upon Tj. If Ty 
is too large, intermediate structure will not be seen. 

To see this, let us turn to the expression for the / = 0 elastic scattering cross 
section, which applies to this case [compare (2.20) ]. 


2 
es aS ee 
I? (E—E,) + WT }+T) 
where h”k?/2m is the energy and 6 is a phase shift. We see that I’; acts as an 
additional absorption. The maximum magnitude of the resonant doorway term, 
the second one, occurs at E = E, and is equal to '!/T,, proving the point made 
in the preceding paragraph. 

Stating this result in another way, if the coupling between the resonant 
doorway state and the compound nuclear states, whose energies differ 
appreciably from E,, is substantial, the spreading width I; will be large and 
the resonant cross section will be reduced appreciably. Moreover, if as a 
consequence of this coupling, I’, is on the order of or greater than D,, the energy 
spacing between doorway resonances, these will overlap. The doorway reso- 
nance will not be isolated and an energy average of the fine structure will 
consequently average over more than one doorway state, preventing direct 
observation of the character of each individual doorway resonance. 

We turn to the quantitative description of doorway state phenomena. The 
Hilbert space will now be partitioned into three parts, A+2D+ 2’, where 7 
will contain the prompt channels, Y, the doorway states, and 2’ the more 
complex states, as indicated by Fig. 4.2. Comparing with (2.1), we have 


I=9+ID (4.3) 


It is, however, more convenient, for the derivations given below, to group the 
doorway states with the prompt channels. Let the projection operators that 
project onto the #7,Y, and 2’ subspaces be P, D, and Q’, respectively. 
Orthogonality of the spaces is presumed, so that 


P?=P PD=0 PQ'=0  DQ’=0 
P+D+Q'=1 (4.4a) 


Finally, let 
P’'=P+D P+Q'=1 (4.4b) 
The analysis of Section 2 applies. One can, for example, immediately write 


| 


a Gq- P’ = 
Q'Q’ 


oe) (4.5) 
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where 
(E — App Jp =0 


The functions @ can be resolved into prompt and doorway components Pd 
and D@ satisfying the equations 


(E—H,,)P¢ =H, Do (4.6) 
(E — Hpp)DO = HppPo (4.7) 


7“. is the transition amplitude generated by this system. Since these equations 
are identical in form (simply replace Q by D) with (2.3) and (2.4) it is entirely 
possible, depending of course on H, for this system to exhibit resonances which 
will be present in 7 %,) (see Fig. 4.3). The analysis follows exactly that leading 
to (2.20) or (2.30’). These resonances are the progenitors of the doorway state 
resonances, for the coupling to 2’ has not yet been included. They will have a 
width that is roughly the escape width I'!. To obtain the full width it is necessary 
to average over the fine structure, that 1s, obtain the optical potential for this case. 
As we saw earlier, the energy averaged wave function <P’ satisfies 


(E-—HA.)< PP) =0 


opt 


where 


I 


pope ee ee ey (4.8) 
"(Wega +Woe ** 


Hes = H psp, + H 


We now introduce the critically important assumption, which we shall refer to 
as the strong doorway assumption, namely that Y couples only to Y. In other 
words, 2’ does not couple directly to 7. This assumption leads to the equations 


H pg = 0 Hog: =H yo. (4.9) 
Therefore, 


I 
H.. = Hp.p. + Hp4. ———_———__- Hg. 


op 


(4.10) 
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FIG. 4.3 
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It follows that the equation for <P’) can, by virtue of 
(P'P) = (PP) + (DP) 
be written as a pair of coupled equations: 
(E — Hpp)<P¥) = Hp, (DP) (4.11) 
(E — Hyp — Woy) D> = Hyp PP (4.12) 
where 


= 1 
Wp = Apo: ——__-_—__ Hg. 4.13 


Comparing with (4.7), we see that the coupling of 9 with 2’ has produced, 
upon energy averaging over the fine structure, an additional complex term W,, 
whose imaginary part will give rise to [}. One can now immediately obtain 
the analog of (2.30’) by the procedure used to derive that equation. The result is 


CF pi? ae a + (up 


l 
H pp = Het?) (4.14) 
E— Hyp — Wop — Wop 


where y{-) are, as before, solutions of 
(E — Hpp)xy =0 
and 


1 
Wop = 4 pp ray PP 
PP 


(4.15) 


Wop describes the coupling of the doorway states to the entrance and exit 
channels. 

If one now makes the single isolated doorway state assumption, (4.14) 
becomes 


GF AF Gi E— E,+(1/2)i(0} + V3) 


(4.16) 


where 


E,= Re<wWal(Hp + Wop + WovWa> 
ri} = —2Im< Wal Wop Wa> = 201” | A ppWa>l? (4.17) 
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Here w, is the doorway state wave function and ®, are the wave functions 
describing the fine structure resonances in 2’ [see (2.9)]. The expression for T'} 
has been obtained by using the Lorentzian average for <1/eg>. The wave 
function w,, a solution of 


(b= AppWa =0 


is a bound-state wave function. The apparent difference between the second 
and third line of (4.17) is a consequence of the differing normalizations of wW,, 
which is normalized so that the volume integral of |y,|? is unity, and y‘- (E), 
which is normalized so that volume integral of ty *(E)y(E') is O(E — E°) As 
anticipated in the introductory remarks, the mae ide of I's will depend on 
the magnitude of the residual interaction Hpg,, and on the rate with which the 
series over q converges. If contributions from distant resonances are important, 
Ts will tend to be large and the resonance obscured by the single-step amplitude 
FP) 

‘Some further consequences of doorway state resonances can be uncovered 
by studying the one-channel case. Then the elastic scattering <7 > matrix, 
according to (4.16) and (4.17), is given by 


(TF = GFP) te i e2id r} 
2n «=6(E—E,) + 4i(T} + T) 


The average S matrix that follows is 


519 (E — Ey) + 40 —T)) 


eee 4.18 
(E—E,)+ 50} + U3) oe) 


<S> =e 


As is obvious, <S» is not unitary because of the spreading width, rs, which 
acts, as stated earlier, as an absorption. The transmission factor (p. 243), T, 
reflects the presence of absorption since 


T=1-|<S)/? (4.19) 
which, in the present case, is 


rw 


= 44 __ (4.20) 
(E—E,) +303 


Recall that the average absorption cross section is proportional to T. Thus we 
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obtain the important result that the cross section for absorption into compound 
nuclear state is enhanced by the presence of doorway state achieving a maximum 
at E = E,. Obviously, the transmission by the doorway mechanism will be zero 
if there is no coupling of the entrance channel to the doorway state ([! = 0) or 
if that state does not couple to the compound nuclear resonances (I'} = 0). 

The symmetry of T about E = E, is a consequence of the strong doorway 
assumption, namely that the entrance channel couples only with the doorway 
state and not with the more complex states. We now examine the effect of 
allowing such direct coupling. Upon energy averaging, one obtains, instead of 
(4.11) and (4.12), the following equations: 


(E — Hpp — Wpp)< P¥ > = (Hpp + Wpp)< D® > (4.21) 
(E — Hyp — Wyp)< D¥ > = (App + Wop) PPD (4.22) 
where Wpp is given by (4.13) and 


ue 1 


Wop = H pgp ——--———__ Hn 4.23 
PD PQ Lexy Was. Q’D ( ) 


Wpp represents the effect of the direct coupling of the subspace FY of the prompt 
channels and the subspace 2’ on the generation of components contained in 
subspace Y, while 


2 1 


Wpp = Hpg. —-_—__—__——— Ho: 4.24 
PP PQ Lilepciy Wa Q’P ( ) 


represents the effect on the prompt channel of such coupling. All the elements 
of the W matrix are complex. The analysis of (4.21) and (4.22) is identical with 
that of (4.11) and (4.12). 

One effect of the complex W matrix is to make the potential scattering 7, 
absorptive, that is, the phase shift for the single-channel case has a positive 
imaginary part, while another is that the escape width I! given by 


rs = 2n<x¥” |(H pp + WopWa >< Wall pp + Wop) x$*?> (4.25) 
is complex since Wpp is not Hermitian; hence 
rt =|rtle (4.26) 


The S-matrix equation (4.18) is replaced by 


— p2id,—2n meas | 4.27 
So alles ; ‘(E—E,) + 204 oe 
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where 6 + iy is the potential scattering phase shift and I, is the total width. 
The transmission T given by (4.19) can readily be evaluated. As long as @ is 
not equal to zero, the resulting T is not symmetric about E = E,. In Fig. 4.4 
the T for the symmetric case (@ = 0) is compared with the result obtained when 
go #0. The latter is asymmetric and has an interference minimum. Both of these 
features are a consequence of the relaxation of the strong doorway assumption, 
Hpg = 0, thereby permitting a direct coupling of P and 2’, Hpg #0. 

According to the preceding discussion, the wave function for the nuclear 
system ‘VY, can be broken up into three components as follows: 


Y = PY + DP +0" 


The first term, P‘Y, describes the prompt channels. In the neighborhood of a 
compound nuclear resonance, (D + Q’)'¥ = QP is given by ®, and DY is given 
by the doorway state, w,. Interestingly, the overlap of Ww, with ®, <®,|w,>, 1s 
quite small. In other words, wy, need not be a major component of P in order 
to serve as a doorway state. Or, conversely, the doorway state is built up out 
of small fractions of the compound nuclear resonance wave functions. 

The overlap, <®,|y,>, can be related to experimentally observable quantities 
as follows. The compound nuclear state width I, is related to ®, according to 
(2.22) by 


D, = 22|< x |Hpg®, >|” 


where for simplicity the discussion is restricted to the single-channel case. 
Expand @®, in terms of w, and the states ©! in 2’. The component of the matrix 
elements involving ®{ is zero because of the strong doorway state assumption. 
Therefore, 


Dy = 20 @1Warl? Cx | Appa >|? 


- OF 


P.=T3l<®,,1Wa>l? (4.28) 
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where the subscript s, indicates that the compound nuclear resonance is 
associated with the doorway state w,. The overlap is then 


I, 
KK OlWa>l? = TH (4.29) 


d 


Since the doorway state width, I’,, encompasses many fine structure resonances 
and I, and I! are usually of the same order of magnitude, I,/T! is found to 
be much smaller than 1. We thus have demonstrated that the overlap ¢®,|w,> 
is small. 

Another insight can be obtained from the average value of I’, averaged now 
over an interval AE containing not only many compound nuclear resonances, 
but also many doorway states. This AE would be appropriate for the optical 
model if AE satisfies 5p > AE >T,. Thus from (4.28) 


1 1 1 
—YT,=—YyTPr! ®, 2__ STi 
AE rep adi War =e da 
Or 
(T.)_ <TD (4.30) 
D, Da 


where D, is the energy spacing of the compound nuclear resonances and D, 
that of the doorway states. As usual, the angular brackets indicate average 
quantities. This equation has a simple interpretation. The ratio <I)/D, referred 
to as the strength function, represents the fraction of an energy interval occupied 
by resonances of average width <I"). Thus (4.30) states that this fraction of an 
energy interval is independent of whether one does an extensive average leading 
directly to the optical model result given on the left-hand side of the equation 
or performs the average in two steps in which first AE « I’, and therefore reveals 
the doorway state resonances and then averages over many doorway states. 


Problem. Derive (4.30) by equating the optical model average of the 
single-channel S matrix with the average of <S>» [given by (4.18) ] averaged 
over many doorway states. 

Returning to (4.29) for the overlap probability, we see that it can be rewritten 
approximately (since the average of a ratio is not the ratio of the average) 


a Pe 


1 ®s|Wa>| = (4.31) 


d Ps 


where p gives the density of states denoted by the subscripts. Again since the 
density of compound nuclear levels is of course much greater than the density 
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of doorway states, the average overlap probability is much smaller than 1, 
reaffirming the earlier conclusion. 


A. Exit Doorways 


The discussion has so far emphasized the connection between the entrance 
channel and the doorway state. Clearly, if in a reaction the final state is well 
defined experimentally, there is the possibility that a doorway state exists which 
bears a similar relation to the exit channel. We shall refer to such doorway 
states as exit doorways, to distinguish from entrance doorways, which are ne 
doorway states discussed above. As one can see from (4.16), the final state ‘oe 
is connected to w, in precisely the same way as the initial state y{*). But shere 
is the possibility that the branching ratio, | v>|HppWa>|"/|< Wal H px}? >|’, to 
the final state is very small, indicating that, in fact, w, is not a doorway state 
for y', ’. However, there is also the possibility that vy connects strongly to 
another doorway state w,.. If these two corresponding resonances overlap, the 
reaction from y}*? to x? will be enhanced. This mechanism is important for 
radiative neutron capture. 

One can obtain the transition amplitude for this case starting from the general 
expression given by (4.14), 


1 
Fara IR (Heo gH | ap (4.32) 
E — Hpp— Wop — Wop 


When there is more than one isolated doorway state it becomes necessary to 
diagonalize (Hpp + Wpp + Wpp), a procedure paralleling that described after 
(2.32). Let the eigenvalues of this operator be E, —i/2I,, the corresponding 
eigenfunction, Q,, and those of the adjoint equation 2. Then 


(F >= ch eed | A ppQ a> <Q | Apex: (4.33) 
E—E,+(i/2)T, 


Sum rules similar to (2.38) can also be derived for this case. In particular, 


» Ce | App Qa <QY?| Hex” = » Ct lA ppWa><WalHex;”’> (4.34) 
d d 


and 


2d y= — 2a ym hal Woo + Wop|Wa> (4.35) 


We see that these results are very similar in form to that obtained for 
overlapping compound nuclear resonances, with the difference that there is an 
additional absorption measured by }}, Im<wW,|Wpp|w,>. Note also that Q, will 
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be a linear combination of the various , states so that even if (x ’|HppW;>, 
for example, is small, this is not necessarily the case for (xy |H pp2; >. In any 
event, it is now possible because of interference between two terms, one 
corresponding to an entrance doorway and another to an exit doorway, to 
obtain an overlap between entrance and exit doorways. 


B. Effect on Fine Structure 


We have not yet discussed the impact of the doorway state resonance on the 
fine-structure resonances or, for that matter, the corresponding effect of direct 
processes on the doorway state resonance. These will be most clearly seen in 
the widths of these resonances. 

Recall that the width of a fine-structure resonance in 2’ space is, in virtue 
of the partition, 


P’+Q=1 

given by (2.22), with P and Q replaced by P’ and Q’, and y by @ of (4.5). For 
the single-channel case to which the discussion will be limited, the width 1s 
given by 

Dr, = 22|(®)|Ho-p-G}*)>|? (4.36) 
where ®. satisfies 

(6, — Hag) P,=0 (4.37) 

Because of the doorway state assumption, (4.36) can be replaced by 

TD, =22|(@|Hg pDd\”>|? (4.38) 


To obtain D@‘*, we turn to the coupled equations (4.6) and (4.7). Solving the 
first of these for Pd, and inserting the result in the second yields 


(E — Hpp — Wypp)DG = Hppxs*? (4.39) 
so that 
1 
D¢*? — Hppy*? (4.40) 
E— Hpp— Wop 


We now make the additional assumption that there is only one doorway state 
in the energy domain being considered. Then 


1 


D¢*) = ——____ 
E—6,+4iT} 


Wa< Wal ppxs”’> 


192 FORMAL THEORY OF NUCLEAR REACTIONS 


Substituting in (4.38) yields 


[I 
(E—6,) +4? 


S 


From (4.17) 
Vl, = 20l< WalHpexs>/? (4.41) 
We also introduce the definition 
Py = 2n<p,)|¢O|Hoa>l? (4.42) 


where <p,» is the average level density of the fine structure levels. 
Finally, one obtains 


(Ds) TS 
Qn (E—-6,) +401 


I (E) = (4.43) 


The energy dependence of the numerator of this expression is slow, being on 
the scale of the direct prompt processes represented by y{*). Within the doorway 
state resonance the main energy dependence is therefore carried by the 
denominator. We see that I’,(£) has its maximum value at &,, which by the 
way does not equal the doorway state resonant energy, Ej, because the effect 
of Wyp is not included, as it need not be since no averaging has been carried 
out in obtaining (4.42). (However, if the box average is used, E, will equal &,.) 
Assuming that the difference (E,— &,) is not large compared to TJ, one may 
conclude that for the case of isolated fine-structure resonances, those that occur 
near the center of the doorway state will be broader. These conclusions are 
modified if the fine-structure resonances are overlapping. 

The strong doorway state assumption plays a central role in the foregoing 
development. Ifit is relaxed [see the discussion accompanying (4.22) ], the general 
results obtained above would remain, that is, that the widths would be larger 
when the fine-structure resonance occurs within the doorway state resonance. 

This analysis can be adapted for the description of similar relations between 
the single-particle resonance and both the doorway state and fine-structure 
resonances. The doorway state case will be considered first. 

We divide the space # into two orthogonal subspaces, .W and WV. The 
single-particle resonance is taken to be the consequence of a bound state in V, 
coupling to the open channel space .@. Moreover, we require that only VW and 
not .@ can couple to Y. It is now possible to set up a one-to-one relationship 
between the corresponding projection operators M,N, and D with those used 
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to describe the doorway structure, P,D, and Q’ [see (4.4) ]: 


MoP 
NeoD (4.44) 


It follows that the bound single-particle state y;p with energy Esp satisfies 
(Esp — Hyn — Wyn)Xsp = 9 (4.45) 


where 


H yn (4.46) 


The analog of y‘*?, the solution of the equation 


(E— Hpp)x”? = 0 


(E — Hyy)x*) =0 (4.47) 


We may now restate (4.43) in terms of M,N, and D, replacing ®' by w,, W, 
by Xsp, and y; by z{*). One obtains 


T(E) = Di Tas Ses (4.48) 
© On (E— bsp)? + UT1,)? 


where 


DiV 5 sp = 22|(WalH pwXsp> | and Ve, = 221 <xspl Hyatt? 


demonstrating that the doorway state width will have a maximum value at &sp 
near the single-particle resonance energy. 

A second set of relations, similar to (4.48), leads to a formulation of the 
relationship between the single-particle resonance and an isolated fine-structure 
resonance, which is close to that obtained by Lane, Thomas, and Wigner (55). 
The isomorphism used is 


NoD (4.49) 
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Relation (4.43) now reads 


<D,> er ae 


P(E) = (4.50) 
2n (E—E€sp)’ + HU $p)’ 
where 
ee = 2n< p,>|<®,| HonXsp >|? 


so that the fine-structure resonance width will be greater near the single-particle 
resonance energy, & sp. 

It should be noted that the &>p and Isp of (4.50) are not identical with those 
of (4.48). Similarly, the fine-structure resonances in space 2’ are not the same 
as those in space 2, so that the D, used in (4.56) is not identical with the D, in 
(4.43). However, substantial differences are not expected. 

One interesting result that can be obtained from (4.50) yields a direct, albeit 
approximate, evaluation of Des We sum both sides of (4.50) over all I, 
occurring within the single-particle giant resonance: 


| dE, Teach. 
[(E)—> T(E) == + 
d ae ee eo Tee 


Assuming a single channel, <'{,> = <I'{, ;>, leads to 


YT (E,) ~ Clea (4.51) 


Hence the effect of the fine-structure resonances is to increase the width of the 
single-particle resonance by the sum of the fine-structure widths. This follows 
from the expression for the transmission factor, (4.20), which for the present 
application is given by 


Tj sp><T ho? 
(E —_ Esp)” a 411} sp> + Ving ye 


(4.52) 


Thus a coherent hierarchical picture emerges. Because of the single-particle 
resonance the widths of the fine-structure resonances are enhanced [Eq. (4.50) ]. 
Because of the doorway state resonance there is a substructure within the 
single-particle resonance (4.43), the enhancement of the fine-structure resonances 
being greater in the neighborhood of the doorway state energy. Upon averaging 
over the fine structure, using an averaging energy interval small compared with 
IT, but large compared to I,, the doorway state broadens (the effect of W,,). If 
that broadening is too large, the doorway state resonance may not be visible. 
This in fact-happens frequently to the single-particle resonance; that is, on 
averaging over an interval small compared to Isp but large compared to I, 
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and I,, the width of the single-particle resonance becomes sufficiently broad as 
not to be visible in the optical model cross sections. 
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So far it has not been necessary to specify the projection operators P, Q, and 
so on, used in the preceding sections. Only their existence has been assumed. 
This fact points to the great generality of the results obtained. They apply to 
any system, not only the nuclear one, which exhibits both prompt and 
time-delayed reaction phenomena. The choice of these operators can be made 
so as to take into account the physics of the situation under discussion, thereby 
tailoring the reaction formalism to the phenomena to be understood. On the 
other hand, by making specific choices, one can obtain a variety of less general 
reaction formalisms. 

The Pauli principle must, of course, be taken properly into account. The 
wave functions for the projectile and for the target nucleus are always assumed 
to be separately antisymmetrized. The exit particle and the residual nucleus 
wave functions are similarly treated. However, a problem arises whenever both 
the projectile (exit particle) and the target (residual) nucleus contain the same 
kinds of particles. The situation is simple if the incident particle is an electron 
and the process is electron elastic or inelastic scattering. In that case it is only 
necessary to use antisymmetric target and residual wavefunctions. But when 
the incident particle is a nucleon or a heavy ion, the Pauli principle must be 
applied to the entire system consisting of (A; + A,) nucleons, where A; is the 
target mass number and A, that of the projectile. The Pauli principle does 
introduce complications, which are physically important, and therefore cannot 
be ignored, tempting as that may be. 

The principal method to be used in this volume is chosen so that it permits 
a simple and simultaneous treatment of both the direct and resonance processes. 
As an example, consider scattering processes, both elastic and inelastic, so that 
the target nucleus can remain in its ground state Ww, or may be excited to any 
of a number of excited states, W,,W>,...,Wy with excitation energies €,,&,.... 
We consider first the case where the projectile is not composed of nucleons. 
Then the wavefunction of the system can be written asymptotically as 


Y >) uy(to)W (P15 025---5¥ a) (5.1) 
0 


where ry is the coordinate of the incident particle with respect to the center of 
mass of the target nucleus. We shall not explicitly indicate the spin and isospin 
coordinates so that r; contains these as well as the spatial coordinates. 

The simplest prompt channel projection operator is given by 


PY =Y ultoltrs.- ts) (5.2) 
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so that 


Wy(ty oA) > CW Py) (5.3) 


"o 
|| 
oM = 


where the W,’s are normalized. The dependence on ry and rq is not given since 
it is the unit operator that spatially would be o(rg — r,). Comparing (5.3) and 
(5.2) we see that 


Uy(Fo) = (Why 4) | PH (Po.bi5--- 50a) (5.4) 


Asymptotically for v £0, u, > O(e“"°/r,), where k, = ./(2m/h’)(E — ¢,) where ¢, 
is the excitation energy of the vth excited state of the target nucleus. When 
€, > E, the wave function u, decreases exponentially with increasing rg for large 
ro. It is not necessary to limit the sums in (5.2) and (5.3) to the open channels. 
If there is evidence that there are other channels of importance for the prompt 
processes, as might be the case for the multistep processes, these can readily 
included by extending the sum. 
Using the P above, the equation for the prompt processes 


(E — Hpp)(P'¥) =90 


becomes a set of coupled equations for u,: 


(E = H,,)u, a >. Ayu, (5.5) 
vty 
where 
H,, =<, |Hy,> (5.6) 


The effect of averaging over the fine-structure resonances is to replace Hpp by 
the optical model H so that H,, is no longer real and H,,, no longer Hermitian. 
Equations (5.5) are the equations for the coupled-channel method. These are 
clearly appropriate if the incident projectile is an electron, a muon, or a pion, 
for example. 

If the incident projectile is a nucleon or an ion, two additional features must 
be considered. The first is the Pauli principle; the second is the possibility of 
transfer reactions either as open channels or as an intermediate state in a multi- 
step process. For the present we shall, for simplicity, not include transfer 
processes. The discussion of the projection operator needed for those cases will 
be deferred to Chapter VII. 

Assume, then, that the incident particle is a nucleon and that asymptotically 


N 
Fo of ) wlth ,---8a) (5.7) 
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where & is the antisymmetrization operator. It is still possible to use 
N 
PY = >: Ul(Fo)W (Fr, areFhitg r 4) (5.2) 
0 


but then the sum must be extended to highly excited states (N very large), for 
the following reason. Even though (5.2) is not properly antisymmetrized, it is 
still possible to obtain a correct result by antisymmetrizing after solving the 
many-body Schrodinger equation. That is, it is possible to assume that the 
incident nucleon is distinguishable from the nucleons in the target, solve that 
problem exactly, and then antisymmetrize. However, that solution must contain 
the open channel in which the incident nucleon and a target nucleon exchange, 
a process referred to as exchange scattering. In other words, as one lets, for 
example, r, approach infinity, ‘¥ will contain an outgoing wave in this variable. 
This can only occur if the sum, (5.2),.includes the continuum components of 
the set of target nuclear wave functions; that is, (5.2) would need to be written 


Dd UW + | u(v)p(v) dv 


Moreover, u(v) must be a singular function of v in order that a finite amplitude 
exist when r,, r,,... approaches infinity. 

Antisymmetrization is most essential if a finite and minimal number of 
coupled channels is to be used. To see how antisymmetrization helps, consider 
the case of elastic scattering. Let the scattering without exchange be described by 
Uo(Fo)Woll,,%2;-..,%,) and the exchange scattering, in which r; and ro, are 
exchanged given by v(r,)Wo(l1,0o,---50;—15Yoli+1>--->84), SO that the anti- 
symmetrized PV is given asymptotically by 


Y>f| oltoWolt ey > VAT )Woll1,--->Ti-1.Tos Ti+ a) 


Using the properties of the antisymmetrization operator this expression can 
be written as follows: 


Y -+}| ust) = 2 otto | Wolly on) 


Thus the term in the antisymmetrized ‘¥, which is proportional to Wo, contains 
both the direct and the exchange amplitude. Importantly, it is not necessary to 
include in the sum being antisymmetrized contributions from the continuum 
target wavefunctions to obtain the correct scattering. In other words, the 
amplitude of the continuum wave functions need not be singular. Of course, if 
either method is used, antisymmetrization after solving the Schrodinger or 
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antisymmetrization of the wave function before solution, the same result will be 
obtained. However, if approximations are to be used, particularly by truncating 
the system of coupled-channel equations, a better approximation will be 
obtained if the approximate wave function is antisymmetrized before attempting 
a solution. 

We therefore assume that 


PY = A 3 U(Ko)W (ry on) | (5.8) 


v=1 


where again N may be larger than the number of open channels. Our problem 
will be to determine P and thereby Q from this equation. 

The form of the wave function given by (5.8) is used by many authors in 
discussing prompt reactions. However, as pointed out by Bell (62) and Villars 
(77), the set {u,w,} is overcomplete because of the antisymmetrization required 
by the Pauli exclusion principle. To see this, consider Fig. 5.1, which shows two 
possible states of the system, the incident particle being indicated by an open 
circle, some of the target nucleons by the filled ones. The target wave function 
corresponding to Fig. 5.la, say w,, obviously differs from that for Fig. 5.1b, say 
w,, so that each would give rise to separate terms, u,w, and u,w,, In expansion 
equation (5.8). However, because of the identity of the particles, there is no 
difference between the states of the total system illustrated in Fig. 5.1. In other 
words, Y[u,w,] and ?W[u,W,] are not independent. There must be a linear 
combination of the two which is identically zero. 

More generally, there will be functions u’ that satisfy the equation 


A y Lu(ro)W (ry +4) ] =0 (5.9) 


The functions u’ satisfying (5.9) will be referred to as superfluous. As pointed 
out by the example given above, one can always add to the series in (5.8) terms 
coming from exchange scattering without changing P'V. To demonstrate another 
example of the solution of (5.9), note that if w, 1s a Slater determinant made 
up of single-particle wave functions, (5.9) is satisfied if u’ is any one of these 


(2) (6) 
FIG. 5.1 
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wavefunctions. The existence of solutions to (5.9) demonstrates that (5.8) does 
not provide a complete definition of P. Additional conditions are required. 

Elimination of the superfluous solutions is essential for correct treatment of 
the Pauli exclusion principle. Serious errors can result if such a procedure is 
not carried out and (5.8) is used, assuming that all the u, are independent. 
Friedman (67) has carried out a sample calculation, the scattering of neutrons 
on '°O, and has shown that neglect of the fact that {u,} forms a dependent set, 
leads to gross errors in the energies and widths of the resonances, and the 
prediction of spurious resonances, which are not present in the results obtained 
with the exact calculation (see Table 5.1). 

The needed condition that will eventually permit the determination of P is 
suggested by the discussion preceding (5.8): namely, that the remainder of the 
wave function 


OW = (1 — Py? 


does not contain any dependence on the set {w,} present in (5.9). This is 
guaranteed? if 


CW(r1,%o,---or|(1 — P)W(ro,r,,---5%4> =0 O<v<N (5.10) 


for all ro. Inserting PY from (5.8), (5.10) becomes 


Ute) = Ute) — Y) CKyyltstoiy(t)> (5.11) 
where 
U (to) = (Wily 825-584) Plots --58 a) (5.12) 
and 
K yl Fo) = ACW Fay +5 8a)IWolFop Fas -+5ha) (5.13) 


Note® that K is just the one-body density matrix of (1.4.4) in deShalit and 
Feshbach (74) and of (1.11.11). 


‘In (5.10) and below, integration is performed over the variables common to the bra and ket of 
the matrix element. 

‘Kerman (67) points out that K represents the lack of orthogonality between ./(u,y,) and A(u,W,,) 
although y, is orthogonal to y,,.. Indeed, 


1 
A+1 (Huw,| uy, > = Cu, | Su,W, > = Cu, |(O,- = Kyy)uy > 


Hence orthogonality will only occur if K,,. = 6,,-, that is, if K is diagonal with eigenvalues of unity. 


TABLE 5.1¢ Scattering of Neutrons by 'O 


Primary Calculation 


Control Calculation 


Energy E, Half-Width I°/2 Energy E, Half-Width I°/2 
J=3 
(MeV) (keV) (MeV) (keV) 
10.86 0.01 9.67 0.34 
10.98 2.5 10.00 49 
11.01 8.5 10.02 0.22 
12.90 0.58 10.55 0.24 
13.36 1.7 10.67 0.09 
14.48 0.73 11.05 8.3 
14.92 10 12.93 0.53 
15.52 2.2 13.37 1.6 
14.50 0.83 
14.93 11 
15.52 2.1 
j=3 
(MeV) (keV) (MeV) (keV) 
5.94 120 5.24 38 
6.97 57 6.72 21 
7.88 7.0 lal 0.009 
9.19 42 8.01 39 
10.07 1.0 9.03 35 
11.21 0.12 9.80 1.1 
11.47 0.10 10.16 28 
12.54 22 10.92 0.002 
13.79 36 11.27 0.01 
15.15 15 12.57 18 
13.79 35 
15.15 15 
j=3 
(MeV) (eV x 1073) (MeV) (eV x 107) 
5.53 0.53 5.92 1.3 
7.33 0.03 7.15 0.36 
10.58 190 9.13 0.18 
10.75 1.4 10.13 0.009 
14.18 54 10.00 190 
14.19 59 
i=¥ 
(MeV) (eV) (MeV) (eV) 
6.75 0.25 5.33 0.48 
8.97 0.54 


Source: Friedman (67). 


“Resonance parameters for the “exact” case, the primary calculation, and a case in which the 
projectile was given some properties which distinguished it, the control calculation thus checking the 
effect of the Pauli principle. 
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It is convenient to define the matrices 


Uo U> 
u U Koo Kon 
1 1 : : 
us|. U=! . K “{ (5.14) 
Un Uy Kyo Kwn 
so that (5.11) becomes 
U=(1—K)u (5.15) 
where 
l= | O(r —r’)d,,. 
Note that 
Cute “TE y4) ay Uy (Ko)Wy (Ty 14)) =((— K)u], (5.16) 


We now consider the properties of K. We observe that K is Hermitian, that is, 
K,,Ar, ¥o) = KY, (Fo, Fr) 
Therefore, K can be diagonalized and its eigenvalues are real: 
Ko, = KW, {Wa Og > = Ogg (5.16') 


Second (1 — K) is positive definite. For any u [see (5.16) ] 


<ul(1 — K)u> = Y u,(To)W (ry --:F4) 203 Uo) W (ry =n) 


Since the ket is antisymmetric, one can rewrite this equation as 
1 | 
(ull — Kyu) = 5 (of Duthalol Day) (5.174) 


>0 (5.17) 


concluding the proof. 
From these results one can immediately conclude that the eigenvalues of K, 
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K,, are less than or equal to 1: 
Ka <1. (5.18) 


Problem. Show that K,, is positive definite. Therefore, if PY contains only the 
elastic channel, so that K = Kgo, 


l>K,20 
Starting from (5.17a), one can derive a further bound on x,. Expand 7% du, 
in a complete set of target functions wr, ---r,). It is very important to bear in 
mind that it would extend beyond N, the truncation value given by (5.8). Then 
from (5.17a), 


1 oe) 
<ul(l — K)u) (Sai — K)W, 


=—_ u,(1 — K)yeWy 
A+ l:r=o v d ( ve 


= sy $3 u,(1 = K) 


A+ 17 \'y 


Y wy = Kyi 


If we drop the terms for both t and t’ > N we drop a positive quantity, so that 


» u,(1 _ Kr) 


t,t’=0 


<ul(1 = K)u» > >, (Sai _ Ku, 


Now insert for u an eigenfunction of K, w,, with eigenvalue x,. One obtains 
(1— x.) >——(1-K,)? 
— Ky) = i — Kg 
A+l1 


so that 

K,2—A (5.18’) 
which, together with (5.18), bounds x, between —A and 1. 
Problem. Prove that 

trK = A(N + 1) (5.19) 


where the trace of a matrix K with elements K,,(r,ro) is defined as 


trrk=) | drK ,,(r,r) (5.20) 
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Problem. Prove that 
tr K? <(tr K)* = A*(N 4+ 1) 


The properties of K for elastic and inelastic scattering have been discussed 
extensively by Friedman (67). 

One example of K will prove instructive. Suppose that N =0; that is, the 
prompt channel deals only with elastic scattering. K has only one element, Ko: 


Koo = AC Wolf, F2,---s84)|Wol¥osF2,--- Ta? (5.21) 


where W, is the ground-state wave function. Suppose that this wave function 
is a Slater determinant constructed of A single-particle wave functions, w,; then 
it is easy to show that 


Koo = >, w7(r)w,(Fo) (5.22) 


For this K the eigenfunctions satisfying 


are 


and 


K,=1 (5.23) 


Note that, as should have been apparent from the discussion, the eigenfunctions 
of K do not form a complete set. For this case, however, ~u,w, and <Ju,.,, 
are orthogonal. 


Problem. Consider a two-particle y,. Each w, is a Slater determinant made up 
of two single-particle wave functions taken from the set wo, w,, w,: the ground 
state Wo involving Wy and w,, w, just w, and w, and w,, wo and wy. Show that 
the K matrix in this example is 


K= 
Wo(K)WolFo) + Wi(T)Wi (Fo) w5(r)w2(Fo) w7(r)W2(Fo) 
W3(r)WolFo) wi (r)W, (To) + w5(F)W2(Fo) —w7(r)Wo(Fo) 
w3(r)w, (to) — wo(r)w,(Fo) Wo(F)WolFo) + w5(F)w(Fo) 


Show that eigenvalues of K are 1 with one exception, for which the eigenvalue 
is —2. 
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Returning to (5.15) it 1s obvious that any inversion of that equation must 
treat eigenstates of K with eigenvalues of 1 with care. The corresponding eigen- 
functions are denoted w ’. These solutions are just the superfluous solutions 
mentioned below (5.9). To prove this, consider 


CW | oy ow, > = a”) = 3 (Ky, |@> 
v’ v’ 


But the right-hand side equals zero because w" is an eigenstate of K with 
eigenvalue of 1, so that 


( Wolly Ka) ) ory ) = 0 


It thus follows that 


( Foo] ofr ) -0 


and therefore 
A 3 ow, =0 (5.9) 
the condition for the superfluous solution. Moreover, and this is an important 
point, the final expression for P need not contain any dependence on w, since 
these terms will not contribute to 
PP= A) uw, 


Hence the use of the term superfluous. This fact manifests itself in a property of 
U defined by (5.12) and (5.14), namely 


<o™ |U> =) a? |U,> =0 (5.24) 
To prove this, insert (5.15) for U, yielding 
Co, |U> = (ay? (1 — K)u> 
Because of the hermiticity of K, 
ol |U) = (1 — Ko? |U) =0 


Thus the superfluous solutions are orthogonal to U. 
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We now return to (5.15): 
U =(1—K)u 
The general solution of this equation is 


v= Yo 2? 


i + terms in w'”? 
Ka # 1 l ~~ Ka 


In accordance with the discussion just concluded, the terms in w” are dropped, 
so that 


<o™ |u> =0 (5.25) 
and 
| <w,|U > I 
= er A oe anne (| 5.26 
7 oe Oe 1-—k 1 — K’ ( ) 


where the operator 1/1 — K’ is defined by 


1 
= Da) We (5.27) 
1 — K’ Kyt1 1— Ka 
It is convenient to rewrite (5.26) as follows: 
, 1 
u=U+ > 0, o,0>( -1) 
Kit 1 1— Ky 
where we have made use of (5.24). Finally, 
u=U+ ¥ @,(a,|U)— (5.28) 
ki# 1 Le 
In terms of K’, 
1 K’ 
u=- U=U+ U (5.29) 
1 — K’ 1 — K’ 


Recalling that U,=<w,|‘¥>, one obtains 


PY =f Sugh= S| U4 Foo) |¥, 


aF# LK; 
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In terms of K’, 


P= Sh) WE rte), |-LEH)(ire), | 


(5.30) 


This is the projection operator which, when applied to , yields # ) u,W,, with 
the requirement that none of the wW, which appear in this sum are present in 
OV. This requirement must be satisfied if P'¥ is to involve a finite number of 
W,. Equation (5.30) reduces to the simple form >*,w,><wW, when all the x, are 
either zero or 1. 

With P determined,.-it now becomes possible to develop an explicit statement 
for the Schrodinger equation (2.3) and (2.4) or (2.7). Let us use the last form, 


[E— (F ece)pp | PY = 0 (5.31) 


To reduce this equation to a set of coupled equations in one variable, namely 
the distance between the projectile and the center of mass of the target, 
premultiply (5.31) successively by w, and integrate over all the coordinates of 
the target nucleons. Note from (5.10) and (5.12) that 


U, =<, |P> = <p, |P® (5.32) 


Since ‘¥ is an arbitrary antisymmetric function of (A + 1) variables, the second 
pair of equations holds for any such function. Equation (5.31) becomes the set 
of coupled equations 


BU,= > ( 


vey" 


1 
A eee S W(; - =) U-) (5.33) 


In this equation, the effect of the projection appears explicitly in the Hamiltonian 
term. If we now introduce the function u,, (5.33) becomes 


EY (1 _ RK’) vo Cv, Hep) Wt) (5.34) 


The term on the right involves both direct and exchange terms: The term on 
the left is modified by the inclusion of normalization corrections. Note, however, 
the explicit omission of the eigenfunctions of K with unit eigenvalue. Since K*,, 
can be written as a finite sum of factorable terms its inclusion does not present 
any special difficulties. If all the eigenvalues of K are 1 or zero, K’ = 0, with the 
result that one need only include the exchange terms in the effective Hamiltonian 
to take account of antisymmetrization. 


5. PROJECTION OPERATORS AND ANTISYMMETRIZATION 207 


An alternative form for (5.34) is obtained by reintroducing the operator K: 


Ev (1—K,,)u,y + E> o> <o@lu,,.> = (W, 


Hatt ) (5.35) 


Or because of the orthogonality between a” and u, 
ile 


In other words, one can use the naive wave function .7~ >\u,w, in the Schrodinger 

equation as long as u is orthogonal to all the eigenstates w“” of K with eigenvalue 

1. Which form, (5.34) or (5.36), is used is a matter of convenience. If the ow 

are known a priori, it might be more convenient to use (5.36). On the other 

hand, if all the eigenvalues of K are zero or 1, (5.34) might prove more useful, 

especially since the orthogonality w“” to uis an automatic consequence of (5.34). 
Orthogonality of w can be enforced by projection: 


AY uth) = (v, H op bY, Hy ) 


<o™|u> =0 (5.36) 


w=u—-Y oa Iu» 


a 


The resulting ./>'u,W, remains a solution of (5.36) since 
ft) Oy Wy 


is identically zero for all « [Saito (69) ]. 

Another method that is particularly useful when asymptotic conditions need 
to be satisfied explicitly is used by Auerbach, Gal et al (72). For example, rewrite 
(5.34) [or (5.35)] making the orthogonality of w‘” explicit by introducing the 
projection operator gq, and p, 


gd, =1-Yo™)<(a =1-p, (5.37) 


a 


Then both equations can be written in the form 
gq, Epu=q,hu (5.38) 


If (5.34) is used, p is just 1 — K’. The identical result is obtained if (5.35) is used. 
Writing q, = 1 — p,, (5.38) becomes 


(Ep — hju = p,(Ep — h)u 
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Let 
(Ep — h)yu =0 
and ” 
(Ep —h)G =1 
Then 


u=Uu+G py (Ep —h)u 
=u 4+ GQ) (a (Ep — h)uy 


The orthogonality requirement becomes 


Coo [uy = Col lw> + Y CoG al) <0 (Ep — hu =0 


Defining the matrix g by 
Ip. = (OP |G a» 
these equations can be solved for (w'” |(Ep — h)u): 
Cal? (Ep — hu» = — VG" )ap of? lu > 
P 
Finally, 


u =U — FG) G71). OW Ug > (5.39) 


Problem. In (5.34) introduce the wave functions 
Q, = » Cy De K’), Uy 


and derive the coupled equations for Q,. Show that the effective Hamiltonian 
for this equation is Hermitian. 

It is perhaps unnecessary to add that H,,, in (5.34) or (5.36) can be replaced 
by H,,, and thus provide a description of the prompt processes after averaging 
over the fine structure. The supplementary condition in (5.36) must, of course, 
still be satisfied. 

In summary, to take into account the Pauli exclusion principle and 
simultaneously limit the space Y, one first evaluates K. This matrix depends 
only on the ground state, Wo, of the target nucleus and a finite number of its 
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excited states, w,. Once K is obtained, and its eigenstates wm, determined, one 
can proceed to solve (5.34) using only those w, whose eigenvalues differ from 
zero or 1. Or using only those with eigenvalues of unity, one can solve (5.36), 
including the supplementary condition. Determining the eigenstates of K is not 
a formidable task, as K is bounded and Hermitian and depends on one 
coordinate. However, the target wave functions should include center-of-mass 
effects, which does introduce some complication. 

If determinantal wave functions are used for w,, one avoids calculating K 
altogether, since then it is known that all the eigenvalues of K are | and that 
the eigenfunctions of K are just the single-particle wave functions making up 
the determinant. However, the center-of-mass problem remains. 

The discussion above is restricted to scattering, elastic and inelastic. The 
effects of the Pauli principle for particle transfer reactions are discussed in later 
chapters. 


6. ALTERNATIVE REACTION FORMALISMS 


Such a wide variety of reaction formalisms have been proposed that it is not 
possible to present an adequate review of each in this volume. We have, therefore, 
chosen to describe a few of the more familiar examples. To the extent that each 
one is exact, they should give identical answers to a specific problem. The 
advantages of a given approach depend more on the ease with which it can be 
applied to a given physical situation. One should especially ask: Is it in a form 
that permits a direct physical interpretation of the experimental results, and 
similarly, does.it have predictive capability? Can it make good use of what is 
known about the nuclear structure of the colliding systems, of the compound 
system, and of the produced particles? Can its parameters, in principle, if not 
immediately, be derived from fundamental nuclear theory, that is from the 
underlying nucleon-nucleon force, or less ambitiously from a model 
Hamiltonian plus a residual interaction? 

Fortunately for the comparison with experimental data, the form of the results 
for the transition amplitudes and cross sections is the same for all these 
formalisms. This might be referred to as a formalism invariance. An important 
reason for this similarity lies in the requirements of unitarity. Unitarity, when 
applied to a single-channel process, requires that the S matrix satisfy 


\S|I?=1 or S=e7, dreal (6.1) 
This condition 1s satisfied by the following form [see (2.44) ]: 


4.1 int 
S = e2ibp_ (6.2) 
L+inkt 


where @p is a smoothly varying function of the energy and # is a real function 
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which contains that part of S which varies rapidly with energy. The function 
dp gives the potential scattering phase shift so that the potential scattering S 
matrix, Sp, is 


S3 = e2ibp 
and (6.2) can be written 
S=SpSp (6.3) 
where 
1-—inkK 
Ss; =—_—— 6.4 
SL +ink a 


The words smoothly and rapidly are not quantitatively defined, so that the 
factorization equation (6.3) is not completely specified, and indeed, different 
reaction theories will use differing Sp. 

The transition matrix 7 [ =(1 — S)/2zi] 1s 


TFT=F pt+SpT pz (6.5) 
where 
1-S sida a 
a ——e'?P sin bp 
2ni 
and 
i 
es 6.6 
. 1+ink oe) 


Equation (6.5) has the same form as (2.47) in the single-channel context. 
Moreover, the resonance representation of # can in general be given by 


( een (6.7) 


where y? and e, are real. In the case of a single isolated resonance, at say ey, 7 
becomes 


(1/2n)Lyo/(E — eo)] 


iy 4 ; 
GF = ——e'? sin pp + e719? ———__ 
1 1 + (i/2)[yqE — eo)] 


Or 


a . 2/9 
i — ie sin bp er to (6.8) 
1 E—e)+(i/2)y9 
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which is just the single-channel resonance formula, showing both a potential 
scattering term and a resonant term. Equation (6.8) is a consequence of unitarity 
plus the statement that the two kinds of amplitudes are involved: When there 
are many terms in the series for #,7 is not as simple. However, it should be 
possible to expand 7 in terms of the poles of the S matrix, E,, such as that 
given by (2.33): | 


T—F 2ibp A y 
JT =T7 pte EE, (6.9) 
so that 
A, (1/22) >) LyZE — e,)] 
F p= = tS 6.10 
2 E—E, 1+(/2))iDiE-e,)] or 


Recall that both , and E, are complex numbers, so that the number of 
parameters in the middle expression is 4n if the number on the right side is 2n, 
implying that there are 2n relations between {.~,} and {E,}. These relations 
can be obtained from (6.10). First expand both sides of (6.10) in a power series 
in inverse powers of E. The left-hand side gives 


1 1 
FL but aA Ey t 
and the right-hand side gives 
TF =5-| 50 +a Drie -3EnP + | 
PO Eee Beas ees 
so that 
I 2 
Dt as 
1 
1 i 
EAE, =3| Dies | 
2 2 


Since {y?} is real, 


y Im, =0 (6.11) 
i 
VRet,=— Py (6.12) 


An alternative but not independent requirement -states that the poles of the 
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right-hand side of (6.10) occur at E,,. These poles are the roots of 


[] ©-e) +5073 [1 E-e)=0 


t#s 


The sum of the roots equals the coefficient of — E“~"), so that 


PE,=D( 4-37] 


implying that 


Re) E, =) e, (6.13) 
and 
Im) E,= —5) y2=—2) Re, (6.14) 


One can verify from (6.8) that (6.11) and (6.14) hold for an isolated resonance: 
Im 7, =0 


1 
Re %, = —-ImE, 
1 


Equations (6.11) and (6.14) state that these equations hold on the average for 
overlapping resonances. One can readily continue this process. The next order 
yields 


2n ¥) (Re #,)(ReE,)=Im ¥) EE, 


u>v u>v 


However, these additional relationships are not informative. The major point, 
to be gained from the discussion following (6.10), is that the parameters x, 
and E, are not independent, if S is to be unitary. 

The sequence of equations (6.5), (6.6), (6.7), and (6.9) present an expansion 
of Zp in terms of the poles of the reactance matrix “, which automatically 
satisfies unitarity or an expansion in poles of the S matrix, where, however, 
unitarity is not obvious but is secured through relations such as (6.11) and 
(6.14). The form of these results is independent of a particular reaction formalism. 
The difference among the formalisms lies in their statement regarding the 
potential scattering amplitude 7 » and the consequent differences in the inter- 
pretation of the parameters y7, e,, ¥,, and E,,. 

As an example, consider the potential scattering amplitude 7 p. In an early 
version of the @-matrix theory (to be described below), Zp is taken to be 
hard-sphere scattering for which the phase shift for the zero angular momentum 
!=0 partial wave (and for large energies for all /) is —kR, where R is the radius 
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of the sphere. In the formalism of Section 2 it is the scattering caused by the 
Hamiltonian H,,. How can these give the same total amplitude? Clearly, 
hard-sphere scattering cannot be correct since it presumes an infinite potential 
energy. It must therefore be compensated by taking many terms in the series 
for #. Summing up the effect of distant resonances, whose energy dependence 
over a small interval in energy is weak, modifies the hard-sphere shift, 
presumably into one whose energy dependence is more in accord with scattering 
caused by a potential. Moreover, we see that these distant resonances are not 
physically meaningful. Choosing the potential scattering does affect the values 
for the widths [see, e.g., (2.22) ] and the resonance energies. Consistency requires 
that the same description of potential scattering is used in calculating or 
developing the energy dependence of the width and resonance energy. 

The analysis of experimental data exhibits a similar problem. In fitting a 
cross section to either (6.6) and (6.7) or to (6.9), it is necessary to determine the 
parameters op as well as say y, and e,, and to decide how many terms in the 
series over pt to use. Changing that number will modify the empirical values of 
Yu» €,, and mp. The pragmatic response to this issue is to include the number 
of terms as one of the parameters in obtaining a fit. In other words, one looks 
for a number of terms such that the inclusion of an additional one in the sum 
over y does not affect the y* for the fit and does not modify the values of the 
parameters obtained from the data. One must also require that the potential 
phase shift does not vary rapidly with energy. It is clear that in presenting an 
analysis of data, the method used in obtaining the parameters should be carefully 
stated. Of course, these problems do not arise if the resonance is isolated. 


Problem. Write the S matrix in the presence of doorway states is 
S = SpSpS, 


where Sp is the S matrix for potential scattering, Sp for doorway state resonances, 
and S, for fine-structure resonances. Show that 


F =F pt SpF pt SpSp7T, (6.15) 
We turn now to some examples of reaction formalisms. Our general aim will 


be to relate them to the general discussion given in Sections 2 to 6 of this 
chapter. 


A. The Theory of Kapur and Peierls! 


This theory sets a boundary condition at each channel radius R,. In the 
single-channel case, the boundary condition to be satisfied by the resonant 


*Kapur and Peierls (38). 
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state is 


x 
Tt = ikX, atr=R (6.16) 
r 


The radius R is any distance beyond which the nuclear interactions vanish. The 
consequence is a resonance series for the S matrix [see (2.46) ] of the form given 
by (2.33). The parameters, the widths and resonance energies, are real but energy 
dependent. Equation (6.16) simply states that X, at R is an outgoing wave with 
wave number k. The generalization of (6.16) to several channels requires that 


OX 
or 


=ik.X,  atr=R, (6.17) 


where the subscript c denotes the channel and k, is the corresponding wave 
number. 

The theory described in Section 2 of this chapter provides a generalization 
of the theory of Kapur and Peierls free of the use of a boundary condition 
radius or separation into partial waves. To demonstrate this point, consider 
the eigenfunctions 2, of the operator Hgg + Wo, discussed in the material 
following (2.31). They satisfy 


( (E, — Hog — Wo), = 0 (6.18) 
where 
W,o=H a: 
Xe) Pn) H,, Pe 


Note the parametric dependence of Q,, and E, on E, the energy of the system. 
Equation (6.18) is equivalent to the coupled equations 


(E — H pp), =H po, (6.19a) 
(E — Hg), = H opt, (6.196) 


where y, are the open-channel wave functions associated with the resonant 
state Q,. Equation (6.18) is obtained if the solution of (6.19) is taken to be 


1 
= E_H.. A pg, (6.19c) 
PP 


Xu 
The y,, then, satisfy outgoing wave boundary conditions which are the natural 
generalization of (6.17), concluding the argument. As in the case of the 
Kapur-Peierls theory, the resonance widths and energies are functions of E. 
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This dependence is weak; its strength determined by the energy variation of the 
open-channel wave functions, that is, of the prompt amplitudes. Indeed, this 
energy dependence is desirable. It takes into account the effect of the energy 
dependence of the prompt amplitudes upon the resonance parameters. This 
dependence could be significant if the resonance is wide, or if many resonances 
in a substantial energy domain, AE, are being considered. 


B. 2-Matrix Formalism! 


This method can be considered to be a special case of the formalism, described 
in this chapter, in which the projection operator P is geometric. Conceptually, 
the simplest operator, which projects out of the exact solution ‘P, a part that 
has the same asymptotic behavior as 'P, is one that is unity outside the region 
in which the nuclear interaction takes place and zero inside; that is, P=1 as 
long as |R, —r,|>R,, where r, is the coordinate of the ath nucleon, R, the center 
of mass of the rest of the system, and R, is the interaction radius appropriate 
for a channel c. The operator Q then projects into the interaction region. The 
problems raised by the Pauli principle are thus encountered only in 2 space. 
In Y space the form used in (5.8) suffices. This assumes that the problems raised 
by the long-range Coulomb forces are not important. 

However, the use of a spatially discontinuous projection operator does give 
rise to problems that must be carefully treated. It 1s necessary, for example, to 
ensure the continuity of total ‘P; that is, the two discontinuous functions PP 
and Q'¥ must join smoothly at the surface of the interaction region, |R, —r,|=R, 
for all a. The kinetic energy operators must be suitably defined. Since PY is 
discontinuous, V?(P'P) will be singular on the surface of the interaction. Similar 
remarks apply to QV. But ¥ = P+ Q' will have no singularities at this 
surface. Identical problems of this kind occur in the theory of boundary 
perturbations and Green’s functions [Morse and Feshbach (53)] and can be 
resolved in the same way. The value on the surface of the interaction region of 
V2(PW) is taken to be its value as one approaches the surface from the field-free 
region, that is, as |R, —r,| > R‘*. Similarly, V2(Q'P) at this surface is defined 
in the limit |R,—r,| > R‘”, that is, as the surface is approached from the 
interaction region. Continuity for P is ensured, as in the Green’s function case, 
through the use of a singular surface interaction. In the case of the Green’s 
function for the Laplace equation, this procedure is equivalent to assuming the 
presence of compensating monopole and dipole layers. In the present context, 
we introduce a surface interaction, @, which is present in both the field-free 
and interaction regions. Z is defined by 


1 0 
=—__ YB, £,=b,6(R,— po( B.+ =| (6.20) 
A + 1 a Op, 


*Wigner and Eisenbud (47). 
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where 


Pa = IR, —r,| 


and 0/dp, is the normal derivative to the surface, p, = R,. B, is an arbitrary 
constant. The constant b, can be determined from the single-channel case to 
be h*/2u., where p, is the reduced mass for the channel. The interaction region 
has been assumed to be spherical. It is a simple matter to generalize (6.20) to 
the case of a deformed shape. The coupled equations (2.3) and (2.4) are replaced by 


(E — H pp — 2)P¥ = — BOW) (6.21) 
(E— Hog — BOW = — B(PY) (6.22) 


We see that the requirements of continuity provide the coupling between P‘P 
and QO. Continuity is assured by these equations since the singularities on 
both sides must match. Note that by defining V2(P'V) [and V2(Q'P) ] as indicated 
above, Hpp and Hogg will not be singular at p, = R. 

The functions ®, of (2.9) are solutions of the homogeneous form of (6.22). We 
shall call these functions X,. They satisfy | 


(E, —H 99 — B)X,=0 (6.23) 


Integrating over a small interval in p, containing R, we find that X, satisfies 
the boundary condition 


ax 
oe +B.X,=0 atp,=R, (6.24) 
Da 


This condition, together with 
(E,— Hg9)X,=0 (6.25) 


are equivalent to (6.23). Since we are dealing with an “interior problem,” the 
spectrum of E, will be discrete; moreover, because of the nature of Hgp, it will 
be unbounded from above. The X, form an orthonormal complete set. The 
potential scattering wave functions y‘*? are, similarly, solutions of 


(E — H pp)x'*) =0 (6.25’) 


In addition to satisfying the boundary conditions at infinity indicated by their 
superscripts, they must join continuously with the internal wave functions, H pp 
consists only of the kinetic energy operator and the long-range electromagnetic 
interactions. 

These results are already sufficient to establish the connection with the 
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Wigner—Eisenbud #&-matrix theory. However, we can go one step further and 
derive the relation between the wave function and its derivative needed to obtain 
the transition amplitude in the @-matrix theory. By eliminating QV from (6.22), 
we obtain the familiar equation for PP: 


1 
| E— Hyp 9-9 32 \Pr=0 (6.26) 


E—Hoo 


By requiring that the coefficient of the 6 function singularity in the @-dependent 
potential be zero, then integrating over a small interval in p, including R, yields 
the result, after expansion in eigenfunctions X ,, that 


P(R) = ~ ‘ ae se (6.27) 


where ‘¥(R;«) is the wave function evaluated with the ath particle on the 
interaction surface, that is, with p, = R. Because of the symmetry of X , and 'P, 


0 
CK) =(X, s(R ~ p(B )¥ ) (6.28) 
Pa , 
To obtain the Wigner—Eisenbud result it is necessary to introduce a complete 
and orthonormal set of surface wave functions = (1,2,....#—1, a+1,..., 


A +1; RQ,). The superscript « indicates that the ath particle is on the interaction 
surface; the remaining coordinates are for the other particles that are located 
within the interaction region. The subscript c indicates the channel. The ortho- 
normality condition is 


| BO*EOdS = 65.. (6.29) 


where the integration is over the surface p, = R and over the interior volume 
for the remaining particles. Expanding ‘¥(R;«) in terms of these wave functions 
yields 


Vay age 
"i d EE (Ba,,+ b.) (6.30) 
where 
a, = (B°|¥ > 
and 


aw 
b. = (ze ~~} (6.31) 
OD. 
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are independent of « because of the symmetry of the wave functions. The 
subscript on B has been dropped to avoid confusion. The quantities y,. are 


Vag = < Xi /E> (6.32) 


Equation (6.30) is the primary @-matrix result as given by Teichmann and 
Wigner (52). (There are some differences in notation.) The @ matrix is given by 


Vad : 
a 6.33 
= Le, iE eee) 


The y,, are independent of the energy so that the energy dependence of & is 
completely explicit. We see that when B=0O, roughly speaking, @ gives the 
relation between the magnitude of on the surface and its radial derivative. 

We shall not carry this development any further. To obtain the reaction 
amplitudes, we need only note that the external wave functions can also be 
written in terms of the surface wave functions multiplied by radial wave functions 
which need to be adjusted so as to satisfy the joining conditions at the channel 
radius p,=R given by (6.30) and the usual combination of an incident wave 
and an outgoing wave at p,— 00. 

This formalism contains two arbitrary parameters, R and B, for each channel. 
The predictions are independent of their value. But the question can be asked 
if there is a best value of each, so that accurate approximations can be readily 
made. For example, it would be desirable if the series, (6.33), were limited to a 
few terms. However, there are also some important requirements that must be 
met which act to increase the number of terms. It would at first seem reasonable - 
to propose the nuclear radius for R. But the intrinsic nuclear wave functions 
do not fall precipitously to zero at R, nor is the range of nuclear forces equal 
to zero. Therefore, the region beyond R is in fact not nuclear force free. One 
could attempt to take this into account by including these terms in H pp, but 
then the effects of the Pauli principle would have to be explicitly considered. 
An alternative procedure would be to take a larger value of R, that is, one 
larger than the nuclear radius. But then the density of the levels E, increases 
and the number of terms in the series for R,., which would need to be considered, 
increases correspondingly. The method adopted limits the series to a few terms 
in the region of energy of interest and considers the remaining terms as an 
empirical parameter with a weak energy dependence. The effect of this procedure 
is to modify the potential scattering from that given by (6.25’), in other words, 
to introduce a potential term in the external region. For further discussions of 
this problem, the reader is referred to Teichmann and Wigner (52), Thomas 
(55), and Lane and Thomas (50). 

The use of the boundary condition operator was introduced into the theory 
of nuclear reactions by Bloch (57) and elaborated by Lane and Robson (66, 67). 
The description above is taken from Feshbach (62). It permits the direct use of 
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the formalism in Sections 2 to 5 to evaluate the consequence of the #-matrix 
assumptions. 


C. S-Matrix Formalism! 


The Kapur-—Peierls expansion employs the eigenvalues of the operator 
Ho9 + Woo, where the dependence on the energy E of Wo, is regarded as 
parametric, so that the eigenvalue E,, and eigen function Q, are both functions 


of E: 
LE,(E) — H gg — Wo0(E)JQ(E) = 0 (6.34) 


This is an excellent approximation as long as W,,(E) varies slowly with E. If 
we have been careful in selecting the prompt channels forming Y, this will be 
generally true unless the resonance width is an appreciable fraction of the 
single-particle width. However, this condition is not always satisfied, particularly 
when the target nucleus 1s light. It therefore becomes necessary to improve on 
this approximation by solving 


[é@,—H 


u— Hog — Wool€,) 1A, = 0 (6.35) 


This is the procedure that was adopted by Lemmer and Shakin (64). From A, 
[compare with (6.19c)] one can obtain the prompt wave function: 


1 
PP), =—————— H py A 6.36 


For a given channel a, this wave function satisfies the boundary condition 


Pw 
a ik, (PP), (6.37) 
where 
2 
k2 = 8 —¢,) (6.38) 


The quantity ¢, is the excitation energy of the residual nucleus. Since &, has a 
negative imaginary part, PY’, will grow exponentially with increasing p,. This 
exponential increase can be interpreted [Humblet and Rosenfeld (61)] as a 
consequence of the fact that one finds at p, those particles that were emitted 
by the system at a time (t — p,/v), where v is an average velocity. Since the time 


*Siegert (39); Rosenfeld and Humblet (61). 
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dependence of the state ‘Y,, is 


ete ut/h 


this emission occurred when the amplitude of ‘¥, was larger by the factor 
exp[(Im &,)p,/vh]. This behavior is the familiar one; solutions satisfying 
boundary condition (6.37) are often referred to as the Gamow solutions, used 
by Gamow and Condon and Gurney in their theory of «-decay. 

The expansion of the S matrix in terms of its poles was initially carried out 
by Siegert (39) for the elastic scattering case and was further developed by 
Humblet and Rosenfeld (61) to take account of reactions generally. However, 
because of the exponentially diverging nature of the wave functions associated 
with the poles of the S matrix, the traditional methods of expansion in terms 
of an orthonormal set are not possible and these authors had recourse to 
exploiting the analytic properties of the S matrix on the complex energy plane. 
[For a resolution of the expansion difficulty, see Feshbach (79). | 

This problem is avoided, in the formalism presented in this chapter, if 2 
contains only closed channels. Lemmer and Shakin (64), for example, simply 
solved the secular equation (2.36), which is just a form of (6.35). The solutions, 
A,, are expanded in terms of the closed-channel wave functions so that there 
is no normalization problem. The A,’s and their adjoint functions A’) form a 
biorthogonal set: 


As) = On (6.39) 
We may therefore expand the propagator in (2.30’) to obtain 


| <x? |H A, CAM | A opy? 
F p=FIPLY. Cy lA pgAy > SAG |Hophi > nS IH opki"? (6.40) 
u Fp 
where &, and A, do not depend on the energy E. 


This is not an expansion in terms of all the S-matrix poles. Referring to (6.3), 
S = SpSp 


the expansion has been made in terms of poles Sp only, the number being given 
by the size of the 2 space. The advantages of this procedure are quite manifest. 
Not only can one obtain an expansion in terms of physically significant matrix 
elements and energies, but one can also select the energy range over which the 
expansion is made by selecting the set ®,, and one can avoid unimportant poles. 
It is worthwhile to recall that in single-channel potential scattering, the Sp, 
matrix for a attractive square well has an infinite number of poles. The 
disadvantage of expansion equation (6.40) is the lack of independence of the 
various matrix elements and energies &, because of conditions imposed by 
unitarity. 
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D. Microscopic Theory 


In a microscopic theory of nuclear reactions, the various quantities, such as the 
widths and the resonance energies and the matrix elements entering the coupled 
equations (5.33), (5.34), or (5.35), are all evaluated from “first” principles, namely 
using a nuclear force and a model of the target and residual nuclei. The analysis 
of this chapter has been employed in this way by Lemmer and Shakin (64), and 
Friedman (67) for light nuclear targets. These authors use a shell model or 
deformed shell model description of the target. Bloch (66) proposed a generaliza- 
tion of the shell model for reaction problems which has been developed by 
Mahaux and Weidenmiiller (69) who have written a treatise entitled Shell Model 
Approach to Nuclear Reactions. We briefly discuss some of these attempts below. 
It will be convenient to employ the second quantization formalism of Chapter 
VII in deShalit and Feshbach (74). We briefly review some of the results we 
shall need in the present context. In the second quantization formalism, the 
Hamiltonian is expressed in terms of creation and destruction operators, Wt(r) 
and V(r), respectively, where r, as usual, includes not only spatial but also spin 
and isospin variables. These operators satisfy the anticommutation relations 


00), WC)} =6e—1), (01M, OI} =(VOPO)}=0 (641) 
In terms of these operators the number operator, N, is given by 


= | Wi (Wn) dr (6.42) 


An A-particle state is given by 


—_ Wr Wrr,_ 1) Wie) w tr, )10> (6.43) 


Ir,,T2,.-..%4 >= sami 


where the vacuum state |0> satisfies 


Wi(r)|(0> =0 


The Fock space wave function, with a definite energy E, is given by ¢ E|r,---r,>. 
An (A + 1)-particle state is given by 


Wro)lty r4> 


Ta 


The normalization of the state given by (6.43) is 


Pet ed 1 
Cp eet Nore Nay Oct Oe Ey) (6.44) 
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In problems dealing with the shell model it will be convenient to expand the 
operators and yt in terms of single-particle wave function g,, forming a 
complete orthonormal set of eigenfunctions defined by 
(T+ U) py = Px (6.45) 
where T is the kinetic energy and U is the shell model potential. Let 
W=Yak)o,  a(k)=<ol(r)> (6.46) 


Then the coefficients satisfy 


{a(k), at(k’)} = 5(k,k), — {a(k), at(k’)} = {a(lo, ak’)} = 0 
a(k)|0)=0 <Olat(k)=0 
N = Yat(kja(l) (6.47) 


The operator K,,,(r, 9) can be expressed in terms of the operators W. Note that 
K,(r, ro) = A [ure r>, cory r)W (to; r>, eeey r ,)dr, renee dr , 


=A Colts ot4) toute tal dtd 


Using (6.43) as follows: 
Lt 
ae rd (r)|r.---r4> 


it follows immediately that 


K, (t,t) = <v| Wt (ro)|v’> (6.48) 


Inserting expansion (6.46) gives 


K,,(F, Fo) = 2, De(N)P(Fo) < kv K | v'k’ > 


where 


<ky|K|v’'k’> = <vlat(k’)a(k)|v’> (6.49) 
The eigenvalue problem for the K operator can now be written as follows: 


<ylat(k’Ja(k)|v )W@, =x, WwW (6.50) 
7 wk vk 
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Equation (6.49) demonstrates again that the set a/|v> is not orthogonal, since 
the overlap between two such states is given by 


<via(k)at(k’)|v’> = 6,,.6,,, — (k, v| K|v’k’> 


Diagonalizing | — K is a method for restoring orthogonality, and consequently, 
removing overcompleteness. 

With the use of (6.49) it is a relatively simple matter to determine the matrix, 
K, for a set of Slater determinants for states v. Friedman (67) provides several 
examples: | 


Example 1. The states |v> are single-hole states, N in number, so that 
|v> = a(k;)|Q> 
where Q is an (A + 1)-particle state. Then the N? x N? matrix for K is 


<viat(k;)a(kjlv’> = Qlat(k,)a"(k, Ja(k,)a(k,)|Q> 
= 60, 1)0G,7) — 0G Nol, 7’) (6.51) 


This matrix can readily be diagonalized. The eigenvalues x, are found to be 
unity with a multiplicity N* — 1, and 1—N. 


Example 2. The states |v» are single-particle states, N in number, so that 


yy =at(k)IQ>) i=1,...,N 
Then 
<vjat(k,)a(k))|v'> = (Qla(k,)at(k,)a(k;)a"(k,,)|Q> 
= 5(j, i’) 5(i, j’) (6.52) 


In this case x, = 1 N(N + 1)/2 times, and x, = — 1, N(N — 1)/2 times. 


The problem following (5.23) deals with a simple case of three two-particle 
states with eight eigenvalues x, = 1 and one equal to — 2. Although these results 
are obtained using Slater determinant wave functions for W,, they can be 
generalized to a linear combination of the determinants, since such a 
combination of the determinants is generated by a unitary transformation. As 
a consequence, the eigenvalues spectrum, x,, remains unchanged although the 
corresponding eigenfunctions of K will be transformed. This is an important 
remark since it permits the application of the foregoing analysis to more accurate 
descriptions of the states of the target nuclei, including contributions from 
unbound orbitals, preserving orthogonality and satisfying the Pauli exclusion 
principle. 
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With the eigenfunctions and eigenvalues of K determined, one may now solve 
the scattering problem using the most convenient of its formulations, (5.33), 
(5.34), or (5.36). The procedure discussed by Bloch, Mahaux, and Weidenmiiller 
makes two approximations. In the first place it limits the number of nucleons 
in the continuum of the shell model potential to one, thus restricting the 
application to scattering (including charge exchange) reactions and not 
permitting the treatment of particle exchange reactions. This is an approxi- 
mation even for scattering processes since states with two or more particles in 
the continuum may be of importance, indeed are, for accurate descriptions of 
the target wave functions, as mentioned above. The second approximation, not 
completely independent of the first, limits the description of the target (A particle) 
states and those of the (4+ 1) compound system to linear combinations of 
Slater determinants formed from bound single-particle wave functions only. 

A set of states for the full (A + 1)-particle system is constructed. The “bound” 
states M, are shell model states, which like the target states consist of linear 
combinations of Slater determinants constructed from A-+1 bound single- 
particle levels. These are finite in number. The energy of these states can be 
above the threshold for particle emission so that they will generate resonances 
as described in the introduction to this chapter. The scattering states of the 
(A + 1) system, 7.(E), are constructed by antisymmetrizing the product of the 
wave function for a particle in the continuum and a target wave function. 
Because of the special construction of all the states from single-particle wave 
functions which are eigenfunctions of a common energy-independent single- 
particle Hamiltonian, these scattering states, together with the bound states, 
form an orthogonal set which we will assume is appropriately normalized. We 
shall refer to them as the shell model states. Thus by making the assumptions 
listed above, the Pauli principle and problems of overcompleteness are 
avoided. 

The formalism developed by Mahaux and Weidenmiller (69) can be expressed 
in terms of projection operators. These are explicitly constructed from the 
(A + 1)-particle shell model states. The operator Q projects on to the set ®,, 
while P projects on to the shell model scattering states y.. 


Be), [aezaey> (XAE’) (6.53) 
Q=),9,><®, (6.54) 


These are of course not identical with the P and Q used in Section 5. However, 
the general analysis of Section 2 1s applicable. Equations (2.3) and (2.4) become 


[E — (Ho) pp — Vpp] P® = VpgO¥ (6.55) 


LE —(Ho)og — Vogl OP = VopP® (6.56) 
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where the full Hamiltonian H is 
H = Hy + V 


and H, is the shell model Hamiltonian. | 

For further discussion of this model the reader is referred to Mahaux and 
Weidenmiller’s book (69). It is clear that its limitation to one particle in the 
continuum precludes a realistic description of a compound nuclear resonance 
and a fortiori of transfer reactions. It can be used to describe doorway states, 
particularly those which are constructed from 1 p—1h states excited, for example, 
by photon absorption [Bloch and Gillet (65) |]. This becomes a valid description 
if V is complex, to allow for energy averaging over compound nuclear 
resonances. The model is very useful as well in providing a description of the 
Structure of the S matrix, which as we discussed earlier, is insensitive to 
dynamical details. 


7. SUMMARY 


In this chapter a formal theory of nuclear reactions is developed, based on a 
separation of the channels of the system into prompt and time-delaying states. 
This is accomplished formally through the use of projection operators P and 
Q. Without specifying any but general properties of these operators, a theory 
in which direct reactions and compound nuclear resonances appear 
simultaneously and on equal footing is developed in Section 2. Both the case 
of an isolated resonance and that of overlapping resonances are treated. Still 
maintaining the generality of P and Q, the energy average of the transition 
amplitude is discussed in Section 3 and a derivation of the optical model 
exhibited. It should be remembered that this optical model is not necessarily 
the single-channel optical model but can include many channels, so that it 
provides not only a description of elastic scattering but also one of inelastic 
scattering and direct processes generally. The theory of the doorway state and 
its relationship to intermediate structure in the cross section is the subject of 
Section 4. Exit as well as entrance doorways are treated, as well as the effect 
of a doorway resonance on the fine structure resonances. In Section 5 we 
consider a more specific P together with the problems of overcompleteness, the 
Pauli principle, and the lack of orthogonality which occur if the prompt wave 
function is expanded as a finite series in the wave functions of the target nucleus, 
as iS appropriate for the discussion of elastic and inelastic scattering. These 
problems, as encountered more seriously in transfer reactions, will be discussed 
in a later chapter. Finally, in the last section the general methods (Section 2 
particularly) developed in this chapter are compared with other formalisms, 
including that of Kapur—Peierls, Wigner and Eisenbud, and Bloch, Mahaux, 
and Weidenmiuller, Many contributions to our understanding of nuclear 
reactions that are appropriate to this chapter have not been discussed. There 
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is the work of Macdonald, Tobocman and his collaborators, Danos and Greiner, 
Thaler, Shakin, and many others. Of course, no attempt has been made to 
provide a historical perspective. 

Reactions induced (or produced) by y-rays can readily be included without 
modification of the general development. As expected, the width of a resonance, 
I’, will now contain a component, I’,, because of the possible radiative decay 
of a resonance. In addition, direct y-ray as well as doorway state processes are 
automatically described by the theory, which is discussed by Estrada [Estrada 
and Feshbach (63)]. | 


APPENDIX. THE BOUNDARY CONDITION MODEL 
FOR NUCLEAR REACTIONS! 


In the boundary condition model, configuration space is divided into two 
regions, one in which the strong nuclear interactions prevail, r< R, and one in 
which the potential is zero (for neutrons) or Coulombic (for charged particles). 
R is, roughly speaking, the nuclear radius. No such sharp boundary exists in 
nature. But the model is useful because it isolates the major physical effects, 
the corresponding parameters, and qualitative and quantitative estimates of 
their numerical values. The model was developed in a simple form by Feshbach, 
Peaslee, and Weisskopf (47) and in a more complete and sophisticated form by 
Wigner and Eisenbud (47). It has been used by Lomon and Feshbach (68) to 
study the nucleon—nucleon interaction, by Lomon (89) and by Jaffe and Low 
(79) for elementary particle reactions. 

In this section we use the simpler description of Feshbach et al. (47). Spin is 
neglected. A partial wave expansion is assumed. The radial wave function for 
the /th partial wave, corresponding to an orbital angular momentum of [h, is 
given by (1/r)w,. The boundary condition to be met by the external wave function 
(r>R) atr=R is 


f= R| Ue) (A.1) 
l r=R 


where f; can be a complex function of the energy. The resultant S matrix is 


wi) fi/kR— wi Joy, 
wr? fi/kR — wi"? /w, 


A DIOY 
S, = 7! = 


(A.2) 


where w\*? are solutions of the Schrédinger equation for r>R evaluated at 
r = R. The prime denotes derivative. The functions w!* for uncharged particles 


*Feshbach, Peaslee, and Weisskopf (47). 
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have the following asymptotic dependence: 


wt(0) 5 gil -In/2) (A.3) 
C7 
w!(C) +e o—In/2) 
C7 a 
C¢=kr 
Let 
wi) =|w le ‘wi =|wile™ (A.4) 
Then 
|w,||w;,|sin(o, — t,) = 1 (A.5) 
Let 
wt)’ . 
Ca A, + is, (A.6) 
Fhen 
A, = Iwi cos(o, — T,) (A.7) 
|, | 
— (A.8) 
Ss; = e 
|w,|? 


The scattering matrix can then be written 


— p2iai (f,/KR) — A, + is, 


(A.9) 
(fi/KR) — A, — is, 
The transmission factor T, is given by 
I kR 
Ret ie, a (A.10) 
(Re ti 2 kRA,)? + (kKRs,  #, Im fi)’ 
Note that 
T, 20 and Im f, <0 (A.11) 


Resonance Formula 


Consider first 1 =0, for which A, = 0. Let Ey be the value for which Re f, = 0. 
Then in the neighborhood of E = Eo, 


rT 


~ (E— Ey)? +12/4 el 


0 
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and 
iT 
Sy — 1 =(e2!2 — 1) — e?o ___ 0 __ 
(E—E,)+ il /2 
where 
T = I> + I; 
2|Im fo| 


' |ORe fo/OElp—p, 


2kR 

r= 

|O Re fo /0E|p-g, 
If the interaction region is a square well, 


then at resonance 


uR? 
Im fo = — qe 
and 
4W,,(h7/uR2)kR 


"0 E— Bo)? + [Wo + (/uR9KRE 


These results are easily generalized for 140. We find that 


- rer 
(E — Ey)? +4(0,)’ 
where E, is the energy at which Re f, — kRA, = 0, and 


To = 2|Im f,| 
'  [0(Re f, — kRs,)/OE|p- 5, 


(y) 2kRs, 
°  (a(Re f, — kRs,)/E|p- x, 


(A.13) 


(A.14) 


(A.15) 


(A.16) 


(A.17) 


(A.18) 


(A.19) 


(A.20) 


(A.21) 
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The penetrability P, is defined to be 


(A.22) 


R Matrix (/=0) 


Let X, be the solutions for the interior (r < R) problem satisfying 


OX 
r=R 


The eigenvalues will form a discrete spectrum. The energy accompanying the 


eigenfunction X, is E,. We now expand the exact solution w in terms of X, in 
the region r < R. We assume that on the surface r = R: 


Ww => x(s)b-(r) 


where x,(s) forms an orthonormal set on the surface s, r = R. It then follows that 


hh? 
bAR)= — 7 Eb ADE =~ —| |dsx.zel9 || [asxaxce | 
c a 


E-E, 


The & matrix is therefore 


 ——— oe A.23 
cc LE x Fl me 2 ( ) 
where 
},? 
eam ee | Xaneas (A.24) 
V 2p 
so that 


For the single-channel case, R,,, = R,,0 


P(R) = R,.b.(R) 
so that the f of (A.1) is 


(A.26) 
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Properties of s, and A, 


—_ 
Orelgem) Seong 


(A.27) 
1 
ai =2(5) 
So = 1 Ao = 0 
SG ! 
S Keene = A.28 
‘(1+ 0?) "(1+ ¢?) — 
e 3(6 + C7) 
Baa. “Ot Gaara 
(9 + 307 + £4) 94307 +¢ 
For charged particles, 
wWO=G,+iF, (A.29) 


The properties of F, and G, are given by (A.70)-(A.74) in Appendix A at the 
end of the book. 


CHAPTER IV 


RESONANCES AND THE STATISTICAL 
THEORY OF NUCLEAR REACTIONS 


1. INTRODUCTION! 


This is the first in a series of chapters in which the formalism of Chapter III will 
be applied to various types of reaction phenomena that are observed 
experimentally. Extensions of the formal theory will suggest themselves and be 
developed. 

We begin the chapter with the isolated resonance, the dependence of its 
width upon projectile energy, and the interference of the resonance amplitude 
with that for the prompt reactions not only for elastic scattering but for other 
reactions as well. Threshold phenomena, the existence of cusps in the cross 
section, are naturally considered at this point. These are followed by a 
discussion of the case of many overlapping resonances. The very important 
impact of the details of the empirical analysis of the data upon theoretical 
considerations is stressed. It is now a quick step to the statistical theory of 
nuclear reactions since analysis of the resonance data provides us with 
distribution functions for the widths, spacing of resonance energies, and 
fluctuations in the cross section. Correlations among these various quantities, 
either self-correlations or cross-correlations of fluctuations in different 
channels, are important statistical measures that can indicate the existence of 
significant phenomena. The simple statistical theory for the average reaction 
cross section can be formulated and compared with experiment, suggesting 
the need, in some cases, for a more detailed statistical description ofa reaction. 


* Hodgson (87); Mahaux and Weidermiiller (79). 
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Channels; Angular Distributions. The description of the angular distribution 
of reaction products differs according to the scheme adopted for labeling the 
open channels. One common method is to couple the projectile spin i and the 
target spin I to form a channel spin s, as indicated by the equation 


I+i=s (1.1) 


The vector notation is shorthand for |I —i|<s<JI+/i. The spin is then coupled 
to the orbital angular momentum | to obtain the total angular momentum of 
the system, J: 


J=s+l=I+i+l (1.2) 


This procedure is referred to as the channel coupling scheme. It is also possible 
to couple the projectile spin and the orbital angular momentum as would be 
appropriate if spin-orbit effects were overriding: 


i+l=j (1.3) 
To form J, j would be coupled to I: 
jti=J (1.4) 


This coupling scheme is referred to as the spin-orbit coupling scheme. Finally, 
the helicity coupling scheme of Jacob and Wick (59) has often been used [see 
Chapter VIII of deShalit and Feshbach (74)], particularly for relativistic 
phenomena. In this scheme the projections of the projectile and target spin 
along the direction of motion, 4, and A,, respectively, similar quantities for the 
reaction products, 4, and Ay, together with the total angular momentum J (and 
its projection M) are used. 

Of course, in addition to the angular momenta, one must also include the 
parity of the channel, the energies of the system in the center-of-mass frame, 
and the excitation energies of any of the complex particles in the initial or final 
states of the system. For the sake of definiteness we shall use the channel 
coupling scheme in this chapter. Then the angular distribution of the reaction 
products for a two-body final state in which both products are in well-defined 
quantum states of a given energy is 


da(a,a') > 1 1 
dQ k? ~ (21 + 1)(2i+ 1) 
x (1,855, | /4aY, U5, 5,02) Ren? 7, (U8 ls; J, 1) 
x F* (5s'5 ls; J2,) | P (cos 9) (1.5) 


(14,8, J, ly An Y_ || 12,8, Jz) 


The sum is taken over all angular momentum and parity quantum numbers 
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with the exception of I, i, and of course « and a’. The final states are normalized 
per unit energy that is <y,(E)|7,.(E’)> = 426(E — E’). 

As a consequence, 7 ,, the transition matrix, is dimensionless?. The 
integrated cross section is 


a’a? 


4 Dies 
o(ol, a) = = YY in, (5's ls; STD)? (1.6) 
k? (21+ 1)(Qi + 1) 


The reduced matrix elements (I, sJ, || /4nY, | [,sJ,) in (1.5) are kinematical in 
the sense that they do not depend on the nuclear interaction. The angular 
momenta /,,/, are two possible values in the decomposition of the incident 
wave into partial waves; s is a possible value of the channel spin. The primed 
quantities describe the situation for the final state. In addition to (1.2), the 
reduced matrix elements yield 


J,+J,=L (1.7) 
which together with (1.2) yields 
L+L=L and n+hi=b (1.8) 
These results can also be obtained from the explicit expression 


(1, sJ4||/40¥, lI 252) =(—)* ot 2 [(21, + Y(2lg + QI, + 12, + 1IY(2L4+ Y]}'? 


00 0/\U, bh L 


Note the requirements that both /, + 1, + Land /, +1, + L must be even, thus 
guaranteeing parity conservation. We immediately see from (1.7) and (1.8) that 


Lina, = min(2I, 2!’, 2J) (1.10) 


where | is the maximum incident angular momentum, /' the maximum emergent, 
and J the maximum value of the total angular momentum. Equation (1.10) is a 
precise statement of the complexity theorem [ Yang (48) ] described in Chapter I. 

The ZY matrix in (1.5) depends on the nuclear interaction. We see that in 
the channel spin coupling scheme it describes a transition between two channels 
c and c’ defined by the quantum numbers 


c = {als; JIT} 
(1.11) 
c = {a'l's’'; JT} 


*For spinless particles, 7, = —(1/x)sin 6,e"*, where 6, is the phase shift. 
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We shall often, for notational compactness, replace 


F ugQl’ss Is; JID) 
by 


F AIM) (1.12) 


ZF is a symmetric function of c’ and c: 


Therefore, from (1.6) it follows that 


_ ker + 1)(2i + 1) 


O09) = Gore Qe D 


a(a, «’) (1.13) 


This reciprocity relation interchanging initial and final states. [> I', ia/, 
and so on, has been used to determine a spin when three of the four J, i, I’, i’ 
are known. For example, the spin of the z meson can be obtained by comparing 
pt+p-x* +D and x* +D-—p+p [Marshak (51); Cheston (51)]. 


2. ISOLATED RESONANCES; INTERFERENCE WITH THE 
PROMPT AMPLITUDE 


The transition 7 ,,(JI) can, according to (III.2.25), be written as a sum of two 
terms, the prompt and the resonant amplitude: 


F p=I OTS (2.1) 


Therefore, the differential cross section (1.5) can be broken up into three parts: 


da(a’',a) — do(a’, a) ig do'®)(a’, a) A do (a’, a) 


(2.2) 
dQ dQ dQ dQ 


The first term on the right side of this equation gives the angular distribution 
of the reaction products as generated by the prompt processes as indicated by 
the superscript P. The second, with superscript R, the angular distribution 
originating in the resonance, while the third, with superscript J, is the angular 
distribution developed by the interference between the two, the prompt and the 
resonance process. A similar decomposition is possible for the integrated cross 
section. From (1.6) 


o(a’, a) = a'(a', a) + 6 Pa’, oo) + P(x’, a) (2.3) 
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For example, inserting (2.1) into (1.6) yields 


An 2J + 1 


oN, o) = — Yap F 2 = TG 2.4 
A) @ Ors ais) vel - ) 
o' Ba’, a) == oh, 2 td jagim = So. (2.5) 
k? (21 + 1)(2i + 1) = 
o D(a, a) — 4n au EL ges + aes ih a a (2.6) 


k? (21 + 1)(2i+ 1) ie 


We consider the case of a single isolated resonance which is designated (just 
as in the case of bound states) by a specific-J and IT. Thus 


dole, ®) iy (ls ||, /4nY,, | sJ)(U s'J |]. /4nY, I,5'J) 
os S TT S S TU S 
dQ k?(21 + 1)(2i+ 1) eee wk ae 


x Re(TPTP*)P, (2.7) 
To excite a resonant state of a given parity, /,+J/, and I’, + 1, must be even; 


that is, /, and |, must have the same parity and similarly for /', and I’,. Since 


[see (1.9)] 


lL Li 
LsJWY,llLsJ)~( 2 Z 
(1, sJ || Y;.|| SJ) é 0 — 


it follows that L is even. Hence the resonant angular distribution (2.7) is 
symmetric about 90°. 


Problem. Prove directly from (1.9) that if both the projectile and target have 
zero spin, and if the reaction products have zero spin, then 


dg'®) 


ae 2 
10 [P;(cos 3) ] 


This result is applicable to resonance reactions such as '7C + **C>?°Ne + a, 
12C + 1°Q ~74Mg +a, and so on, when the residual nucleus and emergent 
particles are in spin-zero states. 

Before the effect of interference can be discussed, it is necessary to provide 
explicit expressions for 7“) and J “. The former is given by (III.2.25) as follows: 


creo. = Tee Geax JT) (2.8) 
E-—E,+(i/2)1, 
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In this last expression the g’s are real numbers and the o’s give the phases of 
the distorted waves generated by the potential scattering [Eq. (II.2.24) ]: 


y= ely | (III.2.24) 

and from (III.2.23), 
P= Ge. (I11.2.23) 

and from (III.2.22), 
ee (1.2.22) 


Each channel c with an / and s that can combine to give the JII of the resonant 
state will contribute to (1.5). 
The prompt transition amplitude is constructed out of the solutions of 


(E — Hpp)x'* =0 (2.9) 
where generally this is a set of coupled equations connecting the different 
channels. The DWA (distorted wave amplitude) is constructed by treating the 


coupling pertubatively. More explicitly, the relevant equations are of the form 


(E A.) Xc = fs ay ee 


(2.10) 
(E _ Ae = Ae Xc 
so that! 
F oe a he as » (2.1 1) 
where x‘; and x‘,? are solutions of the uncoupled equation (2.10) that is with 
H,.. = Hi. = 0. 


In the discussion that follows we shall employ the DWA approximation for 
the x, and y,, appearing in the definition of T’,.: 


2 
Dy, = 20| <i) ppx*| (2.13) 
‘One can improve upon (2.11) by obtaining a better y, by eliminating X, So that 
E H —-H : H | =0 (2.12) 
cc cc’ E = H cc Xe = ‘é 


Then the exact 7“) is given by ¢x'> 1H_.lx07>, where y{*? is a solution of (2.12) [Lamarsh and 
Feshbach (65)]. Since the wave functions are usually obtained using an empirically determined H.,,, 
it is possible that the DWA is a more accurate approximation than would at first appear. 
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and the amplitude given by (2.11) for the prompt amplitude. This is a reasonably 
accurate procedure when the prompt process is a single step and in any event 
will serve to illustrate the effects of interference between the direct and the 
resonant amplitude. 

From (2.11) it then follows that 


nF P) = — eile +80) 4 | (JTT) (2.14) 


where A is a real amplitude. 

To illustrate the effect of interference we consider a simplified situation. Let 
us first restrict the discussion to elastic scattering. Second, let us assume that 
the target nucleus has zero spin, so that s’ = s, and in addition assume that the 
energy is so low that only one angular momentum, the lowest possible value 
of /, contributes significantly to the formation of the compound nucleus. Suppose 
that the resonance occurs therefore for a particular combination of (I, s, J, 1) = C. 
Then from (1.6) and (2.4), 


o(a,a)=)'oP + o¢ (2.15) 


where the prime indicates the omission of the terms c’ = c = C. The cross section 
Oc Is 


|xF (1; 1,5 JT1)|? (2.16) 


ik? 241 
For this term the potential scattering amplitude is 
nF (P) = —e- sin dc (2.17) 


Combining (2.17) and (2.8), g¢ is 


4xn2J4+1] , : Paw 2 ‘ 
c= au elie e'® sin dc — e78¢ oS (2.18) 
k* 2i+1 E—E,+(i/2)T, 
Introducing the resonant phase angle y,, 
lr, 
tany, = ——-— 
(2.18) becomes 
4n 2J +1 os sd be “mf 
= e7'8c( sin dpe ce — “sin y,e 2.19 
C2 D4 4 C ; YA (2.19) 


The simplest situation occurs when only the elastic channel is open. This, 
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together with the initial assumptions, has the consequences T,.=I, and 6¢ 
real. Then (2.19) becomes 


4x 2J +1 


=e a 6.e —siny,e '”|? (2.20) 


Oc 


It is immediately clear that completely destructive interference occurs when 
Ya = 0c F(a, a%) = 0 


On the other hand, a maximum occurs when 


eo 5 + d¢ 
with a maximum cross section 
[elt 8) = FF 5 (2.21) 
In terms of the energy E we have 
E=E,+ soot Oc for the minimum value of o-(a, «) =0 
and (2.22) 


r 
E=E,- oe Oc for the maximum value of o-(a, a) 


We see that the effect of the interference is to shift the maximum and introduce 
a minimum, with the scale of these shifts given by I’,. For no potential scattering 
term, that is, no interference, 6. =0, the maximum is not shifted while the 
minimum is at infinity. For 6¢ small, the maximum is shifted to a lower (larger) 
energy for 6¢ positive (negative) while the minimum appears on the other side 
of E,. On the other hand, when 6, approaches 77/2, that 1s, when the potential 
scattering resonates, the maximum disappears (i.e., moves off to infinite energy). 
The resonance now manifests itself by a minimum (in this case a zero) at E = E,. 
Figure 2.1 gives an example of a resonance with an interference minimum and 
Fig. 2.2 shows a resonance in which the potential scattering is very small, so 
that no interference phenomena occur. 

If more than one channel is open, I’, < I’, and 6c can be complex since there 
will be absorption from the elastic scattering channel denoted by C into reaction 
channels. Under these circumstances the cross section at the interference 


*By using the eigenphases for the prompt channels similar to the o,, Of (III.2.45'), one can avoid 
complex phase shifts. 
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Cross section o¢omp ——————_—_——_»- 


Neutron energy E; ———--—_—"> 


FIG. 2.1. Elastic scattering cross sections for S-wave neutrons near a resonance in the 
compound nucleus. The figure shows the relationship between the shape-elastic and the 
compound-elastic cross sections for a spinless target nucleus. [From Marmier and 
Sheldon (70). ] 


minimum will no longer be zero and the maximum will no longer be as large 


as that given by (2.20). The full formulas are given by Feshbach (60). As an 
example, we quote here the result for 6¢ real: 


2J +1 Pee T ae) (ee 
Oo iene a 1 1+( -2) =2(1-22£ eos 26 | + et 
max k2 21+ 1 r, r, c 


ae (2.23) 


The visibility of a resonance is reduced as I", becomes a smaller fraction of I’,. 

Note also that the elastic scattering resonance contributes only to the partial 
waves having a fixed J and I. The cross section will contain the contributions 
for other values of J that generally will not resonate at E near E, [as assumed 
by (2.15) ]. It will certainly be considerably easier to observe a resonance when 
the number of partial waves involved is few, as the nonresonant background 
tends to obscure the resonance structure. 

As this discussion emphasizes, it is more difficult to observe resonance 
structure in the integrated cross section, particularly as the energy increases. 
To remove the effects of the nonresonant background and thus make the 
resonance more visible, it would be obviously helpful for the experiment to be 
designed so as to be more selective. Choosing a particular channel, for example, 
would be best. One common and important method looks at the reaction 
products, which because of selection rules and specificities originating in barrier 
penetration factors may have many fewer nonresonant background terms. An 
example is given in Fig. 2.3; the '*C + '7C reaction shows many resonances 
detected by examining the y-ray spectrum generated by reactions leading to the 
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Observed cross section ojq;[barns] 


FIG. 2.2. Neutron total cross section for In. [Marmier and Sheldon (1969), taken from 
Landon and Sailor (55). ] 


states in 7?°Ne and ?°Na. These resonances are well below the barrier and thus 
are not as readily detected in, say, elastic scattering, to cite an extreme example. 

The angular distribution is much more sensitive than the integrated cross 
section to the presence of an isolated resonance. To demonstrate this, we take 
the simple case of an s = 0 initial system and an s = 0 final system. An example 
is the elastic scattering of «-particles (or pions or kaons) by a spin-zero nucleus. 
Then, as one can verify directly from (1.9), 


Lh=t=J, b=he=J, (2.24) 


As one can directly show from (1.5) using (1.9) and, from deShalit and Feshbach 
(74), (A.2.96) and (A.2.35) deShalit and Feshbach (74) 


do(a',c) 1 on aged 
Tea aL Ql+ DP Keo 7 .4(0 (2.25) 
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FIG. 2.3. Resonances in the '*C+!?C reaction [From Erb and Bromley (85).] 


100 


where we have abbreviated 7 ,,,(10; 10; 1M) by 7,.,(J). Of course, one can derive 
this result directly rather than as a special case of (1.5). Let the resonance occur 
for |= J. Then 


! 2 
dc —|F") + (2J + 1)P,(cos 97M (J)|? (2.26) 
dQ k? 

The first term is just the prompt term (“potential” scattering in the elastic case), 
the second the resonance term. We see that the interference occurs now between 
the full potential scattering amplitude and the resonant amplitude. This 
combination will have an interference minimum and a maximum whose 
positions will vary with angle. It is often the case, particularly at the higher 
energies, that the prompt amplitude is very small at back angles. In that event, 
the resonant term will be very prominent in this angular region and the angular 
distribution will vary like (P,)?. More generally, an analysis of the angular 
distribution into partial waves will reveal the resonance. When the channel 
spins are not zero, extracting the resonance amplitude from the angular 
distribution might again prove difficult. However, in these cases one can turn 
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to the polarizations and their angular distributions (if the data are available!) 
for the needed additional information. 

Interference, constructive and destructive, as a consequence of the existence 
of both a prompt amplitude, (2.14), and a resonating reaction amplitude, (2.8), 
can occur in reactions as well as elastic scattering. Its strength depends on the 
relative magnitude of each of the contributing terms, that is, on g.,g.,/I', of 
(2.8) and on A,,,(JII) of (2.14). Again because of the general tendency of the 
prompt amplitude eventually to decrease sharply as the angle increases, 
resonance structure should be more visible at back angles, while interference. 
phenomena should be significant in the intermediate angular region lying 
between the forward angular region, where the dominant contribution to the 
differential cross section is from the prompt amplitude and the backward angular 
region dominated by the resonance reaction. 

One should note that because the interference depends on the strengths of 
the prompt and resonant amplitudes and because these vary with the exit 
channel, the locations in energy of the interference maximum and minimum 
will generally vary with channel. The maximum will not be at E,; it may differ 
from that value by the order of [, and in extreme cases by more. The customary 
procedure for the identification of a resonance by observing its presence in each 
channel must take this possibility into account. 


3. PROPERTIES OF THE WIDTHS; THRESHOLD BEHAVIOR OF 
CROSS SECTIONS; CUSPS 


The width of a resonance is given [see (III.2.13)] by 
DP, = 2n|<®,|Agpx*)>|? (I11.2.13) 


The value of I’, depends on the overlap of the channel wave function x‘*? with 
®, and Hop. Roughly speaking, this is increased if y*) has an appreciable 
amplitude within the nucleus, that is, within the nuclear volume or on the 
nuclear surface, according to the nature of the reaction. In other words, the 
size of T’,. will depend on the probability that the incident wave will penetrate 
into the nucleus or, equivalently, the probability that the prompt reaction wave 
can emerge. The barriers that can reduce these probabilities are the angular 
momentum and Coulomb barriers referred to in Chapter I. The effect of these 
barriers is largely independent of the nuclear interaction and depends critically 
on the system’s energy, size and the charge of the projectile and target. The 
angular momentum barrier is important near the threshold for the reaction. 
The reduction that the Coulomb barrier produces is important for energies 
near to and below the height of the barrier. Both of these effects can produce 
a rapid energy dependence of I’,.. It would thus be useful to factor these effects 
out of I’,. so that the remainder will more truly reflect nuclear properties. This 
factorization cannot be unique. 
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In this volume we adopt the transmission factor in the channel cT,, as a 
measure of these effects: 


r.~ 1, (3.1) 
where T, is defined by 
T,=1-Y1<S,.>P? (3.2) 


S.. 1s the S matrix, c and c’ denoting open channels, while <S,..> is its energy 
average. The motivation for this choice can be seen most easily by considering 
the single-channel case, that is, when x, is a single-channel wave function. The 
averaged S can be obtained from the corresponding optical model wave function 
<y,». In Chapter V (p. 367) we show that 


T, = 4k for>( ==" W)<x>r dr (3.3) 


where W is the imaginary part of the complex optical potential. In (3.3) <x.) 
is normalized to have unit amplitude at infinity. Since the angular momentum 
and Coulomb barriers enter in an identical way for the equations satisfied by 
xy, and <y,>, the behavior of T; and I’,. should be similar. Obviously, T, cannot 
reproduce the dependence of I’,, on 4. However, since W represents the 
absorptive effects of the reactions as well as the reduction in channel c because 
of coupling to other channels, T, provides in a rough fashion a measure of the 
magnitude of I’,.. This relationship is, in fact, demonstrated by (III.3.22’), where 
the absorption computed from the optical model, which is proportional to T,, 
is found in first order to be proportional to the energy average, <I,.>. For the 
present purposes it will suffice to record the approximate result, — 


Te 27a) ls) (3.4) 


where qw, is the density of levels of the A type. 
The properties of the transmission factor are listed in the Appendix to 
Chapter III. Drawing on these results, we find that 


T(E) ~ k?'**C?(n) as k 0 (3.5) 


where E is the energy of the relative motion of the two-particle system in channel 
c,k the wave number is the corresponding momentum divided by h, and l/h is 
the relative angular momentum of the two particles. The quantity 4 is the 
Coulomb parameter 


_ zZe~ 2zZ 


= 3.6 
hv 1376 ee) 
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ae I E(MeV) 
c 21.7 u 


(3.7) 


where v is the relative velocity corresponding to wave number k and p is the 
reduced mass in channel c in units of the proton mass. The Coulomb factor 
C? is given by (1.8.6), which we repeat here: 


2l 


On 2 2 2 4/2 7a 2\~72 
CP pa ll? + PVE = 1? 4a} + ICH 


where 


: 2 
C=" (3.8) 


a 


A short table of Cé is given in (Table 1.8.2). 

Because of the close relationship between T, as given by (3.3) and I,. as 
expressed by (3.1), it follows that the threshold behavior of T’,. is also given by 
(3.5), that 1s, 


Dy. ~ kt * Cr) (3.9) 


From the analysis of Section 4 in Chapter III, an expression for T near a 
single-particle resonance [Eq. (III.4.52)] is available: 


_ eV 3p 
(E = E sp)” ou alice 


c 


peed Bes Be (3.10) 


I! ,, the escape width from the resonance, is usually referred to in the literature 
as the single-particle width. It is the single-particle width in the absence of an 
interaction of the single channel with the compound nuclear channels. An 
estimate of the order of magnitude of T can be obtained from the results given 
in the Appendix to Chapter III for T in the resonance region for a square-well 
optical potential whose imaginary part is W,. Then when the relative angular 
momentum 1s /h, one finds that 


ri, ~2W, (3.11) 
2 


2h 
rl. =e kKRskR) (3.12) 
UR 


where R is the radius of the potential and p is the reduced mass. The function 
s(kKR) is given by 


eo (3.13) 


|wr'(x)|? 
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where w'*? is the outgoing wave solution of 


dw, (i+ 1) “a 
+|1- —— |w,=0 3.14 
dx? x? x | a 
For uncharged particles (7 = 0) 
So = 1 
s ae 
‘1 4 x? 
4 
x 
Ss, = ——_——_ 3.15 
: 94+ 3x? + x4 ea 
x? 
S3 


~ 995 + 45x? + 6x* + x® 


The barrier effects given by (3.5) are in (3.10) carried by the factor T'!,, as 
can readily be demonstrated using (3.12). 

The various expressions for T, are not needed for its numerical evaluation, 
as this can be easily obtained from the numerical integration of the optical 
model differential equation for the channel. They serve here to furnish some 
insight into the properties of T,, which in turn gives the gross properties -of the 
widths according to (3.1). We shall often write 


P= (3.16) 


where y4, will carry the deviation of the dependence of I’, from normal. 

The threshold behavior, (3.5), is obviously of importance for channel C. It 
can also sharply influence the behavior in other channels. For example, consider 
the scattering in channel C given by (2.18): 


4 , 4T ‘ 
EL ia St, eee as (3.17) 
k? E—E,+(i/2)T, 
in the case where two channels C and D can be opened, so that 
P,=l.,+TVp, (3.18) 


Suppose that channel D is closed below E,, and for the sake of the example 
suppose that the value of / for channel D is zero, so that above threshold 


D,=TQ,+ /E-—ErAp, (3.19) 
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where A, is a finite constant at E= E,. Below E, 
lr, — Ve, (3.20) 


It is now a simple exercise to verify that 


(Se) E> E® 
OE 


(2s) const E>E? (3.21) 


while 


Hence o will have a cusp in its dependence on the energy, as illustrated in 
Fig. 3.1. For larger values of /, singularities in ¢¢ will appear for higher derivatives 
(e.g., in the second derivative for / = 1), but these effects are much more difficult 
to discern. | 


Note. The effects of the angular momentum and Coulomb barrier are not 
restricted to resonance reactions but hold more generally. The matrix, 7 ,,., is 
given by 


Fu Vy (3.22) 
so that the dependency of |.7 |’ on x, is similar to that of ’,.. Hence 
|F wl? ~ T.~ 77 *C?(n) k-0 (3.23) 


where [| is the orbital angular momentum in the c channel. From (1.6) it follows 
that 


oa. ~ k2-1C%4) kk 30 (3.24) 


revealing the 1/v-law for reactions induced by a neutral particle (y = 0) valid 
when | = 0. 

The cusp described by (3.21) 1s also more general, not being restricted to 
resonance reactions. This fact may be made evident through the use of one of 


FIG. 3.1. Formation of a cusp in a, because of 
a threshold in another channel. Er E-- 
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FIG. 3.2. Reaction showing cusp [From Zyskind, Davidson et al. (78). ] 


the conditions that follow from the unitarity of the S matrix: 


DSS ca = | (3.25) 


Suppose, for example, that there are three channels c, c’, c’, which must be 
considered, and moreover, suppose that there is an [=0 threshold in the c’” 
channel. We now look for the effect of this threshold on the c’ channel, that is, 
on |S...|?, which is proportional to the cross section for the reaction c>c’. From 
(3.25) 


a 2 2 
[Se =|—|S..| =| S| 
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The | = 0 threshold dependence of |S,...|* is given by the factor ./E — E; for E 
greater than E,, and by zero for E less than E,. Therefore, 0|S...|?/0E will have 
an infinite discontinuity at E=E, because of the /=0 threshold in the c” 
channel. Just such a cusp is shown in Fig. 3.2. The cusp in the **Cr(p, y)?>Mn 
reaction is generated by the threshold in the °*Cr(p,n) reaction (Zyskind, 
Davidson et al. (78)). 


4. OVERLAPPING RESONANCES 


The analysis of a cross section in terms of a prompt amplitude plus a resonant 
one can be readily extended to the case of several isolated (1.e., nonoverlapping), 
resonances. However, it should be noted that the results are not unique in the 
sense that they depend on the choice for H,,, which in turn determines the 
prompt term. As was illustrated by several examples in Chapter III, Hp, is not 
unique, so that the prompt term can be the scattering from a hard sphere as 
in the Wigner—Eisenbud theory, or in another example it can be the amplitude 
deduced from an optical model potential. Consequently, the value of the widths 
I will vary with the choice of Hpp,, although the reduced width of (3.16) will 
generally be less sensitive. This ambiguity reflects the latitude in the definition 
of what will be considered prompt and what will be considered delayed. It is 
essential that the presentation of an analysis of experimental results clearly state 
the choice made for the description of the prompt amplitude, that is, the choice 
of H pp. 

A related question asks how many resonance terms one should add on to 
the prompt term. Indeed, in some formalisms the number of terms is infinite. 
There is in some no prompt term initially. That term is recovered by summing 
over the “distant” resonances. This is, in fact, appropriate since the distant 
resonances are not resonances at all if by resonances we mean delay times, 
which are long compared to some appropriate characteristic time. 

A simple illustration will clarify this remark. In potential scattering the 
characteristic time is a/v, where a is the range of the potential and v is the 
velocity of the incident particle inside the potential. Suppose that a pole of the 
S matrix occurs at E —il/2. The delay time is then h/T. If that delay time is 
less than a/v, the time required for the particle to cross the region in which the 
potential acts, the contribution of the pole term to the scattering amplitude is 
physically not a resonance. It is physically more correct to consider it as a 
contribution to the prompt amplitude. To complete this illustration, note that 
the poles of the S matrix for an attractive square-well potential, no matter how 
shallow, are infinite in number. In that case, it is mathematically possible to 
represent the scattering amplitude as a sum of contributions from each of these 
poles, but of course the resultant total amplitude shows no resonant structure 
if the well is sufficiently shallow. 

These caveats have even more validity when the resonances are overlapping. 
Analysis of such data can and have been made using (III.2.23) or (III.2.47). In 
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the first of these, the transition matrix is written as follows: 


on 
a7 ie ee a (IIT.2.33) 


As indicated by the earlier discussion the sum over yp contains a finite number 
of terms, say N. Because of the requirements of unitarity, the parameters A‘? 
and E,, which are slowly varying functions of E, are not independent. To make 
one such relationship explicit, let 


Al) — sell *Meitrg, (JTI)9, (ITD (4.1) 
and define 
= d D (4.2) 
where 
Tg =I (4.3) 


The reader should compare these definitions with (III.2.22)-(IIJ.2.24) given in 
Section 2 of chapter III. With these definitions (III.2.33) becomes 


= FP) 4 — els + yr Gus JID9 (JT) 


a Qn E-6,+(/2)0,+@/20V", ) 


ZF 


where &, is the real part of E,. The condition relating A‘? and Im E, given in 
the single-channel case by (III.2.37) becomes 


yr, =0 (4.5) 


so that the imaginary part of E, fluctuates about the isolated resonance value 
of (4.2). 

Equation (4.5) is not the only relationship implied by unitarity. Despite the 
awkwardness of applying these conditions, (III.2.33) is often used in fitting 
experimental data. 

Another procedure that automatically satisfies unitarity uses (III.2.47). In the 
single-channel case 


FP) 4 sr) (IIT.2.48”) 
1 + ink 


es 
fF i= 


where x is given by the series 


(4.6) 
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The often used R matrix fit to resonance data is an example of the use of 
(III.2.48”). The parameters are jy, and e.. 

In both methods there are two additional parameters which are not always 
explicitly mentioned. These are the range, OE, over which a fit is to be made, 
and the number of terms, N, in the series (4.4) or (4.6). These parameters are 
not independent. They should be determined by the usual statistical measure 
of the quality of a fit such as the y” value. In particular, they should be chosen 
in such a way that the values of y, and e,, for example, are stable against small 
changes in OE or N. 

As the energy of the system increases, the spacing in energy of the resonances 
becomes smaller, the width of the resonance increases with the consequence 
that the resonances overlap more and more, and rather soon it becomes 
impossible to distinguish the individual resonances. Nevertheless, the structure 
in the energy dependences of the cross section does not immediately disappear. 
With sufficient energy resolution one observes rapid fluctuations in the energy 
dependence of the cross section. These are referred to as Ericson—fluctuations 
[Ericson (60c, 63); Brink and Stephen (63); Brink, Stephen, and Tanner (64) ]. 
They have been observed in a wide variety of reactions. 

Statistical measures are used to describe the Ericson—fluctuations. The 
simplest of these is the energy averaged cross section <a), where the average 
of an energy-dependent quantity F(E) is defined by 


(F(E)> = | p(E, Eo) F(Eo) dE, (4.7) 
where 


| o(E, E,) dE, = 1 (4.8) 


To proceed further it is useful to choose Hp, to be the optical potential [Kerman, 
Kwai, and McVoy (73) ], for then, from the definition of the optical potential, 
it follows that in the decomposition of the Y matrix into a prompt and 
fluctuating part (see Section 8 for further discussion) 


F =F" 4 FEV (4.9) 
FL) satisfies 
(FFD —( (4.10) 


It follows that the average cross section can be written as 


<as =a) + CoP = Go) + CglFL)) (4.11) 
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The second term does not vanish despite (4.10), since 


g(FL) Kos 7 Pe) é 


The distribution of J“ and o!) about their mean values provides more 
detailed statistical information. For the distribution of 7", the practice has 
been to appeal to the central limit theorem of the theory of probability [Feller 
(68) ]. It will be recalled that this theorem states that if a quantity, call it x, is 
the sum of a large number of random contributions, then the probability P(x) dx 
that x falls between x and x + dx is given by 


P(x) = | e~ (1/2)(x?/<x? >) (4.12) 


./2n< x?» 


where the average value of x, (x), is taken to be zero, and <x), the average 
value of x*, is defined by 


Cx? >= ° P(x)x* dx (4.13) 


Following Ericson (63), we assume that both the real and imaginary parts 
of Z are such random variables. If 


FFL — y + if (4.14) 
then 


P(«) = eo ~(1/2)(a2/<a?>) 


./ ona) 


If, in addition, one assumes that 
(a?) = ¢B*)> =a? 


one can write the joint probability P(a, 6) as 
1 2 2 2 
P(a, B) = see + B*)/a (4.15) 


It is now a simple matter to obtain the probability distribution for o%” from 
the relation o%™ ~ (a? + B*). From (4.15), 


P(g) — Footy co0Ft0y (4.16) 


252 RESONANCES AND THE STATISTICAL THEORY OF NUCLEAR REACTIONS 


where 
<o>= | Pro do (4.17) 


An experimental test of (4.16) 1s possible under the assumption that each 
observed value of c*!) is a member of the ensemble making up the distribution 
given by (4.16). In other words, by varying the energy, members of the ensemble 
are produced. Thus an energy average becomes identical with the ensemble 
average, a form of the ergodic theorem. An example of an experimental distri- 
bution constructed in this way is shown in Fig. 4.1. It will be seen that the 
probability distribution agrees with the simple result (4:16) rather well. The 
variance given by 


<a?) — <a>? 
var = ——__-—*— 
{o>* 
equals unity for distribution equation (4.16). We note that the distribution given 
in Fig. 4.1 has a smaller variance. This can be consequence of the finite 
experimental energy resolution, which obviously will smooth the data by the 
rate of ((/AE)’, where AE is the resolution and I is the width of the fluctuation. 
The ergodic hypothesis made above is not in fact correct, as is demonstrated 
by the existence of correlations in the fluctuations of the cross section and for 
that matter of the transition matrix, 7. At a particular angle 6 at which the 
reaction product is observed, an autocorrelation function C(e, 6) measuring the 


cl2 (o'6 Oe) Mg@4 


8=0° 
EZ. 2g = 25.6-355 MeV 


X= oh 


FIG. 4.1. Probability distribution of the differential cross section for '*C ('°O, a5) 7*Mg 
for the a; group leading to the 6.00-MeV excited state in 7*Mg. The excitation energy 
in the compound nucleus 78Si is about 30 MeV [Halbert, Durham, Moak, and Zucker 
(64).] [From Ericson and Mayer-Kuckuk (66). ]. 
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correlations as a function of energy can be defined as follows: 


(o(E + 8)0(E)> — <a)? 


Cle, 6) = 
(é, 0) leo 


(4.18) 


where o is the differential cross section giving the angular distribution. Similarly, 
an amplitude correlation function, c(e, @), is given by 


_F(E+ afr) -KKA I 


4.19 
a (4.19) 


c(é, 8) 
where 
o=|f|? 


It is generally assumed? that 


Co(E + &)> = o(E) 
CSE + &)> = f(E) 


If o(E+e) and o(E) are uncorrelated, <o(E+e)o(E)> will equal 
<o(E + &)><o(E)> and C(e,@) will vanish. Deviations from zero indicate the 
presence of correlations. 

We shall now write C(e, 6) in terms of the prompt direct cross section and 
the fluctuating part as given by (4.11). From the assumption that o does not 
fluctuate, we have 


Ko) = Ka 9? (4.20) 


Using this equation C(e, @) becomes 


C(e, 0) = C(0, 0)CFL(e, 8) (4.21) 
where 
<(a FL)? _ Cgih)\2 
and 
CFL. 8) = CoOM(E + eo M(E)Y — Ca? (4.23) 


((o(FL))25 oe (gFL)y2 
*This assumption is not necessary. One need only redefine C(e, @) as follows: 


(a(E + e)o(E)> — Ca(E + £)><a(E)> 


C(e, 6) = 
Co(E + &)><a(E)> 
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C®)) equals unity for e=0, and as e becomes very large one can expect 
o"CE + e) and o)(E) to be uncorrelated, so that C*(e, 8) will approach zero 
for large values of «. 

Similar expressions can be obtained for c(e, 8) with some simplfication since 
according to (4.10), 


<2 =9 


In particular, 


(SOME + 8) f©*(E)> 


c(é, 6) = ES (4.24a) 
Note that 
(FL) \ 
c(0, 0) = —aae =1-y (4.24b) 
where 
go) 
a) 


In general, C(e, #) and c(e, @) are independent. However, under a sufficiently 
drastic approximation they can be related. Toward this end note that 


CoP ME + lo ®(E)> = Cf PME + 8) f *(E + 8) f ME) SOP*(E)> (4.25) 


We now assume that only pair correlations are required to describe the 
right-hand side, so that 


(SOME + ) fOO(E + 8) f OB) FO O*(E)> 
~ (SOE + 8) f COME + 8) f OE) SO *(E)) 
+ fOO(E + 8) f OO*(E)) FOE + 8) f © (E)> 
= (07> [1 + |c(e, 07] (4.26) 


It should be noted that third-order terms such as <f"®(E +6) f%*(E + 6)- 
f®P(E)> < f**(E)> vanish in any event in virtue of (4.10). In deriving (4.26) 
we have also assumed that <f®(E +6) f(E)> is zero. This follows from 
(4.10) if that equation is valid because of the random phases of the components 
of f*». It is thus indicated that the major error in the derivation of (4.26) is 
the possible presence of a quadrilinear correlation which cannot be expressed, 
as in (4.26), in terms of lower-order correlations. 
It immediately follows from (4.26) that 


C(e, 0) = |c(e, 8)|? (4.27) 


4. OVERLAPPING RESONANCES 255 


Although c(é,0) can and has been measured directly [Feshbach and Yennie 
(62) ], it is considerably simpler experimentally to measure C(e, 6). 

Before we look at some of the experimental data, it is useful to present a 
theoretical estimate of c(e, 6). Toward this end we use expression (III.2.33) quoted 
earlier: 


A 
G (FL) = 
a d E-€,+(i/2)V oe) 


We have dropped the subscripts f and i, which are to be understood, and the 
simplifying approximation that the imaginary part of the poles, E,, is indepen- 
dent of » and equal to I’/2 has been made. We now wish to evaluate 


G (FL) G (FL)* = A,A¥* ) 
Ap Ne rsene eal A rene ae ai aes ie 


We make the assumption that the important contributions to the sum occur 
when p= v. The other terms are small because they will generally have phases 
which if there are enough terms in the sum will take on all possible values. The 
net effect is a considerable cancellation. In the limit that we take here that the 
cancellation is complete, this assumption is known as the random phase 
assumption?. Under this assumption 


Gr (FL) G (FL) * — ce AS ea} 
CF PE + e)F Y*(E)) r= +e—&, +(i/V ILE — &, —(/T 1 


Neglecting the energy dependence of A, and @&,, the energy average of this 
quantity can be readily computed’ with the result that 


c(e, 8) = c(0, 8) os (4.30) 


*More explicitly if @, is the phase of A,, the right-hand side of (4.28) can be written 


y eilbu- $v) |A,Ay 
= [E+e—&,4+(/20][E — 6, —(/2T) 


If we now assume that @, and @, are chosen from an ensemble of random numbers, the ensemble 
average of this quantity will contain only the ¢, = ¢, terms, the remaining vanishing. Finally, one 
assumes that the ensemble and energy averages (i.e., the ergodic theorem) are identical. 

‘The calculation proceeds as follows: 


1 Ih deen dE 
Geerey ey oy sre, “al, [E+e—€,+(i/20\[E-&,—-(i/2T] 
(Continued) 
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and 


2 


r 
C(e, 0) = C(0, VP (4.31) 


The width, I’, scales the rate at which C(e, @) goes to zero with increasing «. 
The value of h/T measures the time during which the compound nuclear system, 
formed by the projectile and target nucleus, lives. In contrast to the compound 
nuclear resonance, for which h/T gives the lifetime of a well-defined state, there 
is no well-defined state with a width I’. Rather, because the resonances overlap, 
the system moves from resonance to resonance before finally breaking up into 
the final observed products. The quantity h/T’ measures the time for this process, 
and thus it would be most appropriate to refer to it as the interaction time. The 
quantity I is called the coherence energy. 

The special nature of the form used for 7“) should be remarked upon. In 
the first place, the correlations between the coefficients A™, the widths IT, and 
the energies &, because of unitarity have been neglected. More important, 
perhaps, is the neglect of effects of intermediate structure signaling the presence 
of doorway states. These will introduce another scale in addition to I, of the 
order of I’,, the average width of doorway states. Pappalardo (64) has suggested 
that one could search for doorway states by looking for this second scale factor 
in the autocorrelation function, as indicated in Fig. 4.2, which presents a highly 
idealized situation. As indicated in the figure, the small ¢ behavior (dashed line) 
is dominated by I and the large ¢ dependence is governed by I. 

The existence of these fluctuation effects was predicted by Ericson (60c). It 
was first demonstrated by Colli, Facchini, and their collaborators (59). Some 
experimental results obtained by von Witsch, von Brentano, Meyer-Kuckuk, 
and Richter (66) using the >’Cl(p, «)°*S are shown in Figs. 4.3 and 4.4. In Fig. 4.3 
we see the excitation functions for this reaction at 12 scattering angles taken 
with an energy resolution of AE <5 keV. The presence of fluctuations is clearly 
indicated. In Fig. 4.4 the autocorrelation function is plotted for three separate 


where A >e«. Let x =(2/I)E. Then the integral becomes 


T xo t+(2/TA | 
“| ax — 


If now it is assumed that the averaging interval 2A is much larger than I, the limits of the integral 
can be approximated by + oo and the integral evaluated by the calculus of residues, for example, 
to give 


nil 1 
A it+té/P 


from which (4.30) follows. 
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FIG. 4.2. Autocorrelation function in the presence of a doorway state. 


angles. It will be observed that after an initial decrease as predicted by (4.31), 
C(e, 0) fluctuate about the zero value. These fluctuations are referred to as finite 
range deviations (FRDs) and arise from the fact that a finite energy range was 
used in making the averages and correlations. The requisite corrections have 
been developed by Bohning (66). Fitting the small ¢ part of the results in Fig. 
4.4 gives a mean value of I’ of about 18 keV. 

On examining Fig. 4.3, it 1s quite clear that there is considerable angular 
correlation. For example, the peak at about 11.5 MeV proton energy at the 
laboratory angle 6=175° also appears at 170°, 162°, and 157°. Angular 
correlations are to be expected simply from the complexity theorem mentioned 
in Chapter I and by (1.10). This states that if there are maximum values of the 
orbital angular momentum in either the entrance or exit channel, there is a 


65°: 1322: 65° 132°) 65° | 132° | 
100° 175° loo® 175° 100° 175° 
Emergence angle ——> 


FIG. 4.3. Three-dimensional representation of the variation of the angular distribution 
of the a-particles emerging from the reaction?’Cl(p, «)**S and proceeding to the ground 
state of >*S, shown as a function of energy between 11.000 and 11.952 MeV in steps of 
0.008 MeV [von Witsch, von Brentano et al. (66).]. [From Marmier and Sheldon (70).] 
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FIG. 4.4. Energy autocorrelation functions C(e) plotted as a function of the energy 
difference ¢ for (a) 6 = 33°, (b) 6 = 80°, (c) 6 = 175° (CM) in the case of the >’Cl(p, a))°*S 
reaction proceeding to the ground state of °*S. The coherence energy I can be derived 
from the width at half-height of the first peak; the results indicate that [ = 18 keV, which 
corresponds to a mean lifetime for the compound nucleus >*Ar* of t = h/T = 3.7 x 1077°s 
[von Witsch, von Brentano, et al (66).]. [From Marmier and Sheldon (70). ] 
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maximum value of the order, L, of the Legendre polynomial P, required to 
describe the angular distribution of the reaction. Well above the Coulomb 
barrier, these maxima values are set by the angular momentum barrier. If the 
momentum change is q, then 


Ox 1 (4.32) 


= max 
h 


Experimental verification of the validity of this remark has been given by 
Dearnley, Gibbs, Leachman, and Rogers (65). 

We observe that there are two causes of angular fluctuations. One, just 
discussed, 1s a consequence of the finite size of the nuclear system. The second, 
which originates in the energy fluctuations, affects the differential cross section 
do/dQ. The appropriate correlation function is defined as follows: 


<(do®) /dQ)(do™Y /dQ')) — (do ®™) dQ) < do" /dQ' » 


oN do/dQ) <do/dQ’) 


(4.33) 


The averages in (4.33) are energy averages. This correlation function can be 
evaluated using the expression for the 7 matrix, (1.5). We shall not carry that 
calculation out but will leave it as an exercise for the reader who may be helped 
by the following derivation of <da/dQ>. According to (1.5), 


473 1 
dao®)/dQ) = — —-————- V ((LsJ,, | Y, || LsJo\(U, s' J, || ¥, os, 7 
< /dQ) 2 Gia nora pe ill Yell losJ2)(E,s'J Il Yr 5552) 


x CRe[F EME 85118; J, 1 FO *(l, 85 Los; Jo112)> Pr (cos 8) 
(4.34) 


To evaluate the average we make use of the random-phase approximation, 
which in the present context takes the form 


(REF FEM) = d(H, 1) 4(1,, 12)6(I 1, J), 2) IF "(851.859 Ty)? 


dof) 473 1 
= —_— ——_______—_) (IsJ || Y, || lsJ)(U's'J || Y, || U's’ J 
( dO ) i (Te Dare 1) | MeN sss II Yes’) 
x <|F EMI's’; Is; JTD)|? > Px (cos 6) (4.35) 


From the properties of the reduced matrix elements of Y,, it follows that L is 
even, so that <do“*!)/dQ» is symmetric about 90°. Later in this chapter we 
describe how to evaluate (|Z |?» using the statistical theory of nuclear 
reactions. 
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5. LEVEL DENSITY! 


In considering reactions that lead to highly excited states of residual nuclei, it 
is usually neither practical nor desirable to observe the cross sections for the 
excitation of a particular state. Generally, the experimental energy resolution, 
AE, is not sufficiently small to permit the selection of a given final state or to 
go on to define its properties such as spin, parity, moments, and so on. Under 
these circumstances the summation in the expression for the cross section 


4n° | 
Oe le ale (5.1) 
Sf 


where f designates the final states of the system contained 1n the energy interval 
AE, is replaced by an integral as follows: 


4n° G  |\2 


Here w(E,) is the level density of the residual nucleus. The quantity w(E)dE 
gives the number of levels between E and E+ dE. It is, of course, possible to 
partition the density further by asking, for example, for the density of levels 
with a given quantum number, such as the spin, J, or with a given set of 
quantum numbers, J, I], TJ, and so on. 

We shall also be interested in the density of levels at a particular energy of 
excitation of the compound nucleus. Except for a relatively small energy range, 
in which the resonances can be individually observed, it is generally not possible 
to determine the properties of the individual resonances, and a more global 
approach in which the occurrence of resonances is given by a level density is 
preferred. 

In both cases, density of levels in the compound or in the residual nucleus, 
the energy spectrum is taken to be discrete. This certainly can be the case for 
the residual nucleus. For the compound nucleus, the levels are taken to be the 
levels of the states of the system in what was designated in Chapter ITI as the 
2 space. This Hilbert space is defined as containing those states in which no 
part of the system is in the continuum, so that 2 is the closed-channel subspace. 
Because of this restriction, the energies of the 2 space form a discrete spectrum 
even though the energy of the system is positive. The levels in 2 space become 
observable resonances with finite widths, when one includes the effect of the 
coupling to the open-channel subspace designated by #. 

For a discrete energy spectrum with energies ¢;, the level density w(E) is 
given exactly by 


w(E) => 5(E —¢;) (5.3) 


*Ericson (60c); Bloch (69, 72); Huizenga and Moretto (72); Huizenga (72). 
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where 


| 7 (o(E) dE = N(E,)— N(E;) (5.4) 


E> 


N(E) gives the total number of levels with energies less than E. 

Equation (5.3) is exact. Using an integral representation of w which follows 
from (5.3), it will be possible in the limit of large E to obtain a continuous 
approximation to the series of delta functions. Toward this end introduce the 
Fourier representation of o(E — ¢,): 


io er 
iE —5)=5- | e iK(E~es) J 


20 


— & 
so that 


beer ice 
w(E) = =| ene ( Set | de 
27 — 0 J 


Letting x = if, 


w(E) = = \- e'§ ZB) dB (5.5) 


—1t00 


where Z(f) is the partition sum: 


Z(B) = Ye" Ps = tr(e7*) (5.6) 


J 


the trace is restricted to the states in 2. The partition sum is a familiar object 
in statistical mechanics and one is tempted to relate the integration variable, 
B, with the inverse of the temperature. That would be the case if the system 
were in contact with a heat bath and if one could describe the excited nucleus 
as an equibrated system. 

In the limit of large E, the method of steepest descents [Morse and Feshbach 
((53), 437 et seq.)] can be used to obtain an approximate evaluation of the 
integral in (5.5). Rewriting the integrand as exp[BE + In Z(f)], we expand the 
bracketed expression around the saddle point, Bo, defined to be a point at 
which the derivative of BE + In Z(f) with respect to B is zero. 


dinZ 
pel) §  aegey 
dp 
The integral for w(E) is then approximately given by 
1 = 1|d?7InZ 
E) = — ef §Z exp| ——|———_|(B — a 
co(E) io) | o| 2| ap (B — Bo)” |4B 
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where we have assumed it to be possible to deform the path of integration from 
the pure imaginary axis to the real one in the neighborhood of B = B,. Hence 


1 1/2 1 1/2 
rw eee ee BoE — ee BoE 
o=| aaa | ene cana, ey OD 


This result, providing a continuous function approximating the w that is 
given in (5.3) by a series of 6 functions, can be valid only for sufficiently large 
energy E. The energy interval around E over which expression (5.3) has been 
effectively averaged to obtain (5.7) should contain a sufficiently large number 
of levels. 


Problem. Show that 


E= eee = (e(Bo)) (5.8 
and 
a = <8?) —(e,)? (5.9 
where 
(22) = Te (5.10) 


Equation (5.7) for @ does not explicitly take into account constraints that 
can be imposed on the system because of conservation conditions. For example, 
one might ask for the level density for a system consisting of a given number, 
N, of nucleons, or for a system whose angular momentum is J, and so on. In 
what follows we generalize the discussion leading to (5.7) asking for the density 
w(E, N). | 

The density w(E, N) is given by 


w(E, N) = ¥ d(v — N)3(E — &,(0)) (5.11) 


where, as indicated, ¢; is a function of the number of nucleons. Introducing the 
Fourier integral representation of the 6 functions, one is immediately led to the 
analog of (5.5): 


Ni | Ob, | ABZ (By, Behe P28 (5.12) 


(2ni)* —io 
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where 


Z (Bx, B2) = ye??? Pe™ (5.13) 


Jsv 
The method of steepest descents applied to the integral in (5.12) yields 


Z(B, BO) eh E —pONn (5. 14) 


1 


w(E, N) = ———___—- 
oy 2n\det L|!/? 


where the saddle-point values of B, and B,, 8 and B, respectively, are 
determined by the equations 


io tp Z(B, B) =0 (5.15) 
OB, 


20s (0) Q(0)) _ 
N 9p, ZB , 8) =0 (5.16) 


and 


_#inZ(B1,B2) 


ij 5B, OB, (5.17) 


A. The Level Density for the Independent Particle Model 


Let us suppose that N nucleons move independently in an average one-body 
potential [see Chapter V) in deShalit and Feshbach (74) ]. Suppose, moreover, 
that the one-body energy levels in this potential are given by ¢,,¢é,,.... Because 
of the Pauli exclusion principle, the number of nucleons in each level is either 
zero or 1, where we are using the m-representation [deShalit and Feshbach (74, 
p. 221) ]. Then 


En, =N (5.18) 
yin,é, = E (5.19) 


The partition sum, (5.13), is 


Z(B,,B2) = y exp[B. > n, — B, > nse] = > exp| (Bs ~ Brad (5.20) 


allns alln, 


or 


Z(B,,B2)=[](1 + el?" %) (5.21) 


Further development requires assumptions regarding ¢,. We shall assume that 
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the spectrum ¢, can be replaced by a smoothly varying continuous spectrum 
as indicated by the Fermi-gas model [see Chapter II in deShalit and Feshbach 
(74) ]. Then 


In Z(B,,B2) = YIn(1 + e278) | * eole)In(1 + 2-8) de (5.22) 


£0 


where & is the smallest value of ¢,. This integral will be evaluated for large B, 
and B,. The validity of this assumption will be justified a posteriori. Under these 
circumstances the exponential, exp(f, — f,¢), will for small or negative values 
of e, be much larger than unity, so that the logarithm in (5.22) is approximately 
equal to B, — B,e. For large values of ¢, the exponential will be negligible and 
the logarithm will tend to zero. The drop to zero occurs precipitously for large 
values of B, and f,, at 


ep = Bo (5.23) 


As the notation indicates, for the saddle-point values of B, and B,, the ratio 
equals the Fermi energy. 
In this limit 


InZ —> FO = \" co(é)(B2 — Bye) de 


B2,B1 >1 ” 
or 
| B.N(ép) — Bi Wer) (5.24) 
where 
N(ér) = | w(é) dé (5.25a) 


gives the number of single-particle states up to é¢,, while 


Wer) = . ew(e) dé (5.25b) 


E0 


gives the total energy of these states. 
The next order is obtained by evaluating 


InZ FO = | (e) In(1 tebe + | co(e) In(1 + e7 827 "*) de 


eF £0 
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In the first integral let B,e — B, =x and in the second f, — B,¢ =x. Then 


1 ie.6) 
InZ— FO = 2 | o( +6, Jin +e *)dx 
1v0 B 


1 


1 ( 82~Bie0 x 
val of —* +e, ind +e-*)ax 
Bi Jo By 


As B, increases, taking é to be negative, to O(1/f,), one obtains 


InZ — FOO ~ 


0 By 


Combining this with (5.24) for F'~ yields 


ate) |* In(1 + e7*)dx = (7/6) (Ep) 


1 


(n/6)oler) _ Be 
B, By 


This result can now be substituted in (5.15) and (5.16), determining the 
saddle-point values of B‘°’ and B. Take, for example, (5.1): 


In Z ~ B>N(ép) — B, Wee) + (5.26) 


O\nZ e 
ves ~ N (ep) += (ep) 
Op, 6B; 


For large values of 6, and smooth single-level density a, 


N ~ N(e,) (5.27) 


so that indeed ¢, is, to this approximation, the Fermi energy. In the same 
approximation, (5.16), 


E = W(e,) + zn Olee) 
6 Bi 


+ terms in w'(é-)+--- (5.28) 


Since W(é,) is the energy of the Fermi gas in its ground state, the excitation 
energy U is given by 


fies nm o(ép) 
6 Bi 


The two equations £,/f8, = ¢é, and (5.29) then determine both f, and f,. 
We also need to compute the determinant L, whose elements are given by 
(5.17). The second derivatives are readily calculated in the limit of B, and f, 


(5.29) 


266 RESONANCES AND THE STATISTICAL THEORY OF NUCLEAR REACTIONS 


large from (5.26) bearing in mind that ¢,; = B,/B,. One obtains 


67 InZ _ (Er) 671nZ 7 (5 r pi) ee 
Op; By op? 3 7) B 

67 InZ _ pp (e,) 

OB, OB. ee 


so that 


It is now possible to evaluate the right-hand side of (5.14) to obtain w(E, N). 
The result? is [Bethe (37)] 


1 ey 1 aod 
U,N)~ ——— a 2. ——— 5.30 
ee ao (55 jeu 6 ry 


where for convenience we have changed the independent variable from E to U. 
This form is commonly used in the semiempirical description of the density of 
levels to be discussed. The constant 1/8, plays the role of a temperature, t, so 
that (5.29) relates the temperature and the excitation energy’: 


U =at? (5.31) 


where the Fermi-gas model gives 


n*w(ép) 
6 


*Morrison (53) has compared this result and that obtained by Hardy and Ramanujan (18) for the 
different ways, p(n), to form a given number n by any of the possible sums of smaller integers. For 
large n they find that 


1 17 1/2 
p(n) = exp| 2( =n | 
a8 6 


The reader is invited to consider the relationship of this result and (5.30). 
°A statistical-mechanical definition of temperature T is 


or approximately, 
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or 


=| 6U i 
| r@lep) 


Problem. Using (5.21) and N = dln Z/0B,, show that 


1 
| es eBiles— er) _ 


N=). \ niles) 


where fi(g,) is the average occupation number of the one-body state with energy 
e,. Using the continuous approximation for the spectrum of ¢, [see (5.22) ], this 
becomes 


©  dew(e) ee : 
N= { 1 4 obi) = I de c(e)n(e) 


See Fig. 5.1 for a plot of n(e). Using the approximation developed following 
(5.22), show that N = N(e,). Show that the number of particles excited above é; is 


(In 2)w 
By 


Thus the average number of degrees of freedom (particles plus holes) excited 
when the excitation energy is U is given by 


(21n 2)@ 
A, = 
By 
Or 
n= 2In2 ae (5.32) 
TU 


FIG. 5.1. Average occupation number, 
n(e) of a one-body state with energy ¢ for 
Er € two values of B,. 
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If we write the exponent in (5.30) as 2,/aU, 


en? fat =084./aU ~03./AU ay 


me 


Nexe =~ 


where we have used the empirical a = A/8. 


It is, of course, clear that (5.30) is incorrect near U equal to zero, that is, 
when the excitation energy goes to zero, and is applicable only for sufficiently 
large values of U and N. A comparison of (5.30) with an exact calculation of 
the density of levels when the single-particle levels are equidistantly spaced is 
shown on Fig. 5.2. Except at small values of the excitation energy, the agreement 
is excellent. 


Le) 1O 20 5 3O 40 6 60 


FIG. 5.2. Exact level density per unit single particle spacing for a Fermi system of 
one kind of particles with equidistant single-particle levels versus excitation energy s in 
units of this spacing. The solid smooth curve is the approximate solution, (5.30). [From 
Ericson (60). | 
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Fluctuations. If these results gave an exact evaluation of the expression (5.11) 
for w(E, N) the value of (N)? and of N* would be equal, where 


No(E, N) = » vd(v — N)d(E — &,(v)) 


and 


N*a(E, N) = », v*6(v — N)O(E — €,(v)) 


A measure of the accuracy of these calculations is then furnished by the 
fluctuation defined by 


pee -|a AN 
(N)? | N 


From (5.12) and (5.13) we see that 


N= 
(dB, (dBZ(B,,B,)e82- 82% 


Evaluating Z and 0Z/0fP, at the saddle point gives the result 


OlnZ(B,, 2) 
OB, 


N ~ at B, = BY. B= BD 


in agreement with (5.16). 
The value of N* is similarly given by 
N2 = 6°Z(B,,B2)/0B3 
Z(B,,B2) 
so that 
N?2 _ N2E 0” In Z(B,, B2) 
op; 


The independent particle model [see below (5.29) ] gives 


N? — N2 = (Any? = 2?) 
or using (5.29), 
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Inserting the Fermi-gas model value for a, 


3N 
oO =— 
2&p 


one obtains 


i = 
(AN) -(% 


3 


Introducing u, the excitation energy per nucleon (and replacing 9/n? by 1) 


U 
u=— 
N 
one finally obtains 
aM a yma) 
N Ep 


indicating the error is least for heavier nuclei and smaller excitation energies. 
For a further discussion, see Feshbach (88). 


B. Angular Momentum Distribution 


The level density, w(E, N), (5.30), derived just above, takes account of all states 
regardless of their angular momentum. Because of the important role played 
by angular momentum barriers as discussed briefly in Section 4, we shall find 
knowledge of the level density for levels with energy E and with angular 
momentum J, w(E, N, J), essential for the interpretation of nuclear reactions. 

In the procedure developed by Bloch (54), one adds to the constraints that 
the total number of particles be N and that the total energy be E, the constraint 
that the projection of the total angular momentum along an axis be M; that 
is, in addition to the conditions given by (5.18) and (5.19), we add 


M =) n,m, 


The resulting level density is w(E, N, M). The density we seek w/(E, N, J) is then 
given by 


w(E, N,J) = @(E,N,M =J)—a(E,N,M=J +1) 


a oe N, 0) (5.33) 
0M M=J+1/2 


We begin by forming the partition function Z, which will now depend on 
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three parameters £,, B>, B3: 


Z(B,,B2,Bs)= > exp(Bv + B3M,(v) — B,é,(v)) 


Applying the method of steepest descents [see (5.12) ] yields 


o(E, N, M) = ZB BO pS ere ea 2534) 


(2n)?/? | det L|1/2 


where f°, the saddle-point values of f;, satisfy (5.15) through (5.17) and the 
additional equation 


ee ay (5.35) 
Op 
The generalization of (5.22) becomes 
InZ =¥ [ot m) In(1 + eF3™" + 82- Pre) de (5.36) 


where w(é,m) is the single-particle level density for particles of energy ¢ and 
projected angular momentum m. The evaluation of the integral in (5.36) proceeds 
according to method described above following (5.23). One obtains 


2 
InZ = a + Bm)Na(ep()) — By Woe p(0n)) + cee (5.37) 
where 

N m(Er(M)) = \ c(e, m) de (5.38a) 

€F(m) 
Weleeim) = | ew(é, m) de (5.385) 

where the Fermi energy ¢é,(m) is defined by 
Gay a (5.39) 


We now define a Fermi energy independent of m, ¢,, by averaging é,(m) over m: 


ep = Pet Pain (5.40) 


By 


2/2 RESONANCES AND THE STATISTICAL THEORY OF NUCLEAR REACTIONS 


where 
-, _ Lmen(sp(m), m) 
2. @(€-(m), m) 
or using 
o(ép) = >, w(é¢(m), m) (5.41) 
a = (Erm), m) (5.42) 
o(Ep) 
Similarly, 
m2 = Lm? w(Ep(m), m) (5.43) 
w(ér) 


Finally, the functions N and W of the preceding section are given by 


N(ér) = )| Nnl(Er) (5.44) 
and 


Wer) => Wale) (5.45) 
Inserting these relations into (5.37) yields 


InZ = 8,N(ér) + B3M(ep) — By Wer) + "7 oer) + B2(m? a "?) (5.46) 


where a Taylor expansion of N,,,(&-(m) to first order and W,,(e,(m)) to second 
order has been used: 


paths B; 


N»(ép(m)) = N -( Fr ~N(Ep) + 5 — m)co(é(m), m) 


Terms up to w(é,-(m), m), but not including its derivatives, have been taken into 
account. 
Using the conditions (5.15), (5.16), and (5.35), one obtains 


B= Wey) + SP] 5 + B3(m? — | 


N = N(ép) 
B3@(Er) —> 


M = M(e,) + ——— B. 


(m2 — mn?) (5.47) 
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The last equation can be solved for £, and the result introduced into (5.46) as 
follows: 


B,AM 
B; i 6s — saa 
; o(é-)(m? = m7) 


and 
_ _ n 3(AM)* 
U=E-—Wee,)= 6p? OF) + a (5.48) 
I = (ep)(m? — m?) (5.49) 


The second term in (5.48) can be interpreted as the rotation kinetic energy of 
excitation, where ¥ is the moment of inertia about the axis upon which the 
angular momentum is projected, an identification that requires justification. 


Problem. Prove that .“ approximately equals the rigid moment of inertia for 
a spherical nucleus. Use 


w(ér) = : 2 (5.50) 


Ep 


and 
m? = (xp, ~ YPx)° 


It is now a straightforward calculation to obtain the level density by using 
the results above in (5.34). We find that 


1 1? oe] 
LE, N, M) = —>>?-T——“YY"Y — 5.51 
a = Omen /3) ole, F/B)? exp| 3 pf, | @P 


Inserting the value of B, from (5.48) and differentiating the result according to 
(5.33) to obtain w(E, N, J), one obtains 


+1 wo(U — 8, N) 


ONT IMO) U0 — BP? 


(5.52) 


where again the independent variable E has been replaced by U. In this equation, 
w(U, N) is given by (5.30), and 


(J +5) 
LI 


R 


(5.53) 
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is the rotational energy. In obtaining (5.52), M(e,) has been placed equal to 
zero, as would be the case when the ground-state spin is zero. Note again that 
this expression fails when U equals &, that is, on the Yrast line.? 

When & is small compared to U, that is, away from the Yrast line, we can 
expand (5.52) about Z = 0 to obtain 


2J +1 2/242 
wo(U,N, J) = tt au, Nye“ 8 +4220 (5.54) 
820° 
where [see below (5.32) ] 
6U 1/2 U 1/2 
o? =1(=~) -»(=) (5.55) 
n*w(Er) a 


Problem. Prove that 


(23 + la(E, N, J) | * dI(2I + la(U, N, J) = a(U, N) 


J 1) 
Problem. Show from (5.51) that 


OU.N Me 2 OU HOMISN) 
_ /2nl4((6/n? colep))(U — 3(AM*/9) 7 


In the limit of $(AM)?/% « U, 


w(U, N, M) = w(U, N)e~ 4%)7/207 (5.54’) 


me 


Thus in this approximation the angular momentum distribution is a Gaussian 
with a root-mean-square derivation, o, given by (5.55), which increases with 
increasing excitation energy. One can expect [see (3.4)] that the absorption 
cross section will decrease when J exceeds o. This is simply the statement that 
it will be much less probable for the angular momenta of the individual nucleons 
to line up to obtain a given J as J increases. However, the probability improves 
if the excitation energy increases since a greater variation in the values of the 
angular momenta for the individual nucleons occurs. 


+The Yrast line is defined as the curve in the (U, J) plane giving the lowest possible value of J for 
a given value of U. 
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C. Rotational Nuclei 


In addition to the total angular momentum J, the state of rotational nuclei are 
characterized by the quantum number K [see (VI.3.30) in deShalit and Feshbach 
(74) ], the projection of I on the body-fixed axis of symmetry, assuming axially 
symmetric nuclear deformation. We can now ask for the density of levels with 
a given I and K. 

Since K is a projection, approximation (5.54) can be used: 


w(U, N,K)= 


K2 
aU, Nyexr( —55) (5.56) 
CO; 21 20K 

where 6x is given by (5.55), employing for 4% the moment of inertia about the 
symmetry axis. The density of levels for a given value of I is then obtained by 
summing: 


o(U,N, 1) =4 y co(U — ®(K, 1), N, K) (5.57) 


K=-—I 


where @ is the rotational energy associated with rotation about the axes 
perpendicular to the symmetry axis [see (VI.2.12) in deShalit and Feshbach (74) |: 


I 2 
AO gg Mee te) J 


and ¥ , is the appropriate moment of inertia. The factor of 5 takes into account 
the fact that the sum includes both K and — K. Inserting this value for # and 
using the approximation #@ « U yields 


I 

= =e _ 2 
w(U, N) sy e (1/202)(D(U + 1) — (1/2)(1/a2, — 1/67) K2 (5.58) 
Kox K=-I 


w(U, N, I) = 


where o7 is given by (5.55) with ¥% replaced by % ,. The factor multiplying K* 
in the exponent depends on the difference (1/.%, — 1/¥% ,). In a rigid body in 
the shape of a prolate spheroid, 


J x = F son (1 =< 26) Fy = F son(l + 50) (5.59) 


where 6 is the eccentricity parameter [see deShalit and Feshbach (74, p. 416) ] 
and ¥,,, is the moment of inertia of a rigid sphere of radius Ry where Rg is 
the mean radius [see deShalit and Feshbach (74, p. 415) ]. Then 


1 I 1 ) 


$x I: Foy, (1—F6)(1 + $6) 
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A contribution to the energy of rotation coming from rotation about the 
symmetry axis is possible only at excitations sufficiently great that pairing effects 
are reduced. Under these circumstances, the superfluidity [see deShalit and 
Feshbach (74, p. 568) ] thought to be responsible for condition equation (VI.4.1) 
in deShalit and Feshbach will be correspondingly less and this moment of 
inertia, %,, will approach the rigid value, (5.59). More explicitly, if the average 
number of unpaired particles is v and the average value of K? for one particle 


is K7, then 
6u PP 
o: =vK? -5,| | 
1° co(EF) 


At low energies the number of unpaired particles goes rapidly to zero, so that 
J x is reduced from its rigid value, which applies at sufficiently large excitation 
energies. 

The angular distribution of fission fragments depends on the K dependence 
of w(U, N,1), permitting a determination of 4%, from experiment. [See Reising, 
Bate, and Huizenga (66) and Bohr and Mottelson (75, p. 619); see also Huizenga, 
Behkamu, et al. (74) and Déssing and Jensen (74).] _ 


D. Isospin Distribution 


The results obtained for the angular momentum distribution, in particular (5.54’), 
can be quickly adapted to this problem. The level density w(U,N, T;), giving 
the density of levels at an excitation energy U, number of particles N, and 
isospin component T, [=3(Z — N)], is 


1 
a(U, N, T,;) =——@(U, Nex —~ 
20 


0,./21 


T2 
2) (5.60) 
where 


oma nn OE] 


Of course, m? = 4. Near the Fermi energy, 


e 1 Wp(éz) — @y(Ep) 
Fe a 


2 Wp(Er) + Wy(Ep) 


where wp and wy are the single-particle level density for protons and neutrons, 
respectively. Hence 


g? ~ jel Wy(Ep)@ p(Ep) (5.61) 


1 [@y(ép) + Wp(ép) |? 
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where 
CO(Ex) = Wy(Ep) + WplEf) 


Equation (5.60) becomes 


12 


2 T2 
x exp| 2 - w(e-)U — 3 | (5.60’) 


All the considerations above are based on the independent particle model 
of the model; that is, the Hamiltonian is assumed to be given by 


61/4 2 1/2 
OWN T= Sot] ea | loeneT™ 
N\YF P\‘CF 


H=) ala, (5.62) 


where a! and a, are the Fermion creation and destruction operators associated 
with a single-particle level of energy ¢,. In addition, it is assumed that 
single-particle level density is a smooth function of the single-particle energy. 
Under these circumstances the level density for the nucleus depends primarily on 
co(er), the single-particle density evaluated at the Fermi energy.? 

Improvements can be obtained by using a more realistic nuclear Hamiltonian 
and single-particle level density. For example, the single-particle levels of the 
independent particle shell model are bunched and the possibility of degeneracy 
is substantially different when a shell is, for example, half filled than when it is 
completely filled. The assumption of a smooth single particle density is not a 
good approximation under these conditions. Rosenzweig (57) has, for example, 
calculated the nuclear level density using a simple model that exhibits both the 
bunching and variation of degeneracy, characteristic of the shell model. In 
another, obvious improvement the interactions are taken into account. For 
example, Hartree—Fock single-particle levels can be inserted in (5.62). Proceeding 
further, the quasi-particle description of Chapter VII of deShalit and Feshbach 
(74), which should be especially advantageous in view of the strong dependence 
of w(U) on w(ér), can be used. H will now include both the single-particle 
energies and the pairing Hamiltonian [Moretto (72a, 72b)]. Finally, more 
sophisticated methods based on the Goldstone linked cluster expansion [Section 
VII.14 in deShalit and Feshbach (74)] could in principle be adapted for the 
calculation of nuclear level densities. 


*The saddle-point evaluation of the density of levels is an approximation to the exact density. The 
latter can be obtained for noninteracting nucleons by using the combinatorial method. This method 
amounts to finding the number of ways in which the nucleons can be distributed among the 
single-particle levels for a given energy of the nucleus. A systematic approach to this enumeration 
has been given by Hillman and Grover (69). 
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The results of these calculations are not readily summarized by an analytical 
expression. However, some features that can be readily understood qualitatively 
emerge. These have formed the basis of a semiempirical description of the nuclear 
level density. 

The major effects of the residual interaction on the nuclear levels of the 
independent particle shell model include the lifting of degeneracies of that model 
and the motion of the energy levels to different values of the energy. Of particular 
importance for our discussion is the substantial descent of some levels, these 
thereby becoming either the ground state or lying much closer to the ground 
state. On the other hand, at relatively high excitation energies the motion of 
the levels does not result in any substantial change in the level density from 
that predicted by the independent particle model. The two spectra before and 
after the residual interaction is “turned on” are illustrated in Fig. 5.3. It is clear 
from the figure that one can use the independent particle model result for w(U) 
for the spectrum of Fig. 5.35 for sufficiently large U if U is replaced by U —A. 
In other words, one shifts the ground-state energy from which U is calculated 
to the value it has before the residual interaction is turned on. This is, of course, 
not an exact statement, since the differences in the spectra can hardly be 
expressed by means of only one parameter. However, by choosing an empirical 
value for A, one might expect to be able to match the spectrum of (b) at 
sufficiently large U. If w,(U) is the level density for the independent particle 
model, then for sufficiently large U, wm (U —A) is the level density when 
interactions are taken into account. 

This concept of a reference level, differing from the ground state, for the 
calculation of the effective excitation energy [Hurwitz and Bethe (51) ] has been 
incorporated into (5.52) with A as well as a and o as empirical parameters to 
be determined from experiment [Huizenga (72) ]. The effect of pairing energy 
on level density can be included in this way. Recall from (II.3.1) in deShalit and 
Feshbach (74) that the pairing energy is taken to be zero for odd—even nuclei 
and is given by a positive function of A, 6(A), for odd—odd nuclei and by — 6(A) 
for even—even nuclei. Taking the same reference level, that is, the odd—even 
nucleus, A is given by — 0(A) for odd—odd nuclei and by 6(A) for even—even 
nuclei [Ericson (59) ]. 


FIG. 5.3. Effect of the residual interactions on the 
distribution of the nuclear energy levels. 
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FIG. 5.4. Total number of states up to the excitation energy E for Mn>°, Fe>°, Fe>’, 
and Fe°® versus E. The resolution is somewhat higher in the case of Mn>° than for the 
rest. The figure compares the total numbers of states for even, odd, and odd-mass nuclei. 
[From Ericson (59). ] 


The odd-even effect is illustrated in Fig. 5.4, which gives the total number 
of states up to an excitation energy U for four nuclei: °°Mn (odd, odd), >’Fe 
(even, odd), °°Fe (even, odd), and °8Fe (even, even). As expected, the odd—odd 
nucleus has the greatest number of states, the even—even the fewest, while the 
even—odd nuclei fall in between. The shell model provides a reason that the 
number of states of >’Fe is greater than that for °°Fe for a given excitation 
energy; namely, °>Fe has only one neutron outside the closed neutron shell at 
N = 28, while °’Fe has three such neutrons. There is, therefore, a larger number 
of states that can be formed in °’Fe than in >°Fe. 

More quantitatively, one might hope to use the experimental determinations 
of the level density to obtain the parameters a, o, and A. The systematics of 
their dependence upon excitation energy, and the mass, A, and atomic number, 
Z, of the nucleus might then provide insights into the properties of excited 
nuclei. For the most part such systematic studies have not been carried out. 
Unfortunately, it is often the case that different expressions are used for w so 
that the values of a and o obtained are not immediately comparable. 

A compilation [Facchini and Saetta-Memchella (68); Baba (70) | of the values 
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FIG. 5.5. Level density parameter a as a function of atomic mass A [Baba (70)]. [From 
Huizenga and Moretto (72). ] 


for a are shown in Fig. 5.5. To obtain these, o, the spin-cut off parameter, was 
calculated from (5.55) using the rigid moments of inertia, and A was taken to 
be equal to the pairing energy values given by Gilbert and Cameron (65). We 
observe that these values of a are marked by substantial deviations from the 
expected linear dependence on A, (5.50), deviations that are especially large for 
nuclei near the closed shells. This can be related to the fact that the density of 
single-particle levels near the Fermi energy is markedly smaller for closed-shell 
nuclei. The correctness of this analysis is indicated by theoretical level density 
calculations using the single-particle levels provided by the Nilsson model [see 
Chapter VI in deShalit and Feshbach (74) ] for nuclei close to the doubly magic 
nucleus 7°®Pb. The results are shown in Fig. 5.6. As expected, 7°°Pb has the 
smallest level density. The level densities for neighboring nuclei increase with 
increasing distance of the nuclei from 7°°Pb. 

The values of o that are extracted from those experiments, particularly those 
sensitive to the value of the maximum angular momentum which can contribute 
to the reaction cross section, are shown in Fig. 5.7. The excitation energy, U, 
is approximately 8 MeV. The solid line that gives the value of o computed using 
the rigid moment of inertia [ Chang (70); Coceva, Corvi, Giacobbe, and Stefanson 
(72) ] is in substantial agreement with the experimental results for A < 110. It 
is not possible to draw any conclusions for larger values of A in view of the 
little information available. 

Theoretical values of the spin cutoff parameter, o, have also been obtained 
using the Nilsson model. The results are shown in Fig. 5.8. The nuclei involved 
do not overlap with those experimentally observed in Fig. 5.7, but the 
comparison would suggest that the theoretical values will be too large. 
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FIG. 5.6. Theoretical level densities as a function of excitation energy for nuclei in the 
neighborhood of the ??°>Pb doubly closed shell. The Nilsson shell model has been used 


to obtain the spherical set of single particle levels [Moretto, Stella, and Carmella-Crespi 
(70).] [From Huizenga and Moretto (72). | 
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FIG. 5.7. Computation of values of o. [From Huizenga (72). ] 
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FIG. 5.8. Theoretical spin cutoff parameters o* as a function of excitation energy for 
nuclei in the ?7°°Pb region. The calculations have been performed on the basis of the 
Nilsson diagram [Moretto, Stella, and Caramella-Crespi (70).] [From Huizenga and 
Moretto (72). | 


The experimental results that form the basis of the foregoing comparisons 
with the theory are obtained from a variety of sources. The most obvious 
involves simply counting of the levels, which is possible only if they are isolated, 
as can be the case for low-energy neutron resonances. However, this procedure 
rapidly becomes impossible as the excitation energy increases. The primary 
method then exploits the dependence of reaction cross sections, total as well 
as differential, on the nuclear level density, as will be made evident in later 
sections of this chapter (see Section 7). For the present we illustrate the results 
that can be obtained by Fig. 5.9 for the case of °°Ni. 

French and his collaborators have developed a statistical method for 
determining the nuclear level density which is appropriate for the interacting 
shell model. In this model the’ wave functions for the system are assumed to be 
expressible in terms of the shell model single-particle wave functions. Moreover, 
a finite number of shells are assumed to be mixed by the residual interaction 
forming the shell model space. Thus the effective Hamiltonian is given by the 
finite matrix ¢®,|H|®;>, in that shell model space where the set {®;} are the 
independent-particle (i.e., noninteracting shell model), wave functions. The 
theory attempts to compensate for the effect of omission of the states outside 
the model space by using an adjusted (“renormalized”) residual interaction. This 
procedure is in obvious difficulty when the actual interaction brings down into 
the energy domain of interest, states that have appreciable components not 
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FIG. 5.9. Plot of the experimental level density of °°Ni as a function of excitation energy 
[Lu, Vag, and Huizenga (72).] [From Huizenga and Moretto (72). ] 


included in the model space. These are referred to as intruder states. It should 
also be noted that even when the unrenormalized residual interaction is 
two-body, the renormalized interaction will generally contain many-body 
interactions as components. The energies of the system are given by the 
eigenvalues of the Hamiltaqnian ¢@®,|H|®;>. Generally, the diagonalization of 
such a matrix is a formidable numerical task. For instance, the J = 3, T= 1 
matrix in the shell with 12 particles has the dimension of 6706, so that there 
are 2.25 x 10° different matrix elements and 6706 eigenvalues. If, however, the 
residual interaction is two-body, as is usually assumed [see Chapter V in deShalit 
and Feshbach (74) ], the number of independent matrix elements is only 63. The 
two-body assumption is not generally correct, as the omission of states outside 
the model space rigorously requires the introduction of many-body forces, so 
that the number of independent matrix elements will be larger than 63. There 
is an upper bound to this number when the number of active particles is m, 
since then the many-body force is at most an m-body force. 
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FIG. 5.10. (a) Plot of the distribution of 196 diagnonal nuclear shell model matrix 
elements from the work of D. Kurath. The solid curve is a simple normal distribution 
(2x) */? exp(— H? /2H2) in which H,, is the diagnonal element minus the mean 
diagnonal element for each matrix. (b) Plot of the distribution of 675 off-diagonal matrix 
elements obtained in the work of D. Kurath. The solid curve is a simple normal 
distribution (22) ‘/” exp( — H{,/2H7,) in which H,, is the off-diagonal element; the mean 
value of the off-diagnonal elements is very close to zero. [From Porter and Rosenzweig 


(60). ] 


The statistical method adopted by French and Wong (70) and Bohigas and 
Flores (71) makes use of the empirical result (see Fig. 5.10) that the matrix 
elements of a short-range residual interaction are random. By this we mean 
that the distribution of values of the matrix elements when the excitation energy 
or the mass number of the nucleus is varied is Gaussian. A justification of this 
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result is indicated by the following plausible but hardly rigorous argument. In 
terms of @¢,(r), the single-particle shell model wave function, the matrix element 
of a two-body potential v(r,r’) is 


CPrP1!VPmPn> = [ormsrceot E)Pm(t)Pq(t’) dr dr’ (5.63) 


For large quantum numbers (1.e., for reasonably high excitation energies) the 
d,s will have a large number of nodes. The overlap of these wave functions as 
they occur in (5.63) will generally yield a very irregular and complex dependence 
on r and r’. Since v is short range, the matrix element of (5.63) is a sum of 
contributions that come from the regions in which the overlap is constructive. 
To the extent that these contributions are effectively random, the central limit 
theorem may be applied and the distribution of the matrix elements is 
Gaussian. 

This empirical result suggests the following procedure. One can construct 
an ensemble of possible Hamiltonians with model shell space by choosing each 
of the independent matrix elements randomly (1.e., from a Gaussian distribution), 
and then solving the resulting secular equation for the energy eigenvalues of 
the system. By this means it would then be possible to develop an energy 
eigenvalue distribution. The fundamental assumption is then made that this 
distribution is identical with that which would be obtained from the energies 
of the levels in a given nucleus or from a variety of nuclei. This hypothesis is 
referred to as the ergodic hypothesis and is reminiscent of the hypothesis made 
in statistical mechanics, in which the time behavior of a system is related 
statistically to the properties of an ensemble of trajectories generated by random 
initial conditions. 

An important simplification in the calculation of the distribution of energies 
can be obtained if one assumes that the distribution is Gaussian. 


exp] ee | (5.64) 


where the average energy E is given by ¢ and the mean-square deviation E? — E? 
by A’. The validity of (5.64) has been shown by numerical calculations as well 
as through an application of the central limit theorem [Mello (78) ] when the 
number of particles is larger than two, when the interaction is two-body, or 
larger than k, when the interaction is k-body. 

It is thus no longer necessary to diagonalize the Hamiltonian. One need only 
compute the mean energy and the dispersion using the expressions 


l 
a=), <@|H®,) 
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and 
1 
2 ==Y.<@|@- 0, ==¥.(O|H0,) —e? (5.65) 
OF 
| 
= 4 LIK Pl H®)>/ — e° (5.66) 
i,j 


In these expressions d is the dimension of the space, while the matrix elements 
are linear combinations of randomly chosen quantities. Such a procedure was 
used by Ayik and Ginocchio (74) to compute the level densities for light nuclei. 
The orbital single-particle, wave functions of the 2s, 1d, and f, 12 Shell were used. 

Some comment should be made with regard to the Gaussian form, (5.64). It 
differs sharply from the expression (5.30) obtained earlier, which showed an 
ever-increasing density of levels. The reduction in the level density at large E 
is a consequence of the use of a finite shell model space and is simply an 
expression of the fact that the energy eigenvalues in such a space will be bounded 
from above. The Gaussian, 5.64, is therefore meaningful only in the low-energy 
region, E<eé. The resulting form in this domain is not identical with (5.30). 
However, Ayik and Ginocchio’s calculations take interactions and shell model 
effects into account. 
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The preceding discussion provides an overall broad view of the distribution of 
nuclear energy levels. We turn next to the description of local properties of the 
energy spectrum as posed by the question: What is the probability that the 
separation between two neighboring energy levels is s? Further specifications 
would include the probability that two levels are separated by an interval s 
containing n levels. We shall consider only the simplest case, n = 0. 

Let w(s)ds be the probability of finding a level at a distance between s and 
s+ ds from a given level. The probability we seek is given by w(s) multiplied 
by the probability that there is no level in the interval s. This last factor can 
be calculated as follows. Divide the interval between 0 and s into elements of 
size As,. The probability that there is no level in the interval As, is given by 
1 — a/(s,)As,. The the probability of finding no level in the interval 0 to s is 
given by 


Il [1 = co(s,)As,,] = exp » log(1 _ co(s,,) As,,) = expl _ > o(s,)As,] 


=> exp] — : co(s) is | 
0) 


Brody, Flores et al. (81); Porter (65); Bohigas and Weidenmiiller (88), Bloch (68). 
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Finally, the probability p(s)ds of finding a level between s and s+ ds from a 
given level with no level in between is 


p(s) = Ca(s)exp — | c(s) is | (6.1) 


0 


where C is a normalizing constant. If w(s) is a constant, one obtains the Poisson 
distribution 


eer ie p(s)sds 
p(s) = na [2 pls) ds 75) ds D (6.2) 


where D is the average spacing. 

However, as we show shortly, levels with the same quantum numbers do not 
cross (for nonsingular perturbations); that is, as the residual interaction 1s 
changed, two levels may approach each other but will eventually repel each 
other. Under these circumstances one might use, as suggested by Wigner, 
w(s) ~ s, so that 


S 


- en (x/4)(s/D)? (6. 3) 


1 
p(s) = 5 


the Wigner distribution law for spacings. Note that the probability for small 
spacings is substantially smaller for this distribution compared with the Poisson. 

The agreement of the Wigner distribution with experiment as shown in 
Fig. 6.1 is remarkable in view of the simplicity of the argument. The reduction 
for small s is clearly seen.? Interestingly the Wigner distribution also gives a 
good fit to the spacing between the two lowest levels in nuclear having the 
same J and z as shown in Fig. 6.2. 

To obtain additional insight into the spacing distribution has required the 
introduction of a model. We shall briefly’ mention two statistical models, the 
Gaussian orthogonal ensemble (GOE) and the two body random Hamiltonian 
ensemble (TBRE), described at the end of Section 5. The former, although it is 
not realistic, as it assumes many-body forces equal in rank to the number of 
particles making up the system, has the advantage of being analytically tractable. 
For the most part, the properties of the TBRE require numerical determination. 
This model is also not completely realistic because it restricts the interaction 
to two-body forces, an assumption that is not correct because of its use of a 
finite-dimensional shell model space. 


*One should note that the Wigner distribution is found to be valid for atomic spectra [Porter and 
Rosenzweig (60)] as well as for the spacing of the first two levels with the same J and IT in each 
nucleus. . 

’The reader should be aware of the “unitary ensemble” introduced by Dyson (62). 
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FIG. 6.1. Histogram for nearest-neighbor spacings for '°°Er, compared with Wigner’s 
surmise [ Liou, Camarda, et al. (72).] [From Mello (78). ] 
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FIG. 6.2. Histogram for the nearest neighbor spacing distribution for the nuclear data 
ensemble plotted versus the level spacing in units of its mean volume [Bohigas, Hag 
and Pandey (83) ]. [From Bohigas and Weidenmiiller (88). ] 
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The GOE assumes that the distributions of the individual matrix elements of 
the Hamiltonian are independent. This is unphysical because for residual 
two-body (or at most, few-body) forces usually envisaged the matrix elements 
are strongly correlated. The second assumption is that the joint distribution of 
all the matrix elements are invariant under a change of representation. This 
assumption is nut justifiable even if the representations involved are complete. 
There may be, indeed are expected to be, representations which because of 
dynamical reasons are more appropriate for the application of the statistical 
hypothesis; that is, the representations conform more closely to the physics of 
the system under study. 

With this “caveat emptor” in mind, consider a two-dimensional infinitesimal 
rotation which transforms only the eigenfunctions ®, and ®,, that is, 


0, =0,+«, 
assuming that H is Hermitian and that ®, and ®, are real, the matrix elements of 
H transform as follows: 
je = <®' | H®',> =H,, + 2eH,> 
iH = «®,| HO, > = >> = 26H ,> 
H,, = H,. + &H22— Aj) 


N 


gh eg | u>2 
H,, = H2,—&H,, 


The distribution function P(H,,,H12,H 2, H;,, H2,,...) transforms as follows: 


oP oP oP oP 
= 2H ig ig) = = 2 


+5 ( OP ey | 


; 5 (ae ices peace: 
u>2 ** 6H, "OH, 
The invariance condition requires that 0P/de = 0, which will be the case if 


oP oP oP 
= —4H,,P =—2«H,,P —-=-—4«H,,P_ (64) 
OH,, 0H,> 0H, 


OP OP 
= — 20H ,,P — — 20H »,P (6.5) 
OH, aH 


It is left as an exercise for the reader to prove by extensions of the argument 
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leading to (6.4) that the constant « in (6.5) is identical with the « in (6.4). 
Integrating (6.4) yields 


P = Ce 7 tdis#ij = Ce rl? (6.6) 


where C is a normalization constant. The invariance condition is thus extremely 
restrictive. Note that the distribution function for the diagonal elements, 
exp(—aH?2), has a wider spread than that for the nondiagonal elements, 
exp( — 20H a The fact that P can be expressed as a trace demonstrates explicitly 
the independence of P with regard to representation. 

As an example of the application of this result for P, we use it to calculate 
the spacing distribution for the case of a two-dimensional space involving 
therefore only H,,, H,,, and H,,. For this case the energy eigenvalues, E, and 
E_, are given by 


E.=$(H1,+H2.+ (H,, — HH)? +4H7,] (6.7) 


The spacing 
s=./(H,,—H,,)? + 4H?, (6.8) 


is a positive-definite quantity, a result from which the absence of level crossing, 
alluded to earlier in this section, can be deduced. It is a result that is not 
restricted to the two-dimensional case. 

From (6.6) and (6.8), the probability distribution for the spacing is given by 


P(s)=C | dH,, | dH,» | dH .,¢7 “His + 22+ 32) §(s —  /(H,, — H2)* + 4H?,) 
(6.9) 


The integration is straightforward so we leave it to the reader to carry it out. 
The result is the Wigner distribution (6.3). However, this coincidence occurs 
only for the two-dimensional case. Agreement with the Wigner distribution is 
achieved again when the dimensionality becomes very large. The comparison 
with an exact calculation of Gaudin (61) is shown in Table 6.1. 

Remarkably, it is actually possible to obtain the probability distribution for 
the eigenvalues of the GOE in closed form. Toward this end, note that the 
Hamiltonian matrix of dimensionality N has N(N + 1)/2 independent matrix 
elements. Upon diagonalization the new variables are the N energy eigenvalues 
E, and N(N — 1)/2 parameters «; describing the transformation to the diagonal 
basis. These parameters do not appear explicitly in (6.6) for P since 


trH? =) E? 


Finally, it is necessary to transform from the volume element dH, ,dH,,dH,, 
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TABLE 6.1 Comparison between the Wigner 
Two Level Distribution (p,,) and the Exact 
Calculation (p) of Gaudin 


S/D p Pw 

0 0 0 
0.064 0.104 0.0996 
0.127 0..207 0.1974 
0.191 0.303 0.2915 
0.255 0.395 0.3801 
0.318 0.477 0.4617 
0.382 0.549 0.5350 
0.446 0.6117 0.5989 
0.509 0.6630 0.6525 
0.573 0.7032 0.6954 
0.637 0.7308 0.7273 
0.764 0.7547 0.7587 
0.891 0.7396 0.7502 
1.018 0.6933 0.7083 
1.146 0.6255 0.6417 
1.273 0.5445 0.5598 
1.400 0.4587 0.4713 
1.528 0.3750 0.3836 
1.655 0.2978 0.3023 
1.782 0.2301 0.2308 
1.910 0.1730 0.1709 
2.037 0.1267 0.1229 
2.164 0.0906 0.0837 
2.292 0.0631 0.0581 
2.419 0.0429 0.0383 
2.546 0.0286 0.0245 
2.674 0.0185 0.0153 
2.801 0.0117 0.0092 
2.928 0.0062 0.0054 
3.055 0.0030 0.0031 
3.183 0.002 0.0017 


Source: Gaudin (61). 


dH ,3,dH,3,dH33--- to dE,dE,---dEydo,---d&yyy_4)23 that 1s, we need to 
compute the Jacobian of the transformation. Toward this end, note that the 
matrix element is linear in the energy eigenvalues E,: 


Ai;; = (®;|H®;> = cy O“iatalH >; &ipX%p> = » OF E hj 
a b a. 


where the parameters «; are selected from the set «,, and y,,, are eigenfunctions 
of H. Therefore, the element in the Jacobian, 0H;,/dE,, is independent of E, 
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while the remaining (N)(N — 1)/2 elements 0H;,/0a,, will be linear in E,. Hence 
the Jacobian is a multinomial of degree N(N — 1)/2 in the eigenvalues E,,. Finally, 
note that if any pair of eigenvalues are equal (i.e., if there is a degeneracy), the 
transformation from {E,, ,} space to H;, space is singular. Hence the Jacobian 
must go to zero whenever two eigenvalues E, and E, are equal. Thus as far as 
the dependence upon E, and E, is concerned, the Jacobian is proportional to 


N 
Il |E,— E, | 
a<b=1 
and P becomes? 
N 2 
P(E,,...,Ey)~ [] |E,—E,le7*2*F (6.10) 
a>b=1 


where we have integrated over the dependence on the parameters «;. This result 
is referred to as the Wishart distribution. Evaluating the constant of 
proportionality in (6.10) and determining the distribution for the spacing and 
other measures of distribution requires elegant and ingenious mathematical 
arguments which we shall not describe here. It is from these results that one 
deduces that for large dimensionality, N, the Wigner result is recovered. Indeed, 
it seems that the Wigner result is approximately correct for large N even for 
the two-body (TBRE) case. This is illustrated by Fig. 6.3. These exact calculations 
also exhibit a long-range anticorrelation, which is presumably a consequence 
of the repulsion of energy levels.? It has been observed experimentally. 

We turn finally to the distribution function for one of the amplitudes of the 
eigenvectors of the random Hamiltonian. If these are denoted by a,, a,---ay, 
the joint distribution function is 


”) N 
Plays day.--ty) = Z-8( 1 —}- 4 (6.11) 
Qn 1 


since the amplitudes must remain normalized under an orthogonal trans- 
formation. The quantity Q, is the total solid angle subtended by an 


‘It has been pointed out by Dyson that this expression can be thought of as the configurational 
part of the partition function for a two-dimensional Coulomb gas with each particle held in a 
one-particle oscillator potential. 

’The correlation function is evaluated by Dyson and Mehta (63). However, they did not deal with 
the GOE but rather with the “orthogonal ensemble” of unitary matrices, whose eigenvalues are of 
the form e'*'. Porter therefore refers to the ensemble as the COE, the circular orthogonal ensemble. 
One can consider the Dyson ensemble to be a theory of random S matrices, while Wigner, Porter, 
and Rosenzweig consider random Hamiltonian matrices with real matrix elements, assuming 
time-reversal invariance. The violation of time reversal led [Dyson [62)] to the consideration of 
“unitary ensembles.” It leads to substantial differences for the spacing distribution from that which 
follows from the circular orthogonal ensemble. 
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allo 


FIG. 6.3. Histogram obtained collecting the lowest energy difference between states with 
the same J and ITI in the nuclear table. The solid line represents Wigner’s distribution 
p,,(x) and the dashed line shows the prediction of the TBRE in the ground-state region 
taken from Cota, Flores, Mello, and Yipez (74). The number of spacings is 135 and the 
probability of y? is 3% when the histogram is compared with p,(x) and 13% when 
compared with the p(0;x) of the TBRE. [From Mello (78).] 


N-dimensional sphere. To show this, introduce N-dimensional spherical 
coordinates: 


A* =) a? 
a,=Acos$, 


a, = Asin §, cos J, 


ay=Asin§, sin 2,---sin Gy_, (6.12) 
The volume element is given by 
AN 'dA dQy 


so that 


2 
[ Pa. a>, eee Ay) da, 7 --day —= Q. [0 ies A*)AN- : dA dQy 


N 
=2| au —a)4"-"da= 1 


as desired. 
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The distribution for a, is given by 
P(a) = | Plar.-an Bla —a)da,---day 


= [Pea -+-dy)0(a, — a)AN~* dAsin’~* 9,d9,dQy_-, (6.13) 


where we have used 


dQ, =sin’~* 9, sinN 3 9,---sin 9y_3d9,---dOy_, 
=sin’~* 9, dQy_, (6.14) 
Note that 0< 8,<2,a4N-—1, while —-17<3y_, <2. Hence 
— Qy-1 - N—2 
P(a) = —— | 0(a—cos &,)sin 3,4, 
Qn 


= Onn 1 _ gryw-a12 (6.15) 
Qy 


One can readily show by integrating the first line of (6.14) that 


7/2 


~ T(N/2) 


N 


Assuming that a? «1 and N > 1, (6.15) becomes 


N \1/2 
ptayda=(~) e Na’l2 da (6.16) 
2n 


Since the single particle width, I’, is proportional to a’, its distribution can 
be obtained directly from (6.16). Let 


oe 
‘T) 


az 
we then obtain the Porter-Thomas (56) distribution for the widths: 
CPS NA at 
P(T) dl = —~|{ —— Maga ca es eee (6.17) 


Jaa\ T (T) 


where <I> is the average of IT. 
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FIG. 6.4. Plot of the distribution of amplitudes for ‘°°Er from 0 to 3 and from 0 to 
4.2 keV. The porter-Thomas curves are shown for comparison. [From Mello (78). ] 
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The Porter-Thomas distribution has been amply verified experimentally as 
illustrated by Fig. 6.4. If v channels contribute to the width, one can calculate 
the result by folding the Porter-Thomas distribution for single channels: 


PT) = | PU,)P(C,)- PP) (r = r) ean (6.18) 
1 
This calculation can be carried easily by using the representation of the 6 function 
60 —YT)= - [exp [ik(T — ST ;)] dk 
Inserting this result into (6.18) yields 
Pre - | dke™t TI | Per yen*" at 


This integral can be carried out to obtain a single closed form when the average 
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widths for each channel are equal: 


Ge 
y 


The one obtains the “y? distribution for.v degrees of freedom”: 


para =( = : exp( =F (6.19) 
2<T>/  T(v/2) 2¢I>/ 7 


One can readily show that 
2 2 2 2 
<P 2=<l) Nee (6.20) 


showing that as the number of channels increase the variance decreases. For a 
large number of contributing channels it is good approximation to neglect 
fluctuations, so that 


(fT) f(T) —_-v large (6.21) 


7. STATISTICAL THEORY OF NUCLEAR REACTIONS? 


As can be seen from Fig. 5.6, the level densities in the heavy nuclei quickly 
approach astronomical values with increasing excitation energy. For the lighter 
nuclei, the level density does not reach as large values for the same excitation 
energy, but the numbers are still substantial as illustrated by Figs 7.1 and 7.2. 
To obtain either theoretically or experimentally the cross section for the 
excitation of each of these levels 1s generally not possible or worthwhile. There 
are exceptions. At very low excitation energies, the level density is sufficiently 
small, so that the individual compound nuclear resonances can be observed. 
At higher excitation energies special structures such as the doorway state 
resonances (isobar analog resonances, the giant multipole resonances, etc.), 
which in fact involve averages over many levels, are of great importance. In the 
discussion that follows we assume that such unusual structures are not present 
in the energy domain being considered. Excluding these exceptions, the large 
level density precludes the study of the individual levels. Under these 
circumstances a statistical approach becomes unavoidable. 

The justification of a statistical theory of nuclear reactions is similar in content 
to that used to justify statistical mechanics. Indeed, the statistical theory of 
nuclear reactions may be considered to be an example of nonequilibrium 


*Blatt and Weisskopf (52); Hauser and Feshbach (52). 
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FIG. 7.1. Comparison of Hillman—Grover level density with experimental values for 
>°Fe. Circles are experimental points. [From Lefort (76).] 


statistical mechanics. At a sufficiently high excitation energy when the level 
density is large, it is reasonable to assume that the states are complicated linear 
combinations of simple states. As an example, consider a nucleon incident upon 
a nucleus for which a shell model description is adequate. The nucleon will 
excite the target by exciting one of the nucleons so that the system may be 
considered to be in a 2p—th state. A second encounter with a target nucleon 
may lead to a 3p—2h state. Successive interaction will eventually generate 4p—3h 
components, 5p—4h components, and so on (see Fig. 7.3). The wave functions 
of the compound nuclear system will consist of a linear combination of the 
incident state and states belonging to these various excitation categories: 2p—th, 
and so on. In terms of this shell model representation, the number of terms in 
the linear combination forming the wave function will be very large, on the 
order of the number of levels in an interval of a few MeV. Under these 
circumstances, it is not surprising that the transition amplitudes 7,,., which 
depend on the overlap between the initial wave function and the complex nuclear 
wave function, will be a complex random variable. That is, the value of 7,,.., 
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FIG. 7.2. Level density. [From Huizenga (72). ] 
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FIG. 7.3. Multistep nuclear excitation. 


because of the complexity of the nuclear wave function, will depend on relatively 
accidental features of the latter. The value of 7,,. will fluctuate rapidly as the 
energy changes, giving rise to the Ericson-fluctuations discussed earlier in this 
chapter. The values of 7 ,.. obtained from a sufficiently large energy range form 
an ensemble with respect to which average properties of the system can be 
calculated. It is assumed, and this is a form of an ergodic theorem, that the 
ensemble average and the average with respect to an energy interval are equal. 
Perhaps the most essential hypothesis made in the development of the 
statistical theory is the random-phase hypothesis. This hypothesis is the most 
direct application of the insight that the complexity of the nuclear wave function 


7. STATISTICAL THEORY OF NUCLEAR REACTIONS 299 


will lead to effective randomness. We first provide a general statement of the 
random-phase hypothesis, as there will be many applications in differing 
contexts. Suppose that an amplitude u can be written as a sum as follows: 


w=) a, 
n 


We shall, moreover, assume that the average values of u and u,, the nature of 
the average depending on the problem under consideration, are zero: 


<uy=0 <u,>=0 (7.1) 


The question is asked as to the average value of |u|*, which generally will differ 
from zero: 


<lul?> = Dd) Cutun, > (7.2) 


The random-phase assumption states that the phases of u, are random, from 
which (7.1). follows immediately. To see this, let 


u, = e'*"|u,| 


The various possible values of ¢, ranging from 0 to 2x are assumed to be 
equally probable, so that the average is given by 


1 2n 
(m= | u,dp, = 9 
20 


0) 


The same analysis applied to (7.2) yields 
(UtUm > = Onm|Unl? (7.3) 
so that 


<lul?> =) lua? (7.4) 


The dependence of this result on the representation used to obtain the expansion 
of u should be noted. The physics of the system under consideration dictates 
the selection of the representation to be used. It is through this choice that a 
physics content is given to the random phase hypothesis. We shall see many 
examples. 

As a first application of the random phase assumption, we make use of the 
result of Kawai, Kerman, and McVoy (73) to be described later in this chapter. 
It states that it is possible to break up the transition matrix 7 into two parts: 
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a prompt (or direct) term, 7“, the channel indices are suppressed for the time 
being, and a fluctuation (or resonance) term, 7" 


i eS ry (7.5) 
so that upon taking averages | 


(F>={F" 


CTF) = 0 (7.6) 


The cross section is proportional to |.7 |?. Taking the average assuming that a 
random relative phase exists between 7 and 7" one obtains 


IF > =F OP + IF OPP) (7.7) 


or in terms of the cross section, the cross section can be given a corresponding 
decomposition 


<a> =o) 4 gfFb) (7.8) 


The above results apply to the entire cross section. But they apply as well 
as the partial wave cross sections so that 


(| F (JID? > = <1 F OTD |? > + IF EMI? > (7.9) 


As a second example consider the application of the random phase hypothesis 


to the angular distribution (1.5). We then need to average 707 "))*, where 
c stands for the quantum numbers «, I, s; JII so that 
(FL) — (FL) (}’ of « Jo 
Tce =F gg 813 bs; J, TD) 
Using the random-phase hypothesis, 
GFL) G(FL)*\, _ (FL) |2 
CF ere c4c2 » _ O On eT a (7.10) 


We then obtain for the angular distribution 


(FLI(¢y i 1 
(ae) = SER eE (IsJ || ./4rY,, || IsJ)(U's’J || ./40Y, || 's’J) 


dQ k2— (21 + 1)(2i+ 1 
x ¢| a? FEM (I's'; ls; JTD)|? > P_(cos 9) (7.11) 
Since [see (1.9) ] 


1 L 
IsJ 4x, || lsJ) ~ 
(IsJ || ./ 42 Y, || lsJ) (\ 0 4 
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only even values of L will occur in the sum in (7.11), with the consequence that 
the angular distribution is symmetric about 90°. This result follows directly 
from the fact that according to (7.10), the random-phase hypothesis permits 
interference only between states of the same parity. We shall leave it as an 
exercise for the reader to show that, in view of the fact that the polarization is 
an interference phenomenon, it will vanish under the random-phase hypothesis. 
Of course, this result applies only to the fluctuation term. Other polarization 
parameters such as D, the “depolarization,” do not vanish. 

The limiting form of isotropy follows from the general expression (7.11) only 
if additional assumptions are made. The assumption is made that the transition 
matrix 7, does not depend on the channel spin s’. Second, it is assumed that 
the density of states with a given spin s’ is (2s’ + 1). This differs from (5.54) in 
that the cutoff is not included. As a consequence, the implicit assumption 1s 
made that the principal contributions come from sufficiently low s’. Turning to 
(1.9), the s’ dependent factors in the sum over s’ of (7.11) are 


yO Ga waa C= 7 He 1) 3 ; ae S- ys +L+J (2s' ae Dy) J vf 


' 
=(— eth t24. AQF + 1)(2l + 1)6z6 


Since only the L=0O term survives, the angular distribution in this limit is 
isotropic. Isotropy is a consequence of the evaporation models of Weisskopf 
(31) and Frenkel (36). 

The symmetry about 90° has been verified experimentally, and indeed 
deviations from it are taken to indicate the presence of prompt processes. An 
example of a symmetric angular distribution as it occurs in the reaction 
°8Ni(a, p)°'Cu is given in Fig. 7.4. An example from heavy-ion physics is shown 
in Fig. 7.5, where the colliding nuclei are *°Ar and 7’Sc. 

We turn next to the evaluation of <|7 |?) Our goal will be to replace 
this term by an expression that can be evaluated through the use of the 
semiempirical optical model. The expression for 7" is given by (4.4): 


TEV = ols +3) pide __ ACTA) (7.12) 
; bob Adda) 


where g,(c), a real quantity, is the magnitude of the matrix element 
(®,|Hop|W connecting a channel c with wave function y{"? with the state 
for the compound system ®,. The partial width I’,, is given by 


Dy. = 93(C) (7.13) 
and I’, by 
r,=YT,, (7.14) 
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FIG. 7.4. Angular distribution for protons emitted by °?Zn compound nuclei for several 
kinetic energy ranges in °®Ni(«, p)®°*Cu-induced reactions at 19.67 MeV [Barker and 
Sarantites (74).] [From Lefort (76). ] 


The quantity I, differs from zero when the levels overlap. However, it has the 
property [see (4.5) ] that 


yr, =0 (7.15) 


A 


so that I", is not a positive-definite quantity such as I,. 

In the preceding section it was shown that the distribution of the widths for 
the single-channel case is given by the Porter-Thomas distribution, (6.17), when 
the Hamiltonian is random. Equivalently, this means that the distribution of 
the amplitudes g is Gaussian. 


P(g) dg = 


(7.16) 


BSS) 
= = CX 
2n<g?> Pg?) 
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FIG. 7.5. Angular distributions for protons and a-particles emitted from '!’Te 
compound nuclei in several kinetic energy ranges [Galin, Gatty, et al. (74).] [From 
Lefort (76). ] 


where <g”> is the average value of g? taken with respect to this distribution: 


(92) = | ” P(g)g? dg (7.17) 


—@ 


The important point here is not the existence of a “derivation” but rather that 
it has been verified experimentally (see Fig. 6.4.). Since the distribution given 
by (7.16) is, according to the central limit theorem (see p. 251), that of a quantity 
composed of a sum of random quantities, g itself can be considered as random 
with 


<g> =0 (7.18) 
Assuming the phase ¢, to be random as well, (7.6), <7 ©") =0, can be verified 


directly. 
Of course, <|.7‘F"|? and therefore the partial cross section <o‘*(JII)> are 
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not zero. We proceed now to evaluate <a") where 
oF ITI) = 42712) 7 F(T)? 


= 1425 eileen) GIGI 
rv [E-—E,+(/2)1,+T)]LE- £, -(/2)0, +0) 


(7.19) 


Note that E,, I,, and I, are independent of the specific nature of the incident 
or final channel. The random-phase hypothesis yields 


Evry: 
<oFY(JTI)> = 22? y Canoes (7.20) 


We evaluate the right-hand side in several limits: 


1. There are a large number of exit channels. Under these circumstances the 
variance in I’, + I’, is reduced substantially [see (6.20) ]. It is therefore a good 
approximation to rewrite 


ys ev Vala 
Z ) 7 rae 


(E-E, +3,4+T, 7(E-—E,)° +30,4+ 15)’ 
A second assumption asserts that °,, and I°,,; are, fori 4 f, uncorrelated. Hence 


Varad = lap <a (7.21) 


Since the ensemble over which the averages are made consist for each case of 
the widths I’,, and I’,; themselves, both <Iy,> and <I°,;> will be independent 
of A. They will be designated by <I’,> and <I;>, respectively, where I; is the 
average width for forming the compound nucleus in the energy region covered 
by the sum and I’, is the average width for decay into the final state. 

We may therefore replace (7.20) by 


Co DT) = 260, <TOY (7.22) 


where 


wy 


______—_ 123 
A (E = E,)y na (1, 25 Pe 


The factorization explicitly shown in (7.22) can be used to obtain an inter- 


esting result. If <a") is sumed over all possible final states, one obtains the 
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cross section for the forming of the compound nucleus? 


YaGY =o = nV? (TTY (7.24) 
f 
We can now eliminate the >* factor between (7.22) and (7.24), obtaining 


T | 
ofl) — g Sead (7.25) 
<T> 
and 
oh <T,> 


mari (7.26) 
ofl) (T,) 


Thus the probability of decay of the compound system in a final channel is 
given by the branching ratio <I,>/<I°>, which is independent of the incident 
channel i and therefore of the manner in which the compound system was 
formed. This is referred to as the Bohr independence hypothesis. 

Verification of the Bohr independence hypothesis in either form (7.25) and 
(7.26) is difficult since it holds individually for each partial wave with given 
values of J and II but not for the sum of such terms; that is, although each 
term in the sum factors, the sum itself will generally not. However, if a compound 
system can be formed by two different methods (i.e., by using differing projectiles 
and targets), if the energy domain of the compound system is the same for the 
two, if the distribution of the J’s and parities are the same, and so on, the ratio 
of the cross sections for identical products should be constant over their energy 
spectrum. Meeting all these conditions is not simple unless the reaction picks 
out a unique final J and II. Examples of a comparison between two such 
reactions is given in Figs 7.6 and 7.7 [see the discussion by J.M. Miller (72) ]. 

To make further progress, the relationship to the optical model of the 
quantities we have been using will be exploited. This procedure is advantageous 
since the parameters of the optical model potential can be determined empirically 
by fitting the elastic scattering (and polarization if available) and the total cross 
section. 

The optical model has been derived in Chapter III and will be discussed in 
greater detail in Chapter V. We briefly review some salient features here. It 
states that the energy average of the wave function <y> is the solution of a 
Schrodinger equation with a complex potential. In the many-channel case, the 
Schrodinger equation reduces to a set of coupled equations for the open-channel 
wave functions. In the present context the relevant quantities is the transmission 


+This is not exact since (7.21) and therefore (7.22) are not correct for the elastic term i=/f. In 
writing (7.24) we are assuming that the elastic scattering width is small, as should be the case when 
many channels are open. 
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FIG. 7.6. Experimentally measured values of o(Po?°°)/[o(Po7°®) + o(Po7*°’)] as a 
function of the excitation energy of the Po*!° compound nucleus prepared in two ways: 
p+ Bi7°? and «+ Pb?°° [Grover and Nagle (64)]. [From Miller (72).] 


coefficient T,. We employ the generalization T... (where the subscript denotes 
the open channels) defined by Satchler (63) as follows: 


t t t 
TOP) = §,, — ¥ SOPH Scop (7.27) 


Cc 


where S®?” is the energy-averaged S matrix, which can be obtained from the 
energy-averaged wave function <w> of the optical model. If the optical model 
conserved flux (which it does not because of the process of energy averaging), 
S©P! would be unitary and T°” would be zero. The transmission coefficient T, 
is the diagonal element of the matrix T®?”: 


T. = Te) =1—Y [SP /2 (7.28) 


cc 
Cc” 


If we write the total S matrix as 


S = SOP) 4 SiFL) (7.29) 
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FIG. 7.7. Energy spectra of emitted protons. Cross sections from O!° + Co*? multiplied 
by 1.16 [D’Auria, Fluss, et al. (68]. [From Miller (72).] 


where 


SFL) =O 


(FL) }2 
(E [ooe” i } 
o” 


we see that 


T, 


(7.30) 


(7.31) 


Note. To prove this, use the unitarity condition SS'= 1, replace S by (7.29). 
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Then average using (7.30). One then finds that 


 — ( » srsia ) (7.32) 
Using S® = — 2ni7 *™ and expression (7.12), we have 
elPig J rc 
SED = — jeile* oe) S° ____~ “ee __ (7.33) 


4 (E—E,)+ (7/2), + 1) 


Substituting in (7.31) and using the random-phase approximation, 


2 2 
T, = ( y IDacl IDac”| ) (7.34) 


A,c” (E — E,)’ + (0, + ry 


In the limit of a large number of channels, so that (, + I’,.) is a constant equal 
to <I’), and assuming independence of I',, =|g,,|* and I',,-, (7.34) becomes 


T.=<T.><T >) (7.35) 


where >: is given by (7.23). Substituting this relationship into (7.22) yields the 
familiar result 


LY 
o"U(JTI) = nA? a (7.36) 


a~a 


Note that in the derivation it was not necessary to evaluate >’, so that the 
question of the distribution of E,, the end point effects, the size of <I) relative 
to D, the method of averaging did not arise. Moreover, it has not been necessary 
to assume that T, « 1, which is a required and heavily criticized feature of many 
of the derivations of (7.36). 

The angular distribution, (7.11), is given by 


a) 
AQ 


1 
= Loranagan | Yz | lsJ)(U's’F || Yp | U's' Do %Y (U's; ls; JT) P_(cos 9) 
(7.37) 


where we have used (7.19). Similarly, the total fluctuation cross section according 
to (1.6) is given by 


me a 
ge ye Ae = regi 738 
ie Los pare" ( ) Ue) 


where one uses (7.36) for ot 
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The cross sections given by (7.36) and (7.38) describe the excitation of a 
particular final state in the residual nucleus. However, for all except the rather 
low-lying states, it is more appropriate to regard the spectrum of the residual 
nucleus forming a continuum with a level density given by w,(U, J). Then the 
angle integrated spectrum (for example) is given by 


e) as 2J+1 T (JT) T;(JT) 
( dU ea 21+1 5 [T.+fT(JMo,(U,,J)] Ue) 


where both a sum and an integral are included in the denominator in order to 
take account of both the discrete and continuum level spectrum. 

Equations (7.36)-(7.39) (to be suitably modified by the width fluctuation 
factor whose importance has been emphasized by Moldauer) referred to as the 
Hauser—Feshbach (52) theory are the fundamental results of the statistical theory 
of nuclear reactions. Their application is discussed in Section 9. For the present, 
note that one only needs the optical model transmission coefficients. In applying 
(7.36) one would need to know as well the energies, spins, and so on, of the 
levels to be excited as well as of those which are competitive (i.e., contribute to 
the denominator). To apply (7.39), one needs to know, in addition to the 
transmission coefficients, the density of levels of the residual nucleus. 

It will be useful (but not essential) to evaluate the sum, >’, of (7.23). A few 
comments are in order. Qualitatively, the sum over / will contain those levels 
with energies E, that fall within the averaging interval in energy, AE. The energy 
E is at the midpoint of the interval AE so as to avoid end effects. Thus as E 
moves, AE moves with it. When the width (in a single channel) is very large, 
it is not always possible to avoid end effects since in that case the requirements 
of unitarity would require a very tight correlation among the levels [Mello and 
Feshbach (72) ]. One of the consequences would be an instability of the averages 
to the interval size AE. Experimentally, this would manifest itself as an instability 
with respect to the energy resolution and could be so identified. The analysis 
that follows assumes the absence of end effects. 

In calculating 5° we shall also assume that new channels do not become 
open in the interval AE; that is, there are no thresholds in the interval. This is 
generally not the case, particularly as the excitation energy increases. As Kerman 
and Sevgen (76) point out, one consequence of this assumption is that unitarity 
need no longer be satisfied exactly. 

Finally, some attention should be paid to the size of AE. For the present 
discussion it is to be of such a size that fine structure (Ericson—Brink fluctuations) 
and doorway state resonances but not the single-particle structure are averaged. 
Therefore, AE satisfies the inequalities 


Top >AE>T,,T,,D (7.40) 


where I cp is the single-particle width, I’,, the doorway state width, I’, the width 
of the fine-structure resonances, and D is the distance in energy between them 
(D~ * = density of levels). 
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With these various caveats in mind, we proceed to evaluate >’, replacing the 
sum by an integral 


| E+(1/2)AE dE, 


y== 


ee (7.41) 
D J e-(1/2)az (E — E,)’ + (0, + T",)? 


Replacing I’, and I“, by their average values over the interval, <I") and <I’) = 0, 
respectively, 5) becomes 


re 2 \ dx 
prs) J, 1+? 


where x4 =(2/(T +I’)>)(E+5AE). If AE > <((I. +T”’)> as assumed and in the 
absence of important end effects, as assumed, the limits of the integral can be 
taken to be + o, so that 


2n 
= D<ry (7.42) 
Equation (7.22) now reads 
On = mA a (7.43) 
Moreover, the value of T. given in (7.35) becomes 
‘i ; <T.> (7.44) 


a result to which we have referred in Section 2 of this chapter. Finally, from 
(7.24) one obtains 


09 = 147 T, (7.45) 


We remind the reader that the value of >’, (7.42), is not needed to obtain the 
fundamental equations (7.36)-(7.39). 

2. We consider next the case when the exit channels are so few in number 
that fluctuations in the total widths ’, must be considered. We return to (7.20): 


FUT) = 22 oop ee) 
eae eae = 
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It is more convenient in this situation to evaluate the energy average directly: 


<oF ITI)» = nz tL Eo+(1/2)AE dEY Pala 


ai eee, 
E Eo —(1/2)AE A (E ~ E,) +3, F I” “) 


It is possible to choose AE to be large compared to T, +I", yet small enough 
so that their energy variation as well as that of E, is negligible. This possibility 
exists because the scale over which these quantities change is on the order of 
the single-particle width, Isp, that is, of the order of several MeV, whereas I’,, 
the width of the fine structure, must of course be much smaller than I5p. 


Neglecting end effects (we remind the reader that the observer will always choose 
AE so as to minimize these effects), the integral can readily be evaluated: 


2nI, -T 
(FL) — 2mU asl ai 
Geo “) Car 
or 
2n /T(f)V(i 
Kol) = ni? =( = a ; (7.47) 


If we assume that TI and I” do not fluctuate, (7.47) reduces to (7.43). It is 
convenient to introduce a correction factor expressing the difference: 


pe aw ry ITOK = ahs 
(+r Xr) 


W is referred to as the width fluctuation correction factor [Dresner (57); Moldauer 
(64) ]. This correction factor should be most important when the number of exit 
channels are few, as would be the case near the threshold for the excitation of 
the first inelastic level. In any event, one would expect that under these 
circumstances the levels E, are well separated, so that I’ vanishes approximately. 
Assuming that each [I satisfies the Porter-Thomas distribution, it is relatively 
easy to evaluate W. To illustrate, suppose that there are only two channels, I’, 
and I,, so that 


tansy Pal; : 
oT Cia ee Bs 


eg (1/2)x1 p-(1/2)x2 X4X> 


sf wee X41, > + x2¢T2> 


where x,=I,,/<I,>. The integration can be performed after an integral 


=(<Ti>+<TaDJI— =| ax, |" a 
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representation of the denominator is introduced: 
1 CO” ce. @) 
We= UT. + Pad1 5 | ta| Aig ce oe 
T JO 0 


00 
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Or 


ms da 
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This integral can be performed exactly with the result for W that follows: 


y, -£01> + Ta 
SAT + VT? 


A plot of W, as a funtion of <IT',>/<I,> is shown in Fig. 7.8. Since it is a 
symmetric function of <I’, > and <I, >, only the values of W, from <T,>/<T,> 
equal to zero to 1 are shown. We see that W, 1s generally considerably less 
than 1 approaching 5 for <T,>/<T', > = 1. The effect of this correction is therefore 
to reduce the cross section from the value given by (7.36). 

It is easy to generalize this result to the case in which there are more than 
two open channels. A review has been presented by Gruppelaar and Ruffo (77). 
An interesting case occurs when there are many such channels, for then one 
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FIG. 7.8. Width fluctuation factor [see (7.50) ]. 
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can establish a connection with the discussion in Section 6. Consider 


N 


<T> rT 
= __ (=), (sr =<T> 
ep aD NOE 
Then it can readily be shown in the limit of a large number, N, of open channels 
that 


(7.51) 


nga es COREOT 


(> 


showing that neglecting the fluctuations in the total width, Tis a good approxi- 
mation only if that width is large compared to I’, and I,, even if the number 
of channels is large. 

This treatment fails in the difficult intermediate regime when the levels 
overlap, at which point it is necessary to take account of the fluctuations in I”. 
Very little information is available regarding these fluctuations. One possibility 
is to assume that they are independent of the other parameters of the problem 
and that their distribution is given by a Gaussian: 


P(l’) dl" = 


1 exp( - 30 Jar 
AP aY 
one Gi 


With this assumption (7.50) for W, would be replaced by 


” = P+ ED (* g expl=al=307KT7) a gy 


Smith?) Jo U+20<T, >)? (1 + 2a¢T 2)?” 
so that in principle by studying the width fluctuation correction factor, one 
would be able to determine <I’* >. However, there are many other corrections 
(discussed in Section 8), which makes this possibility illusory. 

Fluctuation scattering can also contribute to elastic scattering. This 
process is referred to as compound elastic scattering. In that case I’,, and I ,; 
are no longer independent and (7.22) is not valid. We must instead calculate 
<T{>. Using the Porter-Thomas distribution, one finds that 


(Ty) =3<T1>? (7.53) 


so that the width fluctuation correction for compound elastic scattering has the 
value of 3 in this limit. Introducing the fluctuations in I due to ’, will reduce 
this value; the leading term is 1/[(1+5<¢1I,>/<I>]. In the limit of a single 
channel W reduces to unity, so that for compound elastic scattering W can 
have a rather broad range of values. 
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8. EFFECT OF THE DIRECT REACTIONS ON THE STATISTICAL THEORY 


The discussion of Section 7 1s based on the assumption that the partial widths 
[’,. are uncorrelated, and not correlated to the energies E,. It is assumed that 
an energy average can be replaced by an ensemble average in which the T,, 
are random following a Porter-Thomas distribution. For large values of T 
involving many contributions for which the width fluctuation correction, W, is 
unimportant, one obtains the Bohr independence hypothesis, that is, 
factorization of the partial cross sections. The relation of these factors to the 
transmission factor, T., (7.35), is established using the same assumptions. This 
derivation of (7.36) does not require the evaluation of >°, about which there has 
been some debate; it makes no assumption regarding the size of T., nor 1s it 
necessary to introduce o, the cross section for the formation of the compound 
nucleus or to make use of (7.44) connecting T, with I./D. 

The statistical assumptions with regard to I.,. and E, have been the subject 
of a spirited debate extending for nearly two decades. Correlations do exist 
because of the existence of direct (prompt) reactions which can contribute to 
the cross section and importantly, modify the wave functions which are to be 
inserted into the defining matrix elements. 

Moldauer (75a, 75b) particularly, and more recently Weidenmuller and his 
collaborators [Engelbrecht and Weidenmiiller (73); Tepel, Hofman, and 
Weidenmiuller (74); Tepel (75); Hofman, Richert, Tepel, and Weidenmuller (75); 
and Hofman, Richert, and Tepel (75) ], have emphasized the importance of the 
correlations imposed by unitarity. Unitarity requires that 


Sst=1 
or 


d SaaSe = Oac (8.1) 


We see that the elements of S (or 7, which is linearly related to S) must satisfy 
a number of nonlinear relations, which in turn impose relations between the 
sets of quantities @,,g,,, and E, [see (III.2.37), the discussion of the reactance 
matrix K, and (III.6.11) and the ensuring discussion]. The result, 5° 1", = 0, which 
we have used repeatedly, can be considered to be a consequence of unitarity. 
The unitarity condition can be very restrictive when the average of the partial 
widths <T.,> are large compared to the spacing in energy <D,>. In that case 
[see Mello and Feshbach (72)] the individual values of I’., are very large, so 
that very strong correlations must then exist between the various I’,. in order 
to satisfy unitarity. Under these circumstances, the results obtained both 
theoretically and experimentally become very sensitive to the manner in which 
averages are carried out and to the size of the averaging interval AE. It 1s 
noteworthy that such sensitivities have not been observed, indicating that their 
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occurrence is either rare or more likely that the analysis of the experimental 
data naturally selects out such large widths and regards them as nonstatistical. 

Before attempting to perform the difficult task of taking the effects of unitarity 
into account, one should first understand if it is essential to do so 1n order to 
provide a statistical interpretation of nuclear reactions. We need to be 
particularly concerned with real situations and the manner in which data are 
analyzed. 

Kerman and Sevgen (76) point out that unitarity need not be satisfied exactly 
since, in the energy domain under discussion, I > D, there is a high probability 
for new channels to become open in the averaging energy interval AE. Unless 
the effect of these is included in the statistical treatment, and that is generally 
not done in the many open-channel situations we are considering, there will be 
a loss of flux to the new channels, with a consequent failure of unitarity. Taking 
this effect into account quantitatively requires the introduction of new 
parameters, as discussed by Kerman and Sevgen. 

A second point is that unitarity is not the only condition to be placed upon 
the transition amplitudes since they all are deduced from a common Schrédinger 
equation using the nuclear Hamiltonian, which is of course not random. These 
correlations cannot be stated as explicitly as the unitarity conditions, but they 
are certainly as real. One must ask which of these many restrictions are to be 
applied and which are to be neglected. 

The point is that the statistical theory is an approximation; it cannot be 
exact. Statistics enters when the matrix elements of the Hamiltonian involve 
such complicated wave functions. that the value of these matrix elements can 
be considered to be random, following Gaussian probability distributions. It 
should be noted that the distribution does not tell us when the particular value 
of the matrix element occurs. It can only provide the frequency with which it 
does. Thus statistical description can and does fail if inappropriately applied. It 
will fail, for example, if the wave functions are not sufficiently complicated. As 
we shall discuss in Chapter VI, only after the system has gone through a number 
of interactions will the necessary complication be developed. If the reaction 
product is produced at an early stage, the statistical theory will of course fail. 
The nature of the physical phenomena is the important issue. 

Moreover, it may be argued that it is not useful to regard a pole term in the 
S matrix with a large partial width as a statistical fluctuation. As pointed out 
earlier, a consequence of a large average width is a close correlation among the 
properties of all the levels in the averaging interval as well as a marked sensitivity 
to the size of the averaging interval. This situation can hardly be described as 
statistical. And indeed, in an analysis of such data one would label such structures 
as nonstatistical and would consider them worthy of further study. 

The reader is referred to the review by Mahaux and Weidenmiiller (79) for 
a detailed discussion of the impact of unitarity and a summary of the present 
understanding.* The present understanding depends very heavily on numerical 


*References to the pioneering work of Moldauer and other will be found there. 


316 RESONANCES AND THE STATISTICAL THEORY OF NUCLEAR REACTIONS 


studies. Weidenmiuller and his associates have employed the representation of 
the Z matrix in terms of the reactance matrix, ¥ [see (III.2.44) and the material 
following], using a pole expansion of % [see (III.6.7)], which can be obtained 
from (III.2.43). Unitarity is thereby guaranteed. The pole parameters are 
assumed to be random. Moldauer (75a) has also performed a number of 
calculations with similar results. We mention two of these. First, one obtains 
a verification of the random-phase hypothesis for the S matrix in the case where 
the number of terms A in the pole expansion of K is large, and A is large 
compared to the number of open channels. The result is that (S@VSE))» 
vanishes unless two pairs of indices coincide. The second result, discovered by 
Moldauer (75a), is referred to as M cancellation. Briefly, he finds that the various 
correlation corrections cancel leading to (7.36), including the width fluctuation 
correction (7.48) multiplicatively. This result holds for nonelastic cross sections. 
The situation for elastic scattering will be discussed below following the methods 
of Kawai, Kerman, and McVoy (73). This paper addresses two questions of 
importance in the present context. The first to be discussed asks for a formulation 
of the problem of reactions that explicitly separate the 7 matrix into two 
components, the direct and fluctuation, that is, into 7 and 7", with the 
energy average of 7") equal to zero. We have made repeated use of this 
separation in this chapter. The second deals with the width correlations, which 
are induced by the presence of the direct reactions. 

The essence of the solution of the first question lies in the fact that the optical 
model does provide calculation of the energy averaged amplitude. It will be 
recalled [ (Eq. (III.3.16)] that the averaged many-channel amplitude satisfies the 
equation 


(E — H©P)¢ PP) =0 (8.2) 


with 


1 
H©P) = Hop + Hpg —_———~ Hop (8.3) 


This is to be compared with the exact equation satisfied by PY [Eq. (ITI.2.7) ]: 


(e yf ree ee Hor (PY) =0 (8.4) 
Q 


E-Hg 


Equation (8.3) is obtained using the Lorentzian averaging function, with IJ the 
energy averaging interval. The comparison suggests rewriting (8.4) as follows: 


1 l 
E—H®°_—H (—--sS)! lev = 0) 
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This equation can be restored to the canonical form (8.4): 


1 
Ec Ogee ae Vor [PY =0 (8.5) 
~ **QQ 


il 
Veg=Hpg_ | ——— 8.6 
re "2M E — Hog + il oa 


Equation (8.5) is equivalent to the coupled equations: 


where 


(E — H®°)(P¥) = Vpo(Q'¥) 
(E — Hgg)(Q¥) = Vop(P¥) (8.7) 


The Y matrix for this system is [Eq. (III.2.30’) ] 


F i= TP? +r Ca Oe ae Vor”) (8.8) 
E— Ho9— Woo 
where w,; are the distorted wave solutions of 
(E — HPO 5 = 
with appropriate boundary conditions, while 
_ l 
Since by definition 
< TF» — F opt) 
it follows that the second term of (8.8) is ZF», so that 
75 = We ‘| Veg Vor") 
=( ~~ E— Hog— Woo 
<TEY) =0 (8.10) 


thus achieving the desired decomposition. 

As a beneficial dividend, the coupling potential V acquires a desirable 
dependence on Hogg. As one can see from (8.6), the contributions to V from the 
eigenfunctions of Hogg whose energy differs substantially from E is correspon- 
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dingly reduced so that the problems of convergence raised, for example, by 
Simonius (74) are resolved. This has a sound physical basis since the contri- 
butions of these distant “resonances” should be included in the optical model. 
It is achieved at the cost of an energy dependence which is, however, relatively 
weak, such as that of the optical potential itself. Note that the formalism of 
Chapter III can be used without any formal change in view of (8.7). 

Because of (8.10), the cross section can be written 


FL 
o (JIT) = Gi + oF; ) 


where [see (7.12) ] 


(of) = an 28 IT IPP) = nah 


y OM "g (fg) . 
7 E—E, +(i/2)(0,+T,) 


Using the random-phase approximation this reduces to 
2 2(; 
copy =nan genet —_\ 
A (E — E,) +3(0,+ A) 
~ na? gi(Ngi@>>, (8.11) 


where in (8.11) we have retained the assumption that one can neglect the 
correlations between the numerator and denominator of the pole expansion 
because of the assumed large number of participating open channels. If now 
one neglects the correlations among the g’s, the results of Section 13.7 follow.+ 

We now include the correlations but make the approximation (or assumption) 
that only pairwise correlations are important: 


Coif) 93> = <97(f)><92)> + <9, A)9,0><9,09F)> — (8.11) 
Defining the matrix 
CGS) gal) > = X 5: 
the cross section equation (8.11) becomes 
ON) ~ APY LX pp Xi + Xi Xizg] (8.12) 
The second term in brackets represents a significant change from the discussion 


of Section 7. The Bohr independence hypothesis, for example, is not valid if 
this term is significant. 


‘This derivation differs from that given by Kawai, Kerman, and McVoy (73) in that the sum, >, 
is not evaluated explicitly. 
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We now must relate the optical model transmission factor TP? and the 


matrix X. From (7.27), (7.30), and the unitarity condition one can immediately 
show that [see (7.32) ] 


Ty= (EsePse ) (8.13) 


Inserting (7.36’) and using the random-phase approximation, 


Ty; = ()) _ gilt )g.(c)g,(g ,(c) > 


Again making the pair correlation assumption, one finds that 


T 5; = 0) iy L<ga(Ng,®><gilog,(0)> + <ga(/)g.l0)>< 9x9, > J 


In terms of X, 
Ty; = EX tr X +(X7),i] (8.14) 

or equivalently 
T=) (XtrX + X7) (8.15) 


The problem of expressing of;") in terms of T,; is reduced to solving this equation 
for X. The principal limitation on this development arises from the pair 
correlation assumption, which will fail if I is too large, for then many level 
correlations will become important. Equation (8.14) is in agreement with a 
conjecture of Vager (71). 

The simple result (7.36) follows if the second term in (8.15) is neglected. Then 


T=) XtrX (8.16) 
Taking the trace of both sides one can solve for tr X and finally for X: 


TT 
(Str 7)? 


~~ 


(8.16) 


We recover (7.36) if this result is substituted for the first term of (8.12). Note 
again that >) drops out and needs not to be evaluated. If both terms in (8.12) 
are included, 


gfFD) MA? (Ts p Ty + Ti) 


eos 8.17 
- ee ee 
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(mb/sr) 


FIG. 8.1. Angular distribution of the average CN 
cross section for the elastic scattering *°Gi (p, p) 
for 8.5 MeV <E, < 10.7 MeV. The filled circles 
are the measured values; the direct elastic 
contribution has been determined from the 
analyzing power and has been subtracted. The 
dashed curve is calculated from the Hauser-— 
Feshbach formula; the full curve is twice this 
value [Kretschmer and Wangler (78)]. [From 0° 90° 180° 
Mahaux and Weidenmiiller (79). ] a 


<dofNidQ> 


Factorization and the Bohr hypothesis are no longer exactly valid. In the case 
of the compound elastic scattering (f = i), 


2 


ag (8.18) 


We see in this case the appearance of a factor of 2, compared to simpler results 
that would be obtained if (7.39) were used for this case. Experimental varification 
of the factor of 2 is shown in Fig. 8.1.4 

To go beyond (8.16), we solve (8.15) for X in terms of T and 


xa4(-tx4 /(tr X)? +) (8.19) 


In principle one can take the trace of both sides and so obtain an equation for 


‘It will be recalled that the width fluctuation correction calculated in Section (7) is 3 rather than 
2. The reason for the difference can be seen from (8.11’), which states that for f =i, 


<gx(i)97@> = 2< 93>? 


But the left-hand side equals <g%(i)>. If the Gaussian distribution is used for g, [or the 
Porter—Thomas for I,(i)], one obtains 


<g3(i)> = 3<95>° (Porter-Thomas) 
We see that the pair correlation assumption is not consistent with the Porter-Thomas distribution. 


The factor of 2 corresponds to an exponential distribution for I’,. This is in agreement with the 
numerical calculations of Moldauer (75a) in the limit of large tr T. 
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(N+5)trxX¥ =5)> (tr X)? + (8.20) 


This equation for tr X is not solvable analytically and one must resort to 
numerical methods. Tepel, Hoffman, and Weidenmiller (74) provide a simple 
approximate solution. Here we shall be content with obtaining the first-order 
correction to (8.16’) and solving for tr X. This is accomplished by expanding 
the square root in (8.19) to second-order. We find that 


tr X: 


a 2h 2\71/2 
ee Sn pin [(tr T)* —(tr T*) ] (8.21) 


Equation (8.16) is obtained if tr(T”) is dropped compared to (tr T)?. Since the 
former is proportional to N and the latter to N’, this appears to be a good 
approximation. If we now examine the result for X, 


ve | | (7-3) an Seer (r- =) (8.22) 
> [(tr T)? — tr T*] trT/ [trT>]'” tr T 


(8.16) will be recovered in the limit where tr T is large. To summarize, the 
conditions for the validity of (8.16), 


(tr T)? >trT? (8.23a) 
and 


T,, tr T > (T’),; (8.23) 


Inequality (8.23a) is a necessary condition. It should be borne in mind that the 
values of the matrix elements of T can be obtained from the multichannel optical 
model so that inequalities (8.23) can be verified, the matrix elements of X can 
be obtained approximately from (8.22) or numerically from (8.20) and (8.19), 
and finally, of," from (8.12). 

Further discussion will be found in the review by Mahaux and Weidenmiller 
(79). We have not included the connection of the results above with the under- 
standing of the “precompound” reactions. These are discussed in Chapter VI. 


9. APPLICATIONS OF THE STATISTICAL THEORY 


The statistical theory of nuclear reactions is applicable when the level density 
of the residual nucleus is large, that is, when its excitation is sufficiently high, 
corresponding to the low-energy portion of the spectrum of the emitted particle. 
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It applies as well at sufficiently low projectile (generally, neutron) energies for 
which the direct reactions do not make a significant contribution. For 
high-energy projectiles, the direct reactions dominate. However, the residual 
nucleus may be left.in a highly excited state. Its subsequent decay may be 
calculated using statistical theory. 


A. Angular Distributions 


As a consequence of the random-phase hypothesis, the angular distributions 
are symmetric about 90°. When the residual nucleus is excited to an energy for 
which all possible orientations of its spin over the surface of a sphere occur 
with equal probability, the angular distribution is isotropic. An example of 
isotropy is furnished by an early experiment by Rosen and Stewart (55) from 
the low-energy portion of the neutron spectrum produced by the inelastic 
scattering of 14.1-MeV neutrons by Bi (Fig. 9.1). Inelastic scattering to particular 
levels in 2°? Bi by 2.5-MeV neutrons [Cranberg, Oliphant, Levin, and Zafaratos 
(67) | demonstrate the symmetry about 90° (Fig. 9.2). Similar results are shown 
for *°°Pb, with the addition of a small contribution from the direct reaction 
process. Examples for heavy ions (*°Ar + ’7Sc—a + X) and for °®Ni(a, p) were 
given earlier in Figs. 7.5 and 7.4. The collision of light ions also furnish examples 
as illustrated in Fig. 9.3. 

The success of this prediction, symmetry about 90°, has led to its use to 
identify reactions that are dominated by statistical processes. As we shall see 
in Chapter VI, this is not entirely correct, as symmetry about 90° is also a 


350 
300 
250 


200 


150 4 MeVra 
anf I o(6’) sin 9’ dé’ dE = 3.3 + 0 3 barns 
05 Yo 


0 30 60 90 120 150 180 
Center-of-mass angle, 0’ 


FIG. 9.1. Angular distribution of inelastically scattered 14.1-MeV neutrons from bismuth 
[Rosen and Stewart (55) ]. [From Ribe (63). ] 
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*= 1.341 MeV, uv” = 3° 


(b) 


Differential cross section 


OF 30° 60° 90° 20° [50° 180° 
Scattering angle 8 (CM) ——> 

FIG. 9.2. Fits to the measured angular distributions of 2.5-MeV neutrons inelastically 

scattered to two levels in 2°°Pb. In the calculation of the compound nucleus cross section 

(CN) the width fluctuation factor was taken into account. The direct interaction 

contribution is labeled DI [Cranberg, Oliphant, Levin, and Zafaratos (67)]. [From 

Marmier and Sheldon (70). ] 


feature of the statistical multistep compound process of which the statistical 
theory described in this chapter is a limiting case. 


B. Energy Spectrum 


We next consider the energy spectrum of the emitted particle, considering the 
case in which the excitation energy of the residual nucleus is sufficiently high 
that the residual nucleus levels effectively form a continuum with level density 
w,(U). The angle integrated cross section in the statistical theory is given by 
(7.39) multiplied by the width fluctuation correction if needed: 


on ee | T(J) T,(JTD) 


9.1) 
(21 + 1)(2i+ 1) >. [T. + JdU.T.o(U, J)] 


(def ~ 
—fi_ \ 72S w,(U,J) 
dU eo 


where the complete parametric dependence of T, is T,,(I’s’; JII), where we recall 
that I’ is the orbital angular moment of the emitted particle, and s’ is the channel 
spin. These combine vectorially to form J: 


l+s=J 
T,; depends similarly on the entrance channel | and s. The level density w,(U) 


takes into account the spin of the emitted particle i’ as well as the spin of the 
residual nucleus, I’. The denominator sums over all ways in which the compound 


324 RESONANCES AND THE STATISTICAL THEORY OF NUCLEAR REACTIONS 


100 


10 


rs 


Re 
i 


—_ 


: 
VIL 


& 
7 7 
pa 
2 
O 
= ae 
G 
Ao] 10 
is) 
TT 


i 


ire 
+p 
oO 

t 


2s 
2 en 
4 
ls 
ese 
aa 
onde 
| aw | 


c 
E 


eae 
“Al | aT 


1 
1oe 60° 120° 180° 0° 60° 120° 180° 


Bem 
FIG. 9.3. Angular distribution for the reaction '?C('*N, °Li)?°Ne, E,,, = 36 MeV 
compared with the predictions of the statistical model (HF) [Belote, Anyas-Weiss, et al. 
(73) ]. [From Stokstad (85). ] 


system can decay, including different modes of decay symbolized by the subscript 
c. The decay can occur to discrete levels as well as to the continuum part of 
the spectrum of the residual nuclei. To obtain the Weisskopf formula, (1.4.5), a 
number of approximations to (9.1) need to be made. It is assumed that T, and 
T; depend only on the orbital angular momenta I’ and [, respectively. Second, 
we assume, as was done in the derivation of the isotropic angular distribution 
(see p. 301), that 


w ,(U, J) = (2s’ + 1)(2I' + 1)wo(U) (9.2) 


Finally, the discrete sum in (9.1) is dropped and in fact it is assumed that the 
residual nucleus for all the exit channels is the same. Inclusion of the effect of 
other types of exit channels is straightforward and left for the reader to derive. 
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With these approximations (9.1) becomes 


(2 \ - nha (U) att + LT (UD (21 + TO 9.3) 
dU Det) U-TAl-(21. + I@o(U-) 
Defining 
09 =n425 (21 + 1)T,(I) (9.4) 
l 

[that this agrees exactly with (7.4) ], we obtain the Weisskopf result: 

(an = 90) HEE oF E)oo(Us) (9.5) 

dU, ~.|dU,E ONE )M(U a)Ma 


where y, 1s the reduced mass of the particle emitted in channel a. 

Note that in this derivation no use was made of the law of detailed balance, 
as is the case for the traditional derivation given in Chapter I. Detailed balance 
cannot, in fact, be used without further justification since the cross section in 
(9.5) is energy and state averaged, and detailed balance holds between particular 
states with well-defined energies. Recall that for a given initial state 


U, =E— E’ 1 Q, 
where E is the initial kinetic energy in the center-of-mass coordinate system, 
F’ is the final kinetic energy of the emitted particle, and. Q, is the “Q” for the 
reaction. Casting w, into an exponential form, 


Wo =exp[S(U)] 


and expanding S(E + Q — E’) about E+ Q, 


S(U) = S(E+ Q— E) =S(E+Q)— e(= | 
dU E+Q=U 


one obtains 


mae le (9.6) 


7=(3] (9.7) 
Petes 


T is referred to as the nuclear temperature. Substituting (9.6) into (9.4) yields 


where 
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the Weisskopf—Frenkel evaporation formula. When S equals 2,/a(U — A) (see 
p. 278), 


1/2 
r=|*(E+0-a) (9.8) 


Inserting (9.6) into (9.4), we observe that 


(FL) 
1 do wen EIT (9.9) 
E'o"(E’) \ dU 


where we have omitted multiplicative factors that do not depend on E’. Thus 
the logarithm of the left-hand side of (9.9) should be a straight-line function of 
E’ with a negative slope equal to (1/T). 

Another and somewhat more general result states that for a given E, the 
left-hand side of (9.9) depends only upon U,, and in principle one should 
therefore be able to determine w,. The branching ratio, that is, the ratio of the 
differential cross sections for two differing reactions initiated by the same 


o(b) 


E(MeV) 


FIG. 9.4. Inelastic neutron scattering exciting the 0.961-MeV level in °*Cu. The curve 
labeled (1) does not include the width fluctuation factor; curve (2) does. [From Tucker, 
Wells, and Meyerhoff (65). ] 
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projectile, is 


<do™™)/dU,) ra ME, (E,) W(U,) (9 10) 
< doi) /dU,» Hy Eo (Es) Wo(U,) ) 


The dominant factors in the ratio (if one is well above the thresholds) is given 
by the ratio of the level densities at the appropriate excitation energies. 

We conclude this section with some experimental results that provide 
examples of the application of these results. We begin with the simplest case, 
that in which the spin and energies of the levels of the residual nuclei are known 
up to a sufficiently high energy. Then the cross section is given by (7.38) corrected 
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FIG. 9.6. Energy spectra of a-particles plotted as d?a/dedQ(1/eo,,,) versus excitation 
energy. The inverse cross section g;,, is calculated from an optical model by Igo and 


Huizenga [Sherr and Brady (61)]. [From Lefort (76). ] 
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FIG. 9.8. Calculated and experimental excitation functions for the reactions '°’Au(a, xn). 
The heavy solid curves represent experimental yields. The thin solid curves represent 
equilibrium statistical model calculations. [From Blann (72). ] 


by the width fluctuation correction W,: 


+1 — T,(l',s’'; JT)T Al, s; JT) 


(FL)\ — —————__-——_—_— 
2 >= Lore aie) 2d Ta(las Sas JT) 


W, (9.11) 


An example of the application of this formula in which it is assumed that all 
values of J of the compound system which are allowed by angular momentum 
and parity conservation are included in the sum is shown in Fig. 9.4. We see 
the important effect of the width correction factor in some cases. 

In Fig. 9.5 we present some of the results of Holbrow and Barschall (63), 
who considered the Rh(p,n) reaction. The straight line on the semilog plot is 


FIG. 9.9. Comparison between the experimental spectrum for protons emitted in 
CsI (n, p) reaction (full line) at various energies and the calculated evaporate (—-—) and 
preequilibrium (-——) contributions. [From Gadioli and Milazzo-Colli (73).] 
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in agreement with (9.9) [assuming that oO(E’) is a constant equal to zR*, where 
R is the nuclear radius]. The derivation from the straight line occurs at low 
neutron energy near the threshold for the (p, 2n) reaction. Another example is 
given in Fig. 9.6, in which a-particle spectra produced in a (p,a) reaction 
involving a variety of target nuclei are given. As a final example, the prediction 
of y-ray yields in light-ion reactions are shown in Fig. 9.7. Note that no adjustable 
parameters are used in this case. 

The examples given in the section above show, in view of the crudeness of 
the statistical model, a surprisingly excellent agreement with experiment. This 
agreement indicates that once entrance and exit channel effects are included 
through the transmission coefficients, the remaining features of the reactions 
do not depend on the details of the nuclear Hamiltonian. From the theoretical 
development of the fundamental equations (7.39) and (9.11), a necessary 
condition for their validity appears to be that the wave functions involved be 
sufficiently complicated so that the matrix element of the residual potential with 
respect to these wave functions is a random number. However, the wave function 
does have simple components, and if the reaction is dominated by these, 
statistical considerations will fail. The condition for the validity of the statistical 
theory is not only that the wave function be complicated but also that the 
complicated components dominate. A rephrasing of these considerations using 
time-dependent language is instructive. In the early phase of the reaction, only 
simple states can be developed, the complicated states requiring a relatively 
long period of time involving the residual interaction acting many times. If the 
reaction terminates at an early stage, the statistical theory will fail. Indeed, a 
direct reaction may be involved, and then the angular distribution will be 
asymmetric, peaked toward the forward direction. The statistical theory will be 
valid only if the reaction terminates at a sufficiently late stage. In Chapter VI 
we discuss a formalism that includes both the early and late stages. That theory 
will provide criteria for which the statistical theory is a limiting result. For 
example, at sufficiently low energies, one requires that emission by the system 
is much less probable than proceeding to the next stage of complication, so 
that most of the reaction will involve emission from very complicated states. 

For the present it will suffice to point to some examples of the failure of the 
statistical theory. In Fig. 9.8 we present a comparison between the cross section 
for the production of neutrons as indicated by the collision of «-particles striking 
197Au. The failure of the statistical model as the w-particle energy increases is 
evident. Another example is shown in Fig. 9.9, where the proton spectrum when 
neutrons of the indicated energies are incident on CsI. Neither the shape nor 
the magnitude of the evaporation contributions resemble the experimental 
results. Will the discrepancy be made up by the single step direct process? We 
shall provide some examples in Chapter VI to show that generally it will not 
suffice. 


CHAPTER V 


ELASTIC AND INELASTIC SCATTERING 


1. INTRODUCTION 


Chapter IV is devoted to the study of reactions involving a relatively long inter- 
action time as exemplified by compound nuclear resonances and by these 
reactions to which the statistical theory applies. The latter 1s appropriate when 
the excitation energy, U, of the residual nucleus is sufficiently large and the 
energy of the emitted particles are sufficiently small. The angular distribution 
is symmetrical about 90° and the energy variation of the cross section (assuming 
sufficiently good resolution) is rapid. In this chapter we consider the direct 
reaction, that is, prompt reactions (a term that we prefer to use if one could 
revise history!). In this case the interaction time is relatively short, on the order 
of the time it would take the projectile to traverse the nucleus. The angular 
distribution is asymmetric, thereby revealing the direction of the incident 
projectile. The variation of the cross section with energy is slow, as one would 
expect to follow from the short interaction time. 

According to Chapter III, the governing description for prompt reactions is 
given by the multichannel optical model. The open channels are the ones usually 
included but on occasion, particularly near thresholds, it may be important to 
include closed channels as well. The phrase optical model refers to the fact the 
prompt reactions can be selected by considering the energy-averaged wave 
function, < PY», which satisfies the equation 


| 


E — H pp — Hpp —————_- H 
OE Be Hee ili. 


feo =0 (1.1) 
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where 
ort) — ¢ PW (1.2) 


In this equation, J is the energy interval over which the average is taken. It 
clearly has the function of smoothing the dependence of the propagator 
(E — Hog + il/2)~ * upon the energy. It is this term that takes into account the 
effect of the closed channels upon the optical model wave function. The function 
YP) is a multicomponent wave function of dimension equal to the number of 
channels included in Y space. If (1.1) is written in terms of the channel wave 
functions, it becomes a set of coupled Schrodinger equations. 

In the approximate treatment of these coupled equations, the elastic channel 
plays a central role. We project it out by introducing the projection operator 
p and its orthogonal complement R. Defining H®? by 


l 
H°?) = H,, + H,,—_——__H 1.3 
WS E—Hotil/2 ° oo) 
(1.1) can be rewritten as follows: 
(E— HP Wa = HGR We (14) 


(E — He We or ROW 
using the notation 
H a = pH? R, etc. 
The wave function Wp is a multicomponent wave function containing all the 
reaction channels with the exception of the elastic channel, whose wave function 
is given by w.,. We can solve for Wp bearing in mind that the channels involved 


are open: 


Nt 


Ve= Fay pop Hie Ve (1.5) 
RR 
Therefore, y,, satisfies 
0 ; 1 : 
[eng — Hyp Hee |v =0 (1.6) 
RR 


Note that 


I 


|e LS | ee oy : eee 2 
pp Pp ° E—Hog + il/2 Qp 


(1.7) 
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We see that the elastic channel wave function satisfies a Schrodinger equation 
with a complex and, therefore, absorptive interaction. The absorption has two 
sources. One is loss of flux from the incident channel, is produced by the prompt 
reactions that can occur. This is described by the third term, involving the 
subscript R, in brackets in (1.6). The other source stems from the fact that #©”, 
and therefore, y,,, are the results of an energy average of PY. Following 
Friedman and Weisskopf (55), it can be argued that taking the energy average 
is equivalent to selecting the prompt component of PY. In terms of the 
development under discussion here, this conclusion follows from the fact that 
HH» is a smooth function of E.-The function ‘¥°", and therefore y,,, will 
exhibit an absorption because they do not contain the delayed component of 
PY. In more picturesque terms, the wave pocket formed by taking the energy 
average is attenuated on passing through the nucleus, because some of its flux 
is left behind to form the compound nucleus. This flux will be emitted later. It 
is this process that is described by the second term in brackets in (1.6). This 
effect is present even when only elastic scattering is possible, that is, for energies 
below the threshold for nonelastic reactions. 

In principle, (1.6) can be used to determine the averaged elastic scattering 
amplitude. To determine the reaction amplitude leading to a particular channel 
c, we project out that channel with an operator c so that (1.4) becomes 


(E— H&P) = H&P y, + HOY, (1.82) 
(E— H&P), = H&P, + HOP, (1.8b) 
(E— H&? yy, = HOP Wy, + HOP, (1.80) 


where 


R=c+r and cr=0 
Note that if y, and wy, are eliminated, the resulting equation for w,, must be 
identical to (1.6). If w, is eliminated, one obtains a pair of coupled equations 


for y,, and w,. The inclusion of the effect of the other open channels 


Problem. Show that these coupled equations for w,, and w, are 


(E iS HE Wet = KH Wc 


(1.9) 
(E 7 H.W = KH oo et 
where 
H = HPO 4 W 
| 
W,, = Hor) —___ pylons) (1.10) 


ar (+) _ pylopt) "rb 
E I), 
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Show that the transition matrix for the excitation of c is 


CF =O NH WY (1.11) 
where 


(E— #,,)¢ =0 (1.12) 


which are projected by r is required if multistep processes are important. If it is 
assumed that only a single-step process is important, the DWA (distorted wave 
approximation) is used. In this approximation [Lamarsh and Feshbach (65) ] 
the exact equation for w.,, (1.6), is used and (1.8b) is replaced by 


el? 


(E — Hew = A Wes (1.13) 

so that 
7 OP AGO) (1.14) 

where 
(E— Ho) 7) =0 (1.15) 


Comparing with the exact expression (1.11) we see that #7 ' @ has been 
approximated by H!.y‘"). The coupling of the channel c to the open channels 
r has been neglected i i ‘both H is and y‘~). The waves x‘? and y,, are distorted 
(i.e., are not plane waves) because of the potential terms present in H®?” and 
in the effective Hamiltonian for the single-channel wave function y,, as given 
by (1.6). The approximate equation (1.14) for the transition amplitude is referred 
to as the distorted wave born approximation (DWA). Using the DWA requires 
the determination of the single-channel wave functions ‘*) and x‘, as well 
as the coupling Hamiltonian H,,. We discuss the first of these issues in the next 
section. 


Note. In many applications of the DWA, the interaction Hamiltonian used in 
the calculation, (1.14), 1s empirically determined using parameter choices that 
produce best fits to the data. As a consequence, many of the effects of the 
omitted open channels are included to the extent that this 1s permitted by the 
forms used for the Hamiltonian. However, when these effects are too severe, it 
may be necessary to recognize their importance through the use of a system of 
coupled-channel Schrodinger equations, taking explicitly into account those 
channels that have the major impact. 


2. THE SINGLE-CHANNEL OPTICAL MODEL 


The empirical optical model is used to develop the single-channel wave functions 
required by the DWA. The model was developed originally to provide an 
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understanding of the low-energy neutron—neucleus interaction as observed by 
Barschall and his collaborators [ Barschall (52) |. Although it was derived in the 
sense that it was shown that the model wave function and model scattering 
amplitude were energy averages of the exact wave function and exact scattering 
amplitude, the optical model has been used since semiempirically. An a priori 
form is chosen for the optical model potential, that is, for the Hamiltonian of 
(1.6). Its parameters are then adjusted so as to yield agreement with the data, 
such as the total cross section o7; the elastic angular distributions do,,/dQ; the 
polarization of the emergent particles, if available; and so on. Smooth behavior 
of the parameters with respect to changes in projectile energy and target are 
desired for physical significance. Substantial discontinuities may imply the 
presence of a phenomenon for which the single-channel optical model is 
inadequate, requiring, perhaps, the use of a multichannel optical model. 


A. Average Cross Sections 


Since in the optical model the scattering amplitude is energy averaged, the 
optical model cross section <a) cannot, except for one situation, be compared 
directly with the energy-averaged cross sections, G, since cross sections are 
quadratic functions of the scattering amplitude. The one exception is the total 
cross section a7, since it is a linear function of the amplitude in virtue of the 
optical theorem: 


o;= = Im f (0°) (2.1) 


Energy averaging‘ both sides then gives the result 
(Or) =r (2.2) 


that is, the optical model total cross section equals the energy-averaged total 
cross section. This is not the case for the angular distribution or other 
observables. In those cases we have from (IV.7.7) 


iF al? = Fee aa er 
Averaging, one obtains 
= =(FL 
Gy=(Tyr t+ Gy? (2.3) 


Before the optical model can be compared with experiment, the fluctuation 
cross section, ¢*"), must be added to optical model cross section <o,,. 


*Angular brackets are used to indicate model quantities and a bar indicates energy-averaged 
quantities. 
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The optical model also predicts an absorption cross section <a,), which is 
related to <a,» as follows: 


(9,) = Cor) — (Oy) (2.4) 
A similar quantity can be defined for the energy-averaged cross sections 
6,=07-—6,, (2.5) 
The relationship between g, and <a,» follows from (2.2) and (2.3): 
{o,>=6,+ 60 (2.6) 


The first term, G,, is a consequence of real inelastic processes, while a!) represents 
the contribution of the delayed processes. We have discussed the presence of 
these two contributions in Section 1 [see (1.6) and the ensuing discussion ]. 

The cross section ¢‘*)), is just the compound elastic scattering that was 
discussed in Chapter IV. Its calculation in terms of transmission factors is given 
there. One expects processes competitive with compound elastic scattering 
would become so significant as the projectile energy increases that 6%") would 
tend to zero as that energy increases. In other words, the fraction of the flux that is 
delayed and reemitted into the elastic channel eventually decreases with energy. 
Most of the delayed flux will contribute to reactions. In the limit, then, 


(9,276, 


2.7 
(Oy PGE vee 


The cross section <a,) is directly related to the transmission coefficients T, 
[see (IV.7.28)]. From this last equation and for the single-channel case, each 
partial wave yields 


de = 1 ae |KS..>|? 
The corresponding partial reaction cross section is 
o>) = n4°T, 


which must be multiplied by the appropriate weighting factor for each partial 
wave. For a spin-independent optical model potential the partial wave series 
is a series in the orbital angular momentum, /. In that case the weighting factor 
is 21 + 1. Comparing with (IV.7.45), one finds that this cross section is identical 
with the o, the cross section for the formation of the compound nucleus, so that 


(o,) = 0% (2.8) 
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B. Nonlocal Potentials 


It is immediately obvious from the general expression (1.1) for the multichannel 
optical model, and a fortiori for the single-channel projection, (1.7), that the 
optical model Hamiltonian is energy dependent and nonlocal. The energy 
dependence is explicitly visible [see (1.1) ] in the propagator (E — Hyg + i/2)~ : 
The nonlocality originates in this term since it describes the process in which 
the system leaves the incident channel, going to 2 space, propagates in 2 space 
and then returns to the incident channel. In coordinate space this operator 
would be a function of two variables, the point at which the interaction, H op 
induces the transition to 2 space and the point at which the interaction, A p9, 
induces the return to # space.t 

Such a nonlocal energy-dependent operator can also be thought of as an 
energy- and momentum-dependent operator. To see this, let the nonlocal 
potential Y (assumed spin independent, for simplicity) have the general form 


Vw [vet r —r)W(r) dr’ (2.9) 


where the subscript E reminds us that v is energy dependent. This reduces to 
a local operator if 


v,(r,r’ —r) = o(r — r)v,(r) (2.10) 
since substituting in (2.9) yields 
VW = vg(r) W(t) 
Upon making the substitution 
r—-r=p 


in (2.9), one obtains 


Vy | ve(r, p)y(r + p) dp 
or using the identity 


el" P(r) = W(r + p) 


*One should combine this dynamic nonlocality, with the contribution of the nonlocality of the 
nucleon-nucleon forces, a consequence of the composite structure of the nucleon. From the 
existence of the excited state of the nucleon, the A at 1236MeV, one estimates the size of the 
nucleon to be him, — My)c ~ 0.7 fm. 
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where. 


h 
p=-—V, (2.11) 
i 
one obtains 


Vw= (| ext pe! rap juin 


Thus the nonlocal potential acting on wW given by (2.9) can be written as an 
energy- and momentum-dependent potential 


V = Velr, p) = [ve pe’ Pdp (2.12) 


Clearly, the p in the exponent operates on wW and not on pg. 

For the most general operator v,(r,p)V,; will contain all powers of the 
momentum operator p. Two approximations that are commonly used are 
instructive. In the first, most appropriate at high energy [Perey and Saxon (64) | 
the momentum operator, p, is replaced by the projectile momentum (in the 
center of mass) po, so that 


V = VelF, Po) = {ve p)e!/"P"Po dp (2.13) 


With this approximation, ¥ becomes just a function of E, the energy, and of 
r. We note one important consequence of (2.13). Assuming that the dependence 
of v; on p is smooth, that 1s, significant changes occurring over a range, a, then 
V,, will decrease with increasing momentum po, once py > h/a. Such a decrease 
would be modulated by the explicit energy dependence.? Indeed, as we shall 
discuss later, such a decrease does occur, the real part of the optical model 
potential going though a zero near a projectile energy of 200 MeV. In the present 
context, this could be considered to be the consequences of an averaging that 
occurs once the wave length (h/p,) of the projectile is much smaller than the 
scale of the nonlocality. 

The Perey-Saxon momentum approximation can be improved by using the 
momentum inside the interaction region [Frahn (65)] rather than that of the 
incident projectile. In this local momentum approximation one expands VJ,,(r, p) 


*An empirical analysis omitting explicit E dependence yields ~ 1 fm, or a pg very close to the Fermi 
momentum p,. As can be seen from the high-energy multiple scattering approximation for the 
optical potential (Chapter II), the nonlocal term is in part a consequence of correlations. The 
empirical scale, p;, could be taken to indicate that the Pauli correlations generated by the exclusion 
principle is the one of significance. 
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about p* = P’, that is, 


OV (tr, p*) 


V,(r, p) = Ve(r, p?) ~ Ve(r, P?) + ap? 


| ; (p? — P*) (2.14) 


where we have made explicit use of the assumption that V, depends only on 
p’. Inserting (2.14), replacing p by (h/i)V, into the Schrodinger equation yields 


2 = V 2 2 2 
2 +— y2_ V(r, P?)— V,(r)— 2m| EP | | (Sv + ~) |v ~( 
2m Op* _|2=p2L \2m 2m 


where V,(r) is the local part of the optical model potential, H,, of (1.1). If we 
now chose P?(r) to satisfy 


+ py = E—J,(r, P?(r)) — V,(r) (2.15) 
2m 


this Schrodinger equation reduces to 


EE V2 + (E— V(r, P(r) — rac) |b =0 (2.16) 


Equation (2.15) reduces to the choice P = pp when V,+ V, <«E, that is, at high 
energies. It is otherwise an equation determining P7(r) and therefore the effective 
potential in (2.16). 


Problem. Consider v,(r,p) = U(n)[1/(21/2a)? Je" °". Solve (2.15) graphically, 
discussing the behavior of V,(r,(P7(r)) as a function of E. Discuss the validity of 
the expansion equation (2.14). If a is on the order of 1 fm, beyond what energy 
can this nonlocal potential be treated as a small perturbation? 

When the wave length of the incident projectile is long, an expansion of the 
exponential operator in (2.12) is appropriate: 


1 1/i? 


The first term yields a local energy-dependent potential, 
v(t) = {va p)dp 


The second term vanishes if we assume that the dependence of u,(r, p) on p is 
spherical, that is, depends only on p. (This may not be the case for deformed 
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nuclei or if the spin degree of freedom is taken into account). Under the same 
assumption the third term becomes 


OV. ps 
is — a5 | Pelt, p)p? dp 
so that with k = p/h, 
OV; lL oV 
V(r, p) = v,g(r) + k? =i = |v? 217 
E(Y, p) X vz(r) (SF vp(r) — (= ak a (2.17) 


demonstrating explicitly the momentum dependence of the nonlocal V,(r, p). 
The partial derivatives are evaluated at k=O. This momentum- and 
energy-dependent potential can be written as an energy-dependent potential as 
follows. The optical model Schrodinger equation following from (2.17) is 


h 1 OV; 
+E Foe aera “ey? |y = 0 (2.182) 


OT 


, 2m ——(mjh2(2Ve/0K) 
iY "yp [E- (LT injttRy(OV,/d .-» |= : 
(2.18b) 


In discussing this equation one should bear in mind that v, and dV,/dk may 

both be complex. 
On the other hand, one could replace the energy dependence of the nonlocal 

potential by momentum dependence. Toward this end, expand v; as follows: 


Ov, 
teS pa Ei —— +... 
7% (SF), 


In this equation we now replace E by 
2 


h 2 
E> —-—V +V,+ 05 
2m 


where we have dropped the term in 0V/0k? as being of higher order when 
multipled by dv,/dE. The Schrodinger equation, (2.18a), becomes to this order 


h> 1 0V, h? (dv; 20, 
V-+E-(V {ee | 
lita ae Ok 4 (oF) | + E—( i+ to) Sars s) y= QO (2.19) 
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The brackets multiplying V* can be related to a space-dependent complex 
effective mass, m* 


Im\ GE 


he hh? 10v, fh’ & 
ae ee ee ee Ree 
2m*& 2m 2k dk 2m 0 


Or 


* 
m° 1 


m 1+ (m/h?k)(OV,/dk) + (d0;/0E)o 


Define m,, and m,, by 


ie & (2.20a) 
m OE /o 
mM, l 
(2.20b) 


‘m1 +(m/#k(0V;/dk) 


where m,, depends on the change in mass arising from energy dependence and 
m,, depends on the change due to momentum dependence. Then to first order, 


Me _ Mee Mac (2.21) 
mmm 


This equation is satisfied exactly in the case of infinite nuclear matter [ Migdal 
(61); Brown (72); the case m,,/m is given in Feshbach (58b)]. No attempt has 
been made to separate out the imaginary components of m*, m,,, and m,,. If 
real values are desired, we define 


ep 1 : 
i Re) i a rE (2.22a) 
m 60E ), m  1+4+(m/h?k) Re(éV,/dk) 
with 
m* — nE (2.22b) 


m mim 


We note that for finite nuclei these quantities are functions of r; in the case of 
infinite nuclear matter they are constants. 

Evaluations of these quantities have been made for infinite nuclear matter 
using the Brueckner—Hartree—Fock approximation, similar to that described 
in Chapter VII of de Shalit and Feshbach (74) [Jeukenne, Lejeune, and Mahaux 
(76, 77); Mahaux (78) ]. Brueckner—Hartree—Fock determinations of the optical 
potential have also been made by Brieva and Rook (77, 78) and Brieva, Geramb, 
and Rook (78). We shall not discuss these relatively complex calculations but 
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will use the results of the Liege group to illustrate the behavior of these effective 
masses with momentum in infinite nuclear matter. Usually the results 
obtained with a first-order calculation indicated by the subscript 1 will be 
presented. Higher-order calculations have been made. There are quantitative 
changes, but the qualitative picture is not modified. In Figs. 2.1 and 2.2 we show 
the behavior of m,, as a function of k for two nucleon densities, k; = 1.35 fm7* 
and k,; = 1.10fm~ *. Two features should be noted. First, m,,/m is greater than 
unity for k < 1.5k,, and second, it has a sharp peak just above k = k,;. This last 
result depends critically on the choice of the reference spectrum (see Chapter 
VII of deShalit and Feshbach (74). If a sizable gap is introduced, the sharp energy 
dependence seen in Figs. 2.2 and 2.3 disappears. The calculated m,,/m are shown 
in Fig. 2.3. This quantity increases smoothly as the momentum increases. Its 
value is less than unity, compensating to some extent for m,,/m being greater 
than unity, in the calculation of the product, (2.23). The values for m¥/m are 
shown in Figs. 2.4 and 2.5. 


The strong variation with k in m,,/m persists in the values of mf/m. From 
each of these sets of curves, Figs. 2.1 to 2.5, it is clear that in the momentum 


range k < 2k,, the deviation of the effective mass from unity is substantial and 
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FIG. 2.1. Effective mass m,,/m (dashed curve) and (m,, + mg,)/m (solid line) as a function 
of k for kp = 1.35fm~'. [From Jeukenne, Lejeune, and Mahaux (76).] 
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FIG. 2.2. Effective mass m,;,/m (dashed curve) and (m,;, + m,3)/m (solid line) as a function 
of k for kp = 1.10fm~'. [From Jeukenne, Lejeune, and Mahaux (76).] 


that there are appreciable effects arising from the nonlocal nature and energy 
dependence of the optical potential. 

There are two consequences of nonlocality and energy dependence that are 
of special importance for applications. It follows directly from (2.9) (1.e., from 
nonlocality) that current conservation is not satisfied locally. This result holds 
also in the effective mass approximation. Using standard procedures (and taking 
m* to be real in order to isolate the effect of interest; (current conservation is, 
of course, not valid in the presence of absorption), it follows from (2.19) that 


a 
2 + aivi=(1- di )aiv (2.23) 
Ot m*(r) 


where j, the current density, and p, the particle density, are given by 
1 h * * * 
j=7— *Vy —yve*)] pp = uty 
2mi 


From this current-conservation equation we see that in addition to the decrease 
in particle density because of current flow, there is a loss (m* < m) because of 
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(b) 
FIG. 2.3. Effective mass m,,/m (dashed curve) and (m,, + m,3)/m (solid line) as a function 
of k;o, (a) kp = 1.35 fm~' and (b) ky = 1.10fm~'. [From Jeukenne, Lejeune, and Mahaux 
(76). ] 


nonlocality and energy dependence. As a consequence, the actual value of p in 
the interaction region where (m* < m) will be less than that which would be 
computed using current conservation, as is done when a semiempirical optical 
model wave function is used. This is known as the Perey effect [Perey (63) ]. 
When m* is a constant independent of r, the empirical particle density should 
be multiplied by m*/m, and the corresponding empirical wave function by 
(m*/m)'/? in the interaction region. 

The second consequence of energy dependence of the optical model potential 
is the nonorthogonality of wave functions corresponding to different energies. 
This is a real effect. The exact many-body wave functions are of course 
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FIG. 2.4. Effective mass mf/m as a function of k for kp = 1.35fm~'. [From Jeukenne, 
Lejeune, and Mahaux (76). ] 
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FIG. 2.5. Effective mass m*/m as a function of k for kp= 1.10fm~' [From Jeukenne, 
Lejeune, and Mahaux (76). ] 
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orthogonal. But their projections onto the open channels—in this case, to the 
elastic channel—are not. The physics lies in the fact that the coupling of the 
open channels to the closed ones (and to each other) is energy dependent, as 
is immediately obvious from (1.1). Even though the energy has been eliminated, 
the departure from orthogonality remains in the effective mass approximation, 
(2.19). The usual orthogonality there is replaced by the new condition 


| WO WOm*dr=0 EXE (2.24) 


where clearly the dependence of m* on r is important. 


C. The Infinite Medium 


Before considering in some detail results obtained from semiempirical analysis, 
it is desirable to present a global qualitative view of features of the optical 
model potential for nucleons. Great theoretical simplifications occur if we limit 
the discussion to the infinite nuclear medium. In that case the nonlocal potential 
of (2.9) is constrained by the condition that translational invariance be 
maintained as follows: 


vet, r—1’)> v(t —1V) 
Equation (2.12) becomes 
Y = | vg(p)e'”' dp = ¥ (E,k) 


The local potential V, must be constant but can depend upon E. Finally, we 
note that the solutions of the Schrodinger equation in the infinite medium are 
plane waves. For a wave of momentum hk, the Schrodinger equation reduces to 


E= ae + V(E, k) 
2m 
V=V,(E)+V(E,k) (2.25) 


an equation determining the relation E(k) or k(E). The nuclear medium is 
dispersive, the group velocity being given by (1/h)(dE/dk). From (2.25) one can 
write V = V(E, k(E)), where now the potential is local. 


We shall also make use of the dispersion relation connecting Re V and Im V. 
Such a relationship is given in (III.2.13). It is useful because even with modest 
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information on Im V obtained, both theoretically and experimentally, it permits 
calculating a component of Re V from Im V. 

There are some penalties to be paid in going to the infinite nuclear matter. 
The spin-orbit potential no longer appears. We shall be concerned only with 
the central potential. The empirical values of the central potential are obtained 
through the analysis of collisions of nucleons with finite nuclei in which the 
surface plays a singificant role. Two extrapolations are used. In the first, the 
value of the local optical model potential (which has spatial and energy 
dependence, as we shall see in Section 2.E), Vop7(E, r) at r = 0, Vop7(E, 0), is used 
as the empirical value of V(E, k(E)). The thought is that the conditions which 
exist at the center of the nucleus approximate those of the infinite medium. As 
a function of mass number, there will be substantial fluctuations because of 
nuclear structure effects. There are also ambiguities, particularly with regard to 
Im V(E, 0), because different models of the optical potential will weight the 
surface and volume differently. More recently, rather than using Vop;(E, 0), the 
volume integral per nucleon of the potential 


1 
J =— | Vopr (E,r)d 
rl opt (E, r) du 


is found to be less sensitive to these ambiguities. 

It is also necessary to rephrase dispersion relation (III.2.13) since in the 
nuclear matter limit the sum over bound states is replaced by an integral as 
these states form a continuum below the Fermi energy é,. It is easy to “guess” 
the form of the answer, namely to extend the limits in the principal value integral 
to — oo. The formal development proceeds by using the symmetric particle-hole 
representation of Chapter VII in deShalit and Feshbach (74, p. 554). Recalling 
that discussion, we define the creation operator a} as follows: 


gh ‘a e(k) > &¢ 
: —a_, e(k) < &p 


so that «} either creates a particle with energy e¢(k) greater than the Fermi energy 
or a hole if e(k) < eé, in the Fermi sea. It is then possible to write 


pw = | dkau|0> 


where |0> is the “vacuum”, equal in this case to a Fermi sea filled to the Fermi 
energy é,, and u, is the amplitude of the excitation «/|0>. 
With this definition it 1s possible to carry out the derivation leading to 
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(III.2.13). One obtains 


1 © Im V..(&, k 
| m Verl@') 5 


Re V.,,-(E, k) = Vpp —- FP 2.26 
er Eak) = Vp — Re (2.26) 


— @ 


One subtraction is performed. 


Pe © Im 
Re Vere(E, k) = Re Verr(ép,k) +-—_F P | _ImVel@s) ag 2.97 
7 ~ wo (Er — €)(E — &) 


This relation agrees with that used by Mahaux and Ngo (81) if one replaces 
the E in their (10) by E+ ie, e>0*. 

The momentum k appears as a parameter, that is, the dispersion relation 
must hold for each k. The empirical results for V.,-, are usually given as functions 
of the energy only. This reduction can be obtained in principle by replacing k 
by solving (2.25). In the high-energy limit, the Perey—Saxon result can be used. 
Or one can average both sides of (2.27) over a k domain. Or one can evaluate 
at a particular value of k. For example, V.,,(E, k = 0) gives the volume integral 
of V.,-(E, p), which should be simply related to J. Mahaux and Ng6 (81) assume 
that Im V,,,(E, k) varies slowly with respect to k for k <2.5fm~'. One cannot 
be that cavalier with Re V..-(E,, k) since the nonlocalities arising from the Pauli 
principle must be taken into account. Mahaux and Ngo expand that term 
around k, and use the effective mass approximation. Only m, enters. The first 
term, Re V.,,;(€¢, Kz), 18 given empirically by — 53.3 MeV. With these approxi- 
mations it is possible to proceed with the exploitation of dispersion relations 
(2.27). 

However, we need an estimate of the magnitude of Im V,,,(E). The method 
of Lane and Wandel (55) and Clementel and Villi (56), which makes explicit 
the role of the Pauli principle, provides a first look. The method used is that 
developed by Goldberger (48). It is based essentially on kinetic theory, from 
which we learn that the mean free path, L, for a nucleon traveling through a 
medium, in this case nuclear matter, composed in this case of nucleons, is given 
by 


pos (2.28) 
po 


where p is the density of nuclear matter and o is the nucleon—nucleon cross 
section. The mean free path L may be related to the imaginary part of the 
potential as follows. In an infinite medium, a plane wave, e'*°+*)2 is a solution 
of the Schrédinger equation. It follows immediately that 


1 po 
= k;=— 2.29 
2k, 1-5 (2.29) 
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Substituting in Schrodinger equation (2.25) gives for weak absorption 


eee (2.30) 
2 
where v is the velocity, hk,/m. 
The medium consists of a Fermi gas of nucleons with levels filled to an 
energy €, and momentum k;,. It is therefore necessary to average ov over the 
Fermi sea: 


<vo> 3 


vo 4np> 


| —k| t / / 
{<o>= Pa | o(q.a-a)a0 q=4q 


where o(q,q°q’) is the differential cross section, p is the incident nucleon 
momentum, k is the initial target nucleon momentum, and q and q’ are the 
relative initial and final momenta [e.g., q=4(p —k)]. Assuming isotropy [no 
dependence on (q°q), so that o(q,q:q’) becomes o(q)/4z, one obtains 


3 2 +k? — 2p? 
= | ota 
Amp EP Ip+k| 


The integration over the Fermi sphere can be readily performed when o(q) is 
a constant oy. Then 


moo}t—<(%) +2(%)(2-(2)) rset 

"lo 5p 5\ p. Dr . 

3 2\2 

-+304( ~2) p> Dr (2.31) 
4 p” 


The result is to be inserted into (2.30) to obtain an estimate of Im V. 

We note that as p goes to p;, Im V will go to zero. This is a consequence of 
the Pauli principle since it forbids all collisions in which either nucleon ends 
with an energy less that ¢,. As the incident nucleon energy approaches ¢é,, the 
amount of phase space available for the collision goes to zero. The Pauli effect 
goes to zero and <a» approaches gy as p grows. Of course, the assumptions, 
such as a constant o), are much too crude for comparison with experiment. 
Nevertheless, the correct order of magnitude of Im V is obtained with (2.30). 

Passatore (67, 68) who pioneered the use of dispersion calculation of Re V.¢,, 
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showed that if Im V is constant at large energies, Re V at large energies decreases 
in magnitude, eventally becoming repulsive. As one can see when (2.31) is inserted 
into (2.27), initially the real part of the potential depends linearly on the energy 
but eventually develops a logarithmic dependence. Both of these results have 
been confirmed experimentally. See, for example, the results obtained by 
Nadasen et al. (81), described in Section V.2. 

Mahaux and Ngo (81) quote results obtained using the results of nuclear 
matter calculations carried out by Mahaux and his collaborators, and compare 
them to the empirical results. This comparison is shown in Fig. 2.6. The values 
of W = —ImV for E <é, are obtained from the spreading width of one-hole 
states T!/2=W. Up to |E—e,|~50MeV, the theoretical results are in 
reasonable agreement with experiment. There is, of course, a great deal of scatter 
in the empirical data, presumably a consequence of structure effects, which 
nuclear matter calculations cannot include explicitly. According to Mahaux 
and Ngo, the results for Re V are not sensitive to the values of W above 
|E —e-| =50MeV. Their results for the ReV are shown in Fig. 2.7 for 
|E —ép|< 50 MeV. The agreement with the empirical depths is good, as the 


-100 -50 0 50 100 
E-€r (Mev) 


FIG. 2.6. Energy dependence of the imaginary part of the single-particle potential for 
medium-light nuclei. [From Mahaux and Ngo (81). ] 
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FIG. 2.7. Single-particle potential. The dashed curve gives the Hartree—Fock field and 
the solid curve the full shell model potential. The dots are the empirical depths. [From 
Mahaux and Ngé (81).] 
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theory describes correctly the magnitude, the overall energy dependence, and 
the plateau at E=e,. The plateau is a consequence of the peaking of m*/m 
near €r. | 

We conclude this section with a description of the important influence of 
nonlocality on the imaginary part of the optical potential. To make the latter 
explicit, rewrite (2.25a) as follows: 


2 
E= = k? + V,(E, k) — iW(E,k) (2.32) 
m 


In the effective mass approximation, and assuming that W varies slowly with 
k, V can be expanded about a value of k, say ky. Then 


h?k? OV,(E, k 
E~ + Va(E, ko) — iW(E, ky) + (k? — k2) OVa(E, Ko) (2.33) 
2m 0ke 
If one now puts 
1 
k = Kp + ik, L — 
2k, 
and chooses kj as the solution of 
h2 
2m — 
one obtains from (2.32) to first order in k;: 
h? OV. 
E =—k2. + Va(E, ko) + (k2, — k2)—* 
m R R( 0) ( R o) 6k? 
h? OV 
0 =—k;kp — W(E, ko) + 2kikp — 
m 0ke 
From the first of these equations and (2.34), kp = kp. From the second 
_ mW(E, Ko) 
‘Wk [1 + (m/h7ko)(OV /eko)] 
so that 
m,W(E, k h*k 
k,;= m,W(E, ko) = 9 (2.35) 


h7k 2m, W(E, ko) 
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This result has important implications. As noted earlier, k can be eliminated 
from the potential term in (2.32) so that only the potential energy terms depend 
only on E: 


ba" 24.0 (E)—iW(B) (2.36) 
2m 


where 
Ve(E) = VR(E,K(E)), W=W(E,k(E)) 
If one once more picks k =k, + ik, and uses (2.34) and (2.35), one finds that 


hk 


‘ee (2.37) 


W=—W(E,k,)  L 
m 


The last of these equations demonstrates the large effect of non-locality on the 
imaginary part of the optical potential [Negele and Yazaki (81); Fantoni, Frimen, 
and Pandhariponde (81); Bernard and Van Glai (78)]. When the nonlocal 
energy-dependent optical potential is approximated by a local energy-dependent 
potential through the Perey—Saxon approximation, kk, the imaginary part 
of the potential must be multiplid by m,/m to take the effect of nonlocality into 
account. This effect must also be contained in the effective potential method of 
Frahn as outlined in the discussion following (2.14). 


L (fm) 


FIG. 2.8. Comparison of three approxi- 
mations to the mean free path with the range 
of values compatible with the reaction cross 
sections for Ca, Zr, or Pb (shaded band). The 
short dashed curve is given by (1/cp); the long 
dashed curve is obtained from (2.37) neglecting 
the factor m,/m. The solid line is the correct 
nonlocal expression in (2.37). [From Negele 
and Yazaki (81). | 
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An immediate application of these considerations is to the mean free path. 
Negele and Yazaki (81) calculated the mean free path using the results of 
Jeukenne Lejeune, and Mahaux (76) (see Fig. 2.8). Agreement with experiment, 
which provides only rough estimates, showed that the effective mass correction 
given by (2.37) is essential. It has the effect of increasing the mean free path by as 
much as 1.7. Negele and Yazaki make the point that the effect of nonlocality 
is important for an understanding of the large mean free path of a nucleon in 
nuclear matter, a result of importance for the understanding of the foundation 
of the mean field (shell model, optical model, etc.) approximation in nuclei. 


D. Angular-Momentum-Dependent Potentials 


Optical model potentials, which are functions of L? (L=r x p), the square 
angular momentum operator, have been proposed by Kobos and MacIntosh 
(79). This particular kind of momentum dependence could be a consequence of 
a particular sort of nonlocality in which the kernel v,(r,r’ — r) in (2.9) involves 
only those r’ that can be obtained from r by a rotation. Such a special connection, 
r and r’, could occur for interactions limited to the surface region of the nuclear 
system. The underlying physical mechanism could be surface waves propagating 
from r’ to r. If the system is deformed, these would correspond to excitation of 
rotational levels and their deexcitation. More generally, potentials that are L 
dependent can be obtained directly from (2.9) by expansion of v, in a series of 
Legendre polynomials that are functions of r-r’. Such an expansion is entirely 
equivalent to the Taylor series of (2.17). 


E. Empirical Optical Model Potentials: Nucleon Projectile 


In the empirical determination of the optical model potentials, one initially 
assumes the functional form of the potential involving a number of unspecified 
parameters. This is followed by a determination of these parameters which are 
chosen so as to obtain a best fit the experimental data. As the data have become 
more accurate and as more aspects of the nucleon—nucleus interaction have 
been studied, the forms used have become more elaborate. A commonly used 
form, the ‘standard form’, is given by Perey (63), and Perey and Perey (74): 


Koe= Vero lr 


V. = Veou — Vi(Xo) — | Wf (xw) —4Wp <ftx0) | (2.38a) 
x 


D 
h\?_ 1d 
Ve = V 50 _ — f (X50) (2.385) 
mM, r dr 


and where AL is the angular momentum operator and V, W, Wp, V,, are 
constants. Vc, is the Coulomb interaction with a uniformly charged sphere of 
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radius R,: 


(2.39) 


Veout = 


zZe- r? 
3 — — r<R 
2R, R? : 


Cc 


where ze is the charge of the projectile and Ze that of the target nucleus. The 
function f(x) is usually taken to be in the Woods—Saxon (54) form: 


1 =H 
f(x) = 2S (RSA (2.40) 


1+ e* a; 


The Woods-—Saxon form (see Fig. 2.9) characteristically is roughly constant 
within the nucleus, decaying exponentially at large distances at a rate governed 
by the value of a;. The radius parameters, R;, is the value of r at which f(x;) is 
one-half of its value at r=0. The function — 4f’(x) has its largest values in the 
surface region, r= R + 1.5a. Thus V,,, has a real term that has its largest value 
for r< R, and is therefore referred to as a volume term. The imaginary 
component has a volume term f(x,,) and a surface term (— 4f’(xp). In addition, 
there is a spin-orbit term that is concentrated at the surface. Qualitatively, these 
components are intuitively satisfactory. The real potential should be a 
reasonable continuation of the shell model potential into positive energies; the 
absorption should have a strong surface component, particularly at the lower 
energies, where the excitation of surface collective models should dominate; and 
the spin-orbit term should be surface dominated since it vanishes in the infinite 
nucleus limit. However, it must not be forgotten that the Woods—Saxon form 
has no other validating support, and indeed many other forms have been used 
[see Marmier and Sheldon (70, p. 1102) and Feshbach (58)] that have similar 
properties. As we shall see at intermediate energies (see Section 2.F), it must be 
replaced by a nonmonotonic form with a repulsive central region and an 
attractive surface component. 

The parameters, V, W, Wp, V.,, R., R;, and a; are adjusted to fit all the 
available data. Moreover, they are required to “track,” that is, to vary smoothly 
with the nucleon energy and with atomic and mass number. By a fine tuning 
of the values of the parameters, one can generally obtain a nearly perfect fit of 
the data for each target nucleus and for each energy. Such precise fits are often 
necessary for the calculation of reaction processes. However, in this volume we 


‘The comparison with the shell model potential is not straightforward. Both it and the optical 
model are single-channel potentials in which the effect of other channels or configurations are 
included approximately. It is not clear to what extent the approximations in the two cases are 
consistent. However, in the limit in which the mean field approximation (e.g., as obtained from the 
Brueckner—Hartree—Fock method) is accurate, the comparison is valid. 
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1.0 a— f (x) -4 £"(x) 


X= r/a 
FIG. 2.9. Woods—Saxon potential and its derivative. 


are concerned more with the global properties of these parameters to see the 
trends as a function of energy and target. Strong fluctuations away from the 
average for a given nucleus of class of nuclei could indicate the presence of 
nuclear structure effects. We shall discuss these in some detail later. For the 
present it will suffice to remark that strong fluctuations may be removed if the 
coupling of the elastic channel to other channels is explicitly considered through 
the use of the coupled-channel optical model in place of the single-channel 
description. Generally, this coupling gives rise to smooth behavior in the elastic 
channel, so that a single-channel optical model suffices. However, in the presence 
of special effects, as exemplified by coupling to vibrational or rotational states 
or generally to doorway state resonances, a single channel is inadequate and 
the results physically not meaningful. 

Form equation (2.38) exhausts the possible spatial invariants only if the target 
nucleus has zero spin. If it has a spin J, with corresponding spin operator I, 
many other invariants can be formed [Feshbach (58)]. A few of the many 
possibilities are 


ol, LI, (o-r)(I-r), (o-D(L-D, etc. (2.41) 


The evidence for the presence of these terms is rather meager, indicating that 
they are relatively weak, on the order of a fraction of an MeV [see Hodgson 
(80); Batty (71) ]. 


Phase-Shift Analysis: Elastic Scattering. Restricting our considerations to 
potential equation (2.38), that is, either to spin-zero target nuclei or neglecting 
terms dependent on the spin of the target J, such as those given in (2.41), the 
scattering amplitude can be written as follows (see Appendix B): 


f =A(k, 0) + Blk, O)o-n (2.42) 
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where n is a unit vector perpendicular to the scattering place: 


_ k, xk, 


= (2.43) 
[k; x k,| 


where hk; is the incident momentum, hk, the final momentum, and @ is the 
angle between them: 


k;-k, =k? cos 6, |k; x k,| =k? sin 6 


The quantities A and B can be expanded in a partial wave series: 


A(k, 0) = 77) [+ 1)(e2#"" — 1) + We?’ — 1)] P(cos@) — (2.44 a) 


12 oO. ae 
Bk, Jarre 9 ca  _ @2!81”') P( (cos 6) (2.44b) 
1 


where 


d 
P\”) = sin 9 ———P,(cos 6) 
d(cos @) 


The phase shifts 6‘*) are obtained from the asymptotic form of the solutions 
to the radial Schrodinger equations 


d°w(j =1+3,r) 


(i+ 1 
dr2 +] e-P_y -1y, liat+sn=0 


w(ij=l-t Wi+1 
w(j ee Nai we yy |Wu=!-4n=0 
dr? r? es 
In obtaining these equations, we have made use of the results 
(o-Ly(j=l+zn=W(j=!l+3,n) 


Asymptotically, 


l 
WUi=Le$.r)-vsin( tr E455) (2.45) 


The differential cross section for the elastic scattering of an unpolarized beam is 


(=) =|A|? + |B? (2.46) 
dQ unpol 
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while the total elastic cross section is 
el e 2ia(*? 2i6(-? 2 2is’*) —_2ia(-)2 

(Oro? “i Y {I+ Ie — 1) +e? — 1)? + + Iyer — e|*} 

l=0 
or 

Coie > re [E+ te? — 1]? + He?” — 1/7] (2.47) 
l=0 
The total cross section is given by the optical theorem: 
21. = ist) 2i66-) 

(Fro? = 72 Y C+ YU —Ree** )+11—Ree*™ °)] (2.48) 

The optical model reaction cross section is the difference, (2.4): 


(0,) = CO) — C1) =F [(21 + 1) —(1 + 1je2#? |? — Terr |27 (2.49) 
1=0 


These expressions, (2.46), (2.47) (2.48), and (2.49), in the absence of the spin-orbit 
potential so that 6{*’ = 6{~), reduce to the spin-zero results. These are: 


f(0)= oe y (21 + 1)(e2 — 1)P,(cos 6) _-(2.44a’) 
2ik 0 
(a) = wD) (21 + 1)je2 — 1]? = hel + 1)[sin? é,e-2" +41 —e72")7] 
(2.47’) 


inserting 6 = € + in. Finally, 


(6, = ay (21+ 1)[sin? é,e~ 2 +41 —e72")] (2.48’) 
<a.) =GLQl+ 1)(1 —e7 4") (2.49’) 


and the transmission factor [see (IV.3.2) 
T,;=1—e7*™ (2.49) 


The polarization (= analyzing power if time-reversal invariance is satisfied) 
generated in the elastic scattering of an unpolarized beam is transverse to the 
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scattering plane: 


trft Re AB* 
pe ep, (2.50) 
trf*f |Al*?+ Bl? 


If the incident beam is polarized, the angular distribution becomes 


do da 
— os 1+ P,Pn,: 2.51 
( AQ. ) pol ( dQ ys . Ki ” 


where P, gives the beam polarization and n, its polarization direction. By 
measuring the asymmetry, that is, the difference in da/dQ with respect to the 
scattering plane, one can determine P. Measurements of the angular distribution 
after a second scattering, that is, by analyzer, permit the determination of Im AB* 
(and |B|?) and finally, of A and B separately (to within a phase) if <do/dQ) 
is measured as well. 

The following parametrization for AB* is often used: 


2AB* 
einer sy (1) eo 252 
(Al? + BD P(8) + iQ(®) (2.52) 


pol 


where Q is referred as the spin rotation function, so that 


2 Im AB* 
are en TTS 
({A|~ + |BI*) 

Q is related to the Wolfenstein parameters R(@) and A(8) (see Appendix B) by 
O = R(@)sin 8 + A(8) cos 6 (2.53) 


Note that if o, P, and Q are measured, the amplitude f is determined to within 
a phase. 


Low-Energy Scattering. At sufficiently low projectile energy only the s,/=0 
term in the partial wave analysis will be significant. The angular distribution 
is spherical, 


fas 
A(k, 8) ser a —1) (2.54) 


B(k, 0) 0 


At these low energies only neutral projectiles, in particular neutrons, are useful. 
Writing 
09 =So t+ iNo No 20 (2.55) 
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since the potentials involved are complex and absorptive, we obtain for the 
scattering amplitude equation (2.42): 


<fpPo= =i — @7 210920) (2.56) 


The various cross sections are 


4 [= 270") + 
op a a sin? €) + (=) (2.57a) 
yd eee 1 — e7 7H0 
(Oro? = 2) e “sin* Eg + “2 (2.57b) 
= . —4no 
<o,> = all —e “70) (2.57c) 


Note that according to (2.49”), the optical model transmission factor 1 —|e7/°|? 
equals 


<T)>=1-—e *” (2.57d) 
At zero energy both &, and 7) approach zero. Define these limits by 


Ey 7 —ka No > kb (2.58) 
so that 
kA— 6.9 —7 — k(a— ib) (2.59) 


where a—ib is a complex scattering length. The total elastic cross section is 


<a) > 4n(a? + b?) 
es an(? = 20°) (2.60) 
so that 
(Cin > tn( —b? + "| (2.61) 


where the assumption that follows from the effective range relation has been 
made: 


No > kb + O(k?) 
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The reaction and total cross section both grow like 1/k as k approaches zero. 
This is the familiar (1/v) absorption law. The elastic cross section <a{‘)) is used 
to define an effective radius, R: 


<a) = 4nR? 
where 
R? =a? +b? (2.62) 
For reference we give the low-energy limit for the case of a target nucleus 


with spin I. The two possible values for the total J are I + 3. Since the weighting 
factor for each value of J is 


— +1 
I~ 5021 + 1) 
(2.47) is replaced by 


{Siot> -4n| g(a} —b*)+ oa + tn| g(a —b2)+ = (2.63) 


where a, —ib, is the scattering length for J=1I+5, a_ —ib_ for J=I—3. 
The weights g, and g_ are given by 


_ I+1 
9+ ara 
(2.64) 
_ I 
sae | 2s 


Finally, we shall relate the parameter b with the strength function <I/D). 
To that end we write the exact elastic amplitude as the sum of a potential 
scattering term plus a sum of resonance terms. Moreover, at these very low 
energies, the width for inelastic processes (radiative capture) can be neglected 
compared to the elastic width. Hence [see (IV.2.18) ] 


f= fe" sin 6 — e*” ss | 
k 1, E-E,+(i/2)7, 


where 0, the potential scattering phase shift, is real. This formula assumes that 
the resonances in the sum over A are not overlapping. Using the “box” averaging 
(it is assumed that 6, k, I,, or E, do not vary appreciably over AE), 


1 E,+AE/2 (I ,/2)dE 


I]. 
(f>= ie sin 6 — e*” . 
: k x AE Je,-ag2 E-E, + i(T,/2) 
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The integral is easily evaluated. Assuming that AE/T’, > 1, one obtains 


1/5... ime?* ) 
=-—| e’sind+ — 
Com jl esd + SDs 


Noting that 


Er, _ <I) 
AE D 


where D is the average distance between levels 2, we rewrite < f> in a form that 
makes comparisons with (2.56) easy: 


eee mT > ris 
n=z(t ewe + D e ) 


This yields 


7 2n0 + 2igo — at 7) 
D 


For (I')/D <1, it follows that 


Co = 0 
e720 — | — Pas (2.65a) 
D 
so that 
_ Ann mr) Le 5 
Oar (1 a ) 3<To) (2.65b) 
An nil>\ . a <I» 
CO rot> -4\ (1 7) sin’ Eo od (2.65c) 


Comparing (2.65a) with (2.60), we find that 


(2.66) 


ee +7) 
k 2D 2D 


The relevant experimental data are generally summarized in two figures. In 
one the strength function S, (the subscript refers to the / value) 


T>/E,\'? 
= (8) 
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where E, 1s an arbitrary energy, usually taken to be 1eV, is plotted. In the 
other, the length 


R=(1 a a 
D 2 


Figure 2.10 gives the strength function (E,/E)'/*S, with E,=1eV. The 
experimental points are obtained by direct measurement of the width of 
individual neutron s-wave resonances, summing the widths in an interval AE 
and dividing the sum by AE. The solid line gives the results of an optical model 
calculation which includes the effect of deformation, while the dashed line is 
obtained from a spherical optical model. The peaks represent values of A, or 
more precisely, values of the nuclear radius R for which the overlap of the 
square magnitude of the wave function inside the nucleus |y9|* [see (2.68) ] with 
the imaginary potential is a maximum. Using the rough formula 


2mVo 
2 


R=(n+4)n 


which gives the values of n for which the s radial wave function has a maximum 
at R, one can readily show that the maxima Fig 2.10 are due to the 3s(n = 2) 
and 4s(n = 3) resonances. Deformations split the large peak at A ~ 152 into two 
peaks with maxima near A ~ 148 and A ~ 185, in substantial agreement with 


S-WAVE STRENGTH FUNCTIONS 


— DEFORMED OPTICAL MODEL CALCULATION 
--- SPHERICAL OPTICAL MODEL CALCULATION 
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FIG. 2.10. Comparison of theoretical with experimental values of the s-wave neutron 
strength function. The solid curve represents deformed optical model calculations, and 
the dashed curve is based on spherical optical model calculations [Mughabghab, 
Divadeenam, and Holden (84) ]. 
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FIG. 2.11. S-wave strength function comparison of experiment with three strengths for 
the volume absorption potential. [From Moldauer (63) .] 


much of the data. A splitting that is much less pronounced occurs near the 
A ~ 60 peak. However, anomalies remain. The most pronounced is the large 
group of very low values of S, in the region extending from A ~ 80 to A ~ 130. 
This can be summarized by stating that the value of the imaginary potential 
W is anomolously low in this region (Fig. 2.11). 

One physical explanation has been suggested by Block and Feshbach (63), 
in which it is proposed that the density of the two particle—one hole doorway 
states, through which the formation of the compound nucleus proceeds, is low 
in this region. The comparison between experiment and theory is shown in 
Fig. 2.12. More recently, Kirouac (75) has considered, on essentially this basis, 
the strength function <S,> for 143 < A < 158, where, as he has shown, there 1s 
a strong odd-even effect, as illustrated in Fig. 2.13. The theoretical results are 
in good agreement with the data (Fig. 2.14). The Block mechanism, based on 
nuclear structure considerations, thus provides an explanation for the 
fluctuations as well as the average behavior. 

On the other hand, a fit to the average behavior has been obtained by 
Moldauer (63) by using “surface” absorption optical potential concentrated 
somewhat outside the surface region. The maximum of this potential is 0.5 fm 
greater than the radius parameters of the Woods—Saxon form used for the 
volume potentials, Vf(x,) of (2.26) (see Fig. 2.15). 

These two approaches exemplify one of the tactical problems that arise in 
making optical model fits. Should one adjust the parameters of the potential 
to obtain a fit, or should one search for the explanation of an anomoly 
in nuclear structure properties? The first procedure is of importance for 
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FIG. 2.12. S-wave strength function. [From Block and Feshbach (63).] 
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FIG. 2.13. S-wave neutron strength functions of even Z-odd N nuclei (open symbols) 
and even Z-even N nuclei (closed symbols) in the first peak of the 4S resonance. Three 
odd-Z isotopes (x) are also shown. [From Kirouac (75).] 
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FIG. 2.14. Calculated fluctuations in s-wave neutron strength functions 143 < A < 158. 
[From Kirouac (75). ] 


applications. But differences in the various potentials will be difficult to interpret, 
being sensitive to the choice of the forms used for the optical model potential. 
The second is, in the long run, more fundamental, but.its meaning will be 


clarified completely only with the development of a quantitative understanding 
of the optical model potential. 


Problem. Starting with the equation 


! d (l+1) 2 
t 72 | eS 


r* dr — ar 


~ v4) |n=0 


derive (IV.3.3) 
<T,> = 4k [at( — t Ww Jr dr 
Using the approximate relation [see (2.65b) and (2.57d) ], valid for I>/D « 1, 


Sto? 
D 


7 


(Ty > = 22 (2.67) 


show that 
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FIG. 2.15. Strength-function S, calculated using the potential of Moldauer (63), a 
Woods-—Saxon potential with surface absorption: 


r—R\|"' r—R—c\? 
V(r) =U o| 1 + exp| —— +iW,exp| —————— 
d i 
h\? 1d r—R\|"' 
+ U,.| —— }] o-l-—| 1+ exp( —— 
m,C rdr d 


where R=r,A‘/34+7r,; Up = —46MeV; Wo= —14MeV; Uy =7 MeV; ro = 1.16 fm; 
r, =0.6fm; d=0.62fm; f =0.5fm; c=0.5fm. [From Morgenstern, Alves, Julien, and 
Samour (69). ] 
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FIG. 2.16. Comparison of theoretical with experimental values of the p-wave neutron 
strength function. The solid curve represents deformed optical model calculations, and 
the dashed curve is based on spherical optical model calculations of Mughabghab, 
Divadeenam, and Holden (84). 


Discuss the sensitivity of the calculated <I">/D to y¥, when W is sharply peaked 
at the surface. Note particularly the effect of a node of y, at the nuclear surface. 
Relate to the Moldauer potential. 


It is considerably more difficult to measure the strength function for |= 1 
and |! = 2 neutrons. The measured values are given in Figs. 2.16 and 2.17. These 
strength functions S$, and S, are defined by 


we = 5(kR)S, (2.69) 


where an average over the possible spins j =1+ 5 with the weights (2j+ 1/2) 
has been performed in obtaining I’,/D. The functions s, are given in (IV.3.15). 
Obviously, in any study of S, one should ascertain the value of R and E, that 
were used in extracting S,. Quite good agreement with optical model calculations 
is obtained once the effects of deformation are included. However, there are 
substantial deviations from the optical model predictions, indicating the 
presence of structure effects. 

The values of a are given in Fig. 2.18 together with the calculations of Perey 
and Buck (62). Substantial agreement has been obtained. The s-wave strength 
functions for protons should be similar to those of neutrons at energies at which 
the protons are moving with nearly zero energy, that is, 


E,7E, + CB. 
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FIG. 2.18. Comparison of measured values (—I:BNL; @:Duke; A:ORNL) of the 


scattering length a for a range of nuclei with the predictions of the Perey—Buck nonlocal 
optical potential. [From Marmier and Sheldon (70)]. 
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FIG. 2.19. Proton strength function for P- and S-wave resonances. [From Mitchell (80).] 


where C.B. is the Coulomb barrier energy [Margolis and Weisskopf (57); 
Johnson, Galonsky, and Ulrich (58) ]. For experimental examples, see Schiffer 
and Lee (57, 58); Johnson, Galonsky, and Ulrich, Schiffer (64); Elwyn, Marinov, 
and Schiffer (66); Johnson and Kernell (69,70). These are for the most part 
based on the (p,n) reaction. 

Developments in experimental methods, particularly by the Duke group, 
have made it possible to measure the widths of isolated resonances in proton 
resonance reactions [Bilpuch, Lane, Mitchell, and Moses (76) ]. The resulting 
strength functions are shown in Fig. 2.19, where the Coulomb penetrabilities 
have been factored out; that is, in (2.69) the Coulomb wave functions have been 
to evaluate s, For the case of the !=1 strength function, a maximum 
corresponding to a 2p resonance at about A = 40 is observed. 


Intermediate Energies (E <100MeV). The form (2.38) for the optical model 
potential contains parameters: the radius parameters r,, ro, rw, rp, and r,,; the 
surface parameters do, dw, dp, and a,,; and the parameters giving the strength 


so? 
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of the potential, V, W, Wp, and V,,. Perey and Perey (74) tabulate a list of values 
of these parameters for individual target nuclei and various projectiles. For our 
purposes the global parameters they give are of more interest. These are given 
in Table 2.1 together with those obtained by Rosen, Beery, Goldhaber, and 
Auerbach (65) after a full study of polarization. The Wilmore—Hodgson potential 
is the local equivalent of the Perey—Buck potential (62): 


Vy = -( é ) ahaa Va( FE | + | V(r,r)W(r)dr’ (2.70) 


m,C ar (1 + elt — Rso)/aso 


where 


V(r,r)= ogre eyr( =!) (2.71) 
p 


Nonlocality follows when T deviates from a delta function; the quantity p 
parameterizes the range of the nonlocality. Perey and Buck take 


er 
T(r) = ( porie: (2.72) 
./Tp 
and 
U(r) =Vof (xo) + AW Sn) (2.73) 
Xq 


Their fit to neutron data yields Vj) =71 MeV, Wp=15 MeV, r,, =r =rp = 1.22 fm, 
a,, = Ay = 0.65 fm, ap = 0.47 fm, p =0.85 fm, and V,, = 7.2 MeV. 

Turning to Table 2.1, we note that the leading term of the central potential, 
V, as well as the radius parameter, rpg, which are independent of energy, N and 
Z dependence are in agreement, reflecting the diffraction structure of the dif- 
ferential cross section. The imaginary term is dominated by the surface term 
W,, the value of W,, ap, and rp being sensitive to the reaction cross section. 
Some volume absorption improves the fit. Including it results in a value of rp 
that is considerably larger than the real potential, in qualitative agreement with 
Moldauer’s (63) suggestion. The spin-orbit terms, needed to explain the 
polarization data [Rosen, Beery, Goldhaber, and Auerbach (65)], are in 
reasonable agreement with each other. The energy dependence in several of the 
parameters reflects the nonlocality and energy dependence. of the nonlocal 
potential (e.g., that of Perey and Buck). The term 0.4Z/A'/> is an estimate of 
the change of the Coulomb potential because of the nonlocality using the 
effective mass approximation. It needs to be identified before the symmetry term 
in (N—Z)/A can be extracted empirically. Unfortunately, it is not easy to 
separate the (N—Z)/A term from the Z/A'/> term. Some removal of this 
ambiguity can be obtained by including the charge exchange (p, n) interaction. 
This is discussed in Section 3. 
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The optical model potential should be a reasonable continuation, into the 
positive energy domain, of the single-particle shell model potential (see footnote, 
p. 356). To make such a comparison, it is necessary to know, for example, the 
energies of the single-particle shell model states. However, in most cases these 
states are fragmented by the action of the residual potential. Determination of 
the centroid of the single-particle strength, to be calculated as the mean energy 
of the fragmented states weighted by the fraction of each state that is single- 
particle strength (i.e., spectroscopic factor), is difficult, as it is rare that the 
single-particle strength has been completely ascertained. This also has the con- 
sequence that it will be difficult to describe the continuation of the imaginary 
part of the optical model potential into the bound-state domain. In principle, 
this could be calculated from the fragmentation of a single-particle shell model 
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FIG. 2.20. Nuclear potential depths for single-particle states of *°Ca, *Ca, °*NI, ?°Z, 
and 7°8Pb compared with average best-fit lines. O, ——, proton; +, ------ , neutron. 
[From Bear and Hodgson (78). ] 
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level, which is analogous to the fragmentation of a single-particle resonance 
into fine structure resonances as described in Chapter III [see (III.4.49)]. 
Bear and Hodgson (78) have therefore restricted their study to the single- 
particle energies of nuclei, nearly closed shells, where level fragmentation is 
minimal. The form of the potential they use is that given by (2.38) with 
W=W,=0. They take ro =1.236fm, a=0.62fm, and a,,=0.65 for the 
spin-orbit case. Moreover, V,, is chosen to be 7 MeV, leaving only V to be 
determined. The results are shown in Fig. 2.20 and can be fitted as indicated by 


N-Z 
Vat V; 7 for E> —15 MeV 

V= co (2.74) 
Vot V, —~ + BE +15) for E< —15MeV 


where E is measured from the Fermi energy E,. The empirical values of Vo, 
V,, and PB are given in Table 2.2. 


Folding Model: Empirical. Satchler (67), Slanina and McManus (68), and 
Greenless, Pyle, and Tang (68) have suggested an alternative form for the optical 
model potential, to be used in place of that given by (2.38). This development 
is suggested by the high-energy multiple scattering theory, which in first order 
yields the potential of the form 


V(r) = | ote. mt —¥,)dr, 


where t is the two-nucleon free-space transition matrix. This expression is not 
correct as the nucleon energy is lowered. There are already substantial errors, 
presumably arising because of the influence of the medium in which the two 
interacting nucleons find themselves at proton energies of 500 MeV [Ray (83) ]. 

A similar result is obtained if one drops the second term in the effective 


TABLE 2.2 

Nucleus Vo(MeV)  V, (MeV) B 
a © 56.7 
160 56.0 
*°Ca 56.0 

| +8 Ca 54.9 38.1 0.32 
>8Ni 57.4 40.0 0.64 
PO7r 54.4 42.8 0.47 


2°8Pb 54.5 36.2 
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Hamiltonian of Chapter III: 


1 


Hoge = Hpp + trot _ OP 
QQ 


(2.75) 


keeping only H,p,. Recall that when P projects only on the elastic channel, 
PY — A Up Po 


where ¢, is the ground-state wave function of the target nucleus. As a 
consequence, 


Vpp(P'P) = (4. oi tubo 


where v,, is the interaction between the ith target nucleon and the incident 
projectile. Evaluating the matrix element on the right (the integrations are only 
over the target nucleon coordinates), one obtains 


Vpp(P¥) = [otro r,)dr, ott = [ot Fo)¥9, (FoF )Mo(t,) ar, (2.76) 


The errors in this approach come mainly from the neglect of the second term 
in (2.75), which contains the effects that can be described as involving excitation 
of the target nucleus, such as core polarization and correlations. 

The empirical folding potential takes account of these limitations by replacing 
the two-nucleon interaction v,, by an effective two-body potential, so that (2.76) 
is replaced by 


V Vs = | pte dont r;) dr, Tron san | ote. 9 r)9 pill p> Ti )Xopt(t 1) ar (2.77) 


The quantity g,,(r,,¥,) 1s the effective two-body interaction in the nucleus, where 
r, represents all the projectile coordinates (spatial, spin, isospin) and r, those 
of a target nucleon. The subscripts p and ¢t refer to projectile and target, 
respectively. Note that the single-channel wave function uy of (2.76) has been 
replaced by the optical model wave function y,,,. This can be justified using 
the partition proposed by Kawai, Kerman, and McVoy (75) given by (III.8.5). 
Note that this form reduces to that developed by first-order multiple scattering 
(which neglects the effects of the Pauli principle) theory as noted above, with 
Jp, teplacing the two-body transition matrix t(r, — ry). | 

The linear dependence of V,,, on the density is illusory, as the effective 
interaction g,, depends on the nuclear medium, and thus on the density and 
other parameters describing the nuclear system. The hope is that g,, will depend 
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slowly on these variables and thus can be replaced by an average value over a 
substantial range of target nuclei and energy. 


Note. A microscopic theory of the effective interaction can be developed. 
Clearly, the Bethe—Goldstone equation (now with one nucleon in the continuum) 
will yield information. The papers of Mahaux and his school and of Brieva and 
Rook discussed earlier employ the Bruecker—Hartree—Fock method to calculate 
the effective single-body potential in nuclear matter. In the course of this 
calculation the effective two-body interaction in nuclear matter is obtained. 
One can then apply a local density approximation to obtain an effective 
two-body interaction appropriate for two nucleons in a finite nucleus. This 
procedure is a generalization of the G-matrix method described in Chapter VII 
of deShalit and Feshbach (74). The g,, obtained in this manner is density 
dependent. Moreover, if such a calculation were to be done directly for a finite 
nucleus rather than by applying the local density approximation, g,, would 
show nuclear structure effects arising from core polarization and correlation 
effects. 


Returning to (2.77), let us define and/or describe p(r,), p(r,,r,) more 
completely. The quantity p(r,) is the one-particle target ground state density 
normalized to A: 


pits) =A [ Mottiataatse Pda (2.78) 


The quantity p(r,r’) is the ground-state density matrix discussed in Chapter II 
of deShalit and Feshbach (74). It is defined by 


p(r,r)=A [vse r,,...)Po(r',r,,...)dr,-- (2.79) 
Note that the density p(r) is just the diagonal element of p(r,r’): 


p(r) = p(t,r) (2.80) 


Problem. Prove 


p(t) = (Yo > o(r — ¥) ¥o ) (2.81) 


and 


y) (r—r,)d(r’ — r') 


itj 


Pot koa ») (2.82) 


1 
r,r’) =—_—_( ¥ (r,,F.,--- 
p(r,r’) rat o(f1,0,---) 
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Note in (2.82) that the factor o(r—r;)d(r’ —r’,) is understood to be multiplied by 
the unit operator in the other coordinates, d(r, —r’,)d(r. —r,)--°. 

The factor g,,(r,,r,) 1s the effective projectile nucleon—target nucleon 
interaction inside the target nucleus. It depends not only on r, and r, but on 
the spin and isospin variables (i.¢., on 6,, 6,, r,;, and r,) as well. 


Note. For reasons of simplicity in presentation, the spin/isospin dependence of 
J» p(t) and p(r,r’) have been suppressed. The effective interaction g,, can be 
written as a linear combination 


§Gg= 9,8 (2.83) 
S,T 


where P®* are projection operators in spin and isospin space: 
rae ae aad (2.84) 


where S and T can have the values zero (singlet) or 1 (triplet). The corresponding 
operators are 


l-—o ‘6; 


po) _1~% 34+ Op'01 
4 


4 


po — 


Note that expansion (2.83) is valid in the presence of spin-orbit (6, + 6,)-1,,, 
and tensor (36,'f,6,'f, —6,°6,) interaction terms, since these vanish in the 
singlet spin state. 

Under these circumstances p(r,)g,, of (2.77) becomes 


Po) Ip: =a > p>" (ro)g>, 
S,T 


where, for example, 


3 0G; \(1—To't; 
Fatty —ny( = 3" 2 = : Yo) 


In an empirical analysis the form of g,, is assumed. Its parameters are then 
adjusted to fit the data under investigation. 


p(t) = (Ye 


The first term in (2.66) for the folded potential V,_, is referred to as the direct 


term, VOOr: 


y) = | ORC AT 2.85) 
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FIG. 2.21. Differential cross sections for 30-MeV protons on !?°Sn. [From Owen and° 
Satchler (70). ] 


and the second is referred to as the exchange term. In the earliest formulations 
of the folding potential model this term was omitted. However, as Owen and 
Satchler (70) soon demonstrated, this exchange contribution cannot be neglected 
(see Fig. 2.21). The exchange term is nonlocal. Because of its origin, one can 
expect it to have a range of the order of 1/k,. In calculations it is often replaced 
by a local equivalent potential using one of the methods described earlier in 
this section (see Sec. 2B this chapter). 

The effective nucleon-nucleon potential to be inserted for g,, in (2.77) has 
the general form [Greenlees, Pyle, and Tang (68); Petrovitch and Love (80) ] 


—_— Cc Cc e Cc oe Cc 6 e 
V ete = 60 + V6 T0° Ti + Vj 9G0°G; + Vj G9°G;To°T; 


+ [vd +07 t9°t,]S_, + [06° + oP tot JLo ;"(6o + 6;) (2.86) 


In this expression, the coefficients v,,,v;, and v7 are functions of the distance, 
lr,5 —r,|, between the incident projectile rj and the target nucleus nucleon r,. 
The subscripts a and b refer to the spin and isospin character of the interaction. 
The superscripts C for central, T for tensor, and LS for spin-orbit refer to the 
spatial symmetry. The tensor operator Sp; is defined by 


Da = 360 °F 90;'f; = 69°9; (2.87) 
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where fy is the unit vector in the r, direction, while 
1 
Lo;= 7, Fo —T;) X (Po — Pi) (2.88) 


It is useful to break up the interaction, (2.86), according to the spin and 
isospin of the interacting pair, using the projection operators P®! of (2.84). 

Noting that both the tensor and spin-orbit potentials vanish when operating 
as a single spin state (6g = —o;), we obtain 


g = ap Ve 4+ POND plot) 4+ PU%Yp(9) ae P9%) p09) (2 89) 
pt e i i i t : 
where 

VOY = v6 +061 + Uo $F, t (0g + 0)S, + 0 + VP)L, "(60 + 6) 
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FIG. 2.22. Experimental differential cross-section data points, with errors, for the elastic 
scattering of 30.3-MeV protons together with predictions. (From Greenlees, Hnizdo, 
et al. (70).] 
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yo = De. = 305, a oe 23 305, ais (v3 = 3v7)So; + (vgs = 304°) Lo ;*(6o +6;) 


V0" = v69 — 3061 — 309 + P41 (2.90) 


The Pauli principle requires that V‘'*) and V{°” act only when the relative 
orbital angular momenta of the two interacting nucleons are odd. The often-used 
Serber force puts both of these equal to zero so that v,, acts only on even 
relative orbital states. Applications of interaction equation (2.89) to elastic 
scattering of protons (energies extending up to 40 MeV) have been made by 
Greenless and his collaborators [Greenlees, Pyle, and Tang (68); Greenlees, 
Makofake, and Pyle (70)]. Only the first term in (2.77), the direct term, was 
used. The exchange term containing effects of the Pauli principle was neglected. 
Presumably some of its effects are included in the empirical g(r,,r,). The targets 
were all even—even nuclei, with the consequence that only v6, v§, and (vp> + 04°) 
contribute to V,,,. These interactions were taken to be real. It was, therefore, 
necessary to add imaginary potentials of the surface and volume variety, familiar 
from (2.38), to the V,,, of (2.77). The reader is referred to the original papers 
for the details of the calculation. Comparison of the calculation (eight empirical 
parameters) with data is shown in Figs 2.22 and 2.23. This subject is discussed 
further in Section 5. 


Intermediate Energies 100 MeV < E < 200 MeV [Nadasen, Schwandt, et al. 
(81); Schwandt (83) ]. The analysis based on the standard model, (2.38), has 
been continued to higher energies as these have become available. The overall 
situation has been reviewed by Schwandt (83). We shall make use of that review 
as well as the paper by Nadasen, Schwandt, et al. (81). In that paper, an optical 
model analysis using the standard model is developed for the observed angular 
distribution and polarization for protons with energies ranging up to about 
180 MeV elastically scattered from a wide variety of nuclei. The results are given 
in Table 2.3. The symbols used are those of (2.38). E, is the proton energy in 
MeV. E> in the expression for W signifies that the expression (E> — 135) differs 
from zero only for E, > 135 MeV. 

Note that the linear energy dependence of the depth of real part of the central 
potential as given in Table 2.1, valid at lower energies, is replaced by a 
logarithmic energy dependence, in agreement with Passatore’s earlier prediction. 
Second, the imaginary term has no surface term and grows rapidly with energy 
above 135 MeV, presumably as a consequence of pion production. Note, again 
in contrast with Table 2.1, that the geometrical factors rp, dy, rw, and aw are 
energy dependent. Finally, we see that the spin-orbit depth is complex. 

The experimental reason for the latter lies in the dominance of the 
contributions of the spin channel component o*) corresponding to o-n= 
l(n=k,_ x k,,,) over the contribution from the o-n = — 1(o‘~’) component, as 
demonstrated in Fig. 2.24. From the point of view of the optical model this 
result is a consequence of the complex spin-orbit potential, which enhances the 
j=1+4 partial wave with respect to the j =1— 4 component. 


382 ELASTIC AND INELASTIC SCATTERING 


Eo: 30.3 Mev 


--- STANDARD MODEL 
——— FOLDING MODEL 


Oo 
re) 
y 


vy, 

i] 

' 

] 

‘ 

' 

4 

! 
"NI 
. 


POLARIZATION 


20 40 60 BO 100 120 140 160 i180 
c.m. ANGLE (deqrees) 


FIG. 2.23. Experimental polarization data points for the elastic scattering 30.3-MeV 
polarized protons, together with predictions. [From Greenlees, Hnizdo, et al. (70).] 


An indication of the energy and isospin dependence of the parameters in 
Table 2.3 can be obtained from Fig. 2.25. The energy dependence of these optical 
model parameters seems to indicate the need for modification of the standard 
equation (2.38) model. 


Intermediate Energies > 200 MeV. The difficulties that are suggested by the 
comparatively rapid energy dependence of the optical model parameters become 
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TABLE 2.3 


N-Z 
V (925+ 648=7 \i—oussing, MeV 


6.5 
ro 118+ (034+? )iomg, fm 
ay =0.77—(1.2 x 107*)A°-4(180 — E,) 


N 
W =384+3—+4(1.23 x 10° °)(E> — 135)? MeV, Wy =0 
Z 0.065 Ca 


rw =1.16+fln(185—E,), B=, 0.053 Zr fm 

dy =0374+(18x10-3)E, fm ‘9-058 Pb 

The V,, of (2.385) is replaced by V,, + iW... 

V., = 16.5(1 —nInE,) MeV, n= 0.160 + 0.06 —— 


SO 


W., ~5.2(1—0.262InE,) MeV 


sO 


r, ~1015+5~x10°4*A fm 
a_ ~0.60 fm 


explicit in this energy region. For example, the standard Woods—Saxon model 
fails to provide a good fit to the angular distribution and analyzing power 
observed in the elastic scattering of 400-MeV protons by *°Ca (see Fig. 2.26). 
As Meyer, Schwandt et al. (81) have shown, this failure is a consequence of the 
restriction of the radial behavior of the components of the potential to the 
Woods-Saxon form. If, for example, the real central potential — Vf,,,(xo) is 
modified by the addition of a repulsive term: 


= Vf ws(Xo) cn Vif ws(Xo) + nf ws(Xo)] (2.91) 


and similarly for other terms, agreement with experiment is vastly improved 
(see Fig. 2.27). The corresponding central potentials, real and imaginary, are 
shown in Fig. 2.28. We see the presence of a repulsive central region 1n the real 
part of the central potential, together with a substantial increase in the absorptive 
term. The need for a repulsive central region together with an attractive potential 
at large r was first suggested by Elton (66). 

A qualitative explanation of this important result is provided by the local 
density approximation using the infinite matter calculation of the real potential, 
V. As can be seen from Fig. 2.29, the variation of V with energy depends strongly 
on the density. It decreases more rapidly with energy with the larger density 
Po than for the density p,/2. The first, in fact, becomes repulsive at roughly 
250 MeV, while close to 200 MeV the second already exceeds the first. In the 
local density approximation one can thus expect a nonmonotonic form for the 
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FIG. 2.24, Calculated differential cross-section angular distributions (solid curves) 
plotted as ratio-to-Rutherford for 80-, 180-, and 280-MeV proton elastic scattering from 
2°8Pb. The partial spin-channel decompositon of the cross sections (“spin up” dashed 
curves; “spin-down” dot-—dashed curves) is also plotted, illustrating the origin of the 
damping of the oscillatory structure observed around 180MeV. [From Nadasen, 
Schwandt, et al (81). ] 


central potential. In the small r region the potential will become repulsive, while 
for larger r in the surface region where the density is reduced, the potential will 
remain attractive, although eventually it, too, will become repulsive at sufficiently 
large energies in agreement with high-energy (~ 1 GeV) analysis. 
Quantitatively good agreement with the 400-MeV data is obtained using the 
local density approximation and the infinite nuclear matter real potential 
obtained by Geramb and Nakano (83) based on the Paris nucleon-nucleon 
potential. A direct comparison is shown in Fig. 2.30 for 400-MeV proton 
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FIG. 2.27. Angular distribution (a) and analyzing power (b) compared to a 
Woods-Saxon plus (Woods—Saxon)’ fit. [From Schwandt (83).] 


180 MeV 
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FIG. 2.28. Radial dependence of the real and imaginary parts of the central potential 
at 180 and 400- MeV. The solid lines give the modified Woods—Saxon fit (see Fig.2.27). 
[From Schwandt (83). ] 


scattering by 7°°Pb. These microscopic calculations remain viable below 
200 MeV, as Fig. 2.31 indicates from a comparison of the cross section for 
135-MeV protons scattered by '°O with theory. Of course, in this energy region 
the standard model provides a good fit, as discussed earlier. 


The Relativistic Optical Model: Dirac Phenomenology [Clark, Hama, and 
Mercer (83)]. In this analysis the Schrodinger wave equation is replaced by 
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Real potential 
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FIG. 2.29. Dependence of the real potential = 
in nuclear matter for normal nuclean 
density p, and for p,/2 for several models. 0 80 160 240 320 
[From Schwandt (83). | Tp (MeV) 


the Dirac equation as if the incident nucleon were a relativistic spin-5 particle 
moving in the field of an infinite mass nucleus. This single-channel formulation 
omits any explicit calculation of recoil associated with the target. The results 
are in surprisingly good agreement with experiment. When the Dirac equation 
is reduced to an equivalent Schrodinger equation, the repulsive addition 
[see. (2.91)], energy dependence, and correct spin-order coupling are obtained. 
Inasmuch as the physical origins of, for example, the energy dependence in the 
relativistic model differ so sharply from the physics of the nonrelativistic model 
of, say, Jeukenne, Lejeune, and Mahaux (76), one remains tentative in evaluating 
the success of the relativistic model. 
The Dirac equation in Hamiltonian form? is 


[cop + B(mc? + U,) + Uy lw = Ew (2.92) 
*For notation, see appendix to ChIX, deShalit and Feshbach (1974) and ChIX. 


FIG. 2.30. Angular distribution (a) and analyzing power (b) for 400-MeV protons 
scattered by ?°8Pb compared with the calculations using the effective interactions derived 
by von Geramb and Nakano (83) and with the second-order multiple scattering using 
a modified Hartree-Fock nucleon density. [From Ray (83).] 
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FIG. 2.31. Angular distribution (a) and asymmetry (b) for 135-MeV protons scattered 
by '°O compared with the impulse approximation (IA), with the local density 
approximation using the Paris potential (LDAP) or using the Hamada—Johnston 
potential (LDAHJ). The quantity q is the momentum transfer. [From Kelly (83).] 


Other invariants can be added to the f term, but it has sufficed for the empirical 
treatment to employ only the combination of a scalar potential U, and the fourth 
component of a four-vector, Uj. To obtain a comparison with the Schrodinger 
optical model equation, one first introduces 


y= ) (2.93) 

and obtains 
(o-p)Ws = [(E — Up) — (mc? + U,) ry (2.94a) 
(6: ph, = [(E — Uo) + (me* + U, Ws (2.945) 


Solving the second of these equations for w, and introducing the result into 
(2.94a) yields 
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[(E — Uo)* —(me* + U,)" Wr 


= e —U,)+(mc? + U,)co-p 


ee 
E—U,+mc? + Us a7 


Evaluating the quantity on the right under the assumption that U, and U, are 


functions of r yields only 


[(E — Up)’ — (me? + Us)* JW, = ¢7 pp? + ea 


where 


(E — U,) + (mc? + Us) 


A= 
E+ mc? 


To remove the linear term in p we replace w, by 


i Aird 


with the result 


C 6 


1. 1 
|e = U,)* — = (ne* “F U.) -r |e 


+| 3 1 (4) + 1 =( es 1 0A 
oe Sep eee a) pes ae eas 
4A’*\ Or 2r7A Or or / rA or 


or placing 
E? — m?c* = c?k? 


one obtains the Schrodinger equation: 


E l 3 
Vtg = — Un + Us + (UZ — U0) + — 
mc 2mc 
1 @,0A 1 OA 
—f/f —— — 6° 
4mr7A Or Or  2mrA Or 


210A 
ae (rp) |W 
(2.95) 
(2.96) 
L|o=0 
(2.97) 
3] 
or 
(2.98) 


In Vise, note the energy dependence of the U, term as well as the presence of 
the square terms, which by suitable choice of U, and U, can produce a repulsive 
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FIG. 2.32. Elastic p—*°Ca cross sections and analyzing powers at 181 MeV. The smooth 
curves are the results of the relativistic optical model analysis described in the text. 
[From Arnold, Clark, Mercer, and Schwandt (81). ] 


term as required by (2.91). These three terms would appear naturally in any single- 
body relativistic formulation, as they originate from [(E — U,)* — (mc? + Us)’]. 
In the above, the Coulomb term is included in Ug. The spin-orbit term and the 
preceding two terms (also making repulsion contribution) are consequences of 
the special character of the Dirac equation. To obtain the energy dependence 
observed, Re U, must be repulsive (positive) and Re U, attractive (negative). 
Note that U, and Us are complex. The effect of an attractive U, is to reduce 
the nucleon mass inside the interaction region considerably ( ~ 0.5m), thereby, 
amplifying the relativistic effects. 

In using the Dirac optical model, (2.92), to fit experimental data [see Clark, 
Hama, and Mercer (83) for a summary], Us; and U, are chosen as follows: 


Uo = Vofolr) + iWogolr) 
U,=V. f(r) + iW.g,(r) 
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FIG. 2.33. Values of the real scalar V, and V) potentials at r=0 determined from the 
12-parameter analysis of p-*°Ca data, The upper dotted lines are the values from the 
relativistic mean field calculation of Arnold, Clark, Mercer, and Schwandt (81). The 
dashed lines are from Boguta (81); the curved lines are from the relativistic Brueckner 
Hartree-Fock calculations of Shakin (83); the dashed—dotted curves are from Arnold 
et al. (82). [From Clark, Hama, and Mercer (83). | 
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FIG. 2.34. Values of the imaginary scalar W, and vector W, potentials at r=0 deter- 
mined from the 12-parameter analysis of p-*°Ca data described in the text. The dotted 
lines are the calculations of Jaminon (83); the dashed lines of Horowitz (82), the smooth 
curves, of Shakin (83). [From Clark, Hama, and Mercer (83). | 


394 ELASTIC AND INELASTIC SCATTERING 


U,, (Mev) 


fe) | 2 3 4 


5 6 7 8 9 10 
R(fm) 


FIG. 2.35. Real part of the Schrodinger equivalent central potential U,,,, determined 
from the Dirac equation based analysis of p—*°Ca elastic scattering experiments. The 
Darwin term ts omitted. [From Arnold et al. (82).] 


where fo, f,,9o, and g, are in the Woods—Saxon form: 


1 
1 + ef Rie 


The geometrical parameters for f, and f, are obtained by comparison with the 
results of the Walecka relativistic model (74) obtained by Horowitz and Serot 
(81). For the case of 181-MeV protons incident on *°Ca, the parameters are as 
follows: 


R, = 3.474 fm 
R, = 3.453 fm 
dy = 0.668 fm 
a, = 0.692 fm 


The methods used to obtain these results are described in Arnold, Clark, Mercer, 
and Schwandt (81). In that paper the geometrical parameters for the imaginary 
components of U, and U, were chosen identical with those of Re U,. These, 
together with the depths V,),, and Wo .,, were varied in order to obtain a fit of 
the experimental data, making a six-parameter fit in all. The standard model 
uses 12 parameters. The fits to the 181-MeV proton data are shown in Fig. 2.32. 
The values of the parameters to be combined with those given above are 
Re Uy = 334 MeV, ReU,= —437MeV, ImU,= —107MeV, and ImU,= 


2. THE SINGLE-CHANNEL OPTICAL MODEL 395 


J/A (MeV tm’) 


K(MeV fm’*) 


10 20 50 100 200 500 1000 
Tp(MeV) 


FIG. 2.36. (a) Values of the volume integrals of the real and imaginary parts of the 
Schrédinger equivalent central potential for *°Ca. The smooth line is a linear fit. The 
dashed line is to guide the eye. The dotted line gives the Dirac—Hartree values. (b) Values 
of the volume integrals of the real and imaginary parts of the Schrodinger equivalent 
spin-orbit potential for *°Ca. The smooth and dashed lines are to guide the eye. The 
dotted line gives the Dirac—Hartree values. [From Arnold et al. (82). ] 


109 MeV, where the geometrical parameters for Im Uy, are R =3.487fm and 
a= (.716fm. The energy dependence of the potential depths is shown in Figs 
2.33 and 2.34. 

The real part of the effective potential, (2.98), is shown in Fig. 2.35. The 
characteristic intermediate wine bottle shape is seen at 181 MeV. The potential 
is mainly repulsive at 400 MeV and above, with a small attractive tail that 
diminishes in amplitude as the energy increases. The radial dependence of the 
effective spin-orbit potential is shown in Fig. 2.36. The excellent agreement at 
181 MeV and 400 MeV is repeated at 497 MeV. A new feature at this energy is 
the measurement of the spin rotation function Q(@) shown in Fig. 2.37. The 
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FIG. 2.37. Spin rotation function Q. 0.0 10 20 30 40 
(From Schwandt (83).] 6 


relativistic model agrees very well indeed, whereas the standard model result 
given by the dashed line is in strong disagreement with experiment. 

The excellent agreement obtained with the relativistic theory over a wide 
range of energies is a strong incentive for further study, especially those involving 
reactions, which will serve as tests of the theory. The one-boson exchange picture 
used by Walecka (74) and Shakin (83) involving a scalar (oc) and a vector boson 
(p) is not easily made consistent with the quark picture of a nucleon with a 
root-mean-square radius of 0.8 fm. Thus at the time this 1s being written, much 
remains to be done. 


3. CHARGE EXCHANGE REACTIONS: OPTICAL MODEL DESCRIPTION? 


Because of the near identity of the neutron and proton, the charge exchange 
reactions (p,n) or (n, p) should be closely related to the elastic (p, p) and (n,n) 
elastic scattering. However, these connections are not simple because of the 
presence of interactions, such as the the Coulomb interaction, which do not 
conserve isospin. To make this issue more concrete, consider the final state in 
a (p,n) reaction, in which the target nucleus (Z,N, A) is converted into the 
nucleus (Z+ 1,N—1,A). The target nucleus is in the ground state. The 
energy-level spectra of the two nuclei, the target and residual are compared in 
Fig. 3.1. We see that the level in the nucleus (Z + 1, N — 1), corresponding to 
the ground state in the target nucleus (Z, N), is not its ground state, but rather 
one lifted by an energy approximately equal to the Coulomb energy, which is 


*Satchler (69), Robson (69), Auerbach, Gal, Hiifner, and Kerman (72). 
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----4---- Eg [A> 
Eg Mth IAR 
Ea FIG. 3.1. Schematic representation of the relation 
of the displacement energy Ef =E,—E,, and 
the observed energy of the isobaric analog 
E. \qr> resonance, Erp. [From Auerbach, Gal, Hiifner, 
(N,2Z) (N-1,2 +41) and Kerman (72). ] 


the dominant isospin symmetry-breaking term. This state in the (Z + 1, N — 1) 
nucleus is referred to as the analog of the ground state of the (Z, N) nucleus. 
To the extent that T, the isospin, is a good quantum number, it is the ground 
state (1.¢e., the lowest state) of the T=(N—Z)/2 states in the (Z+1,N—1) 
nucleus. The value of T; for the ground state of the (Z, N) nucleus is — T, while 
for the analog, T; = — 7+ 1. It is clear that the channel which should be 
considered along with the proton, plus the ground state of the (Z, N) nucleus 
channel, in discussing elastic scattering is the neutron plus analog state of the 
(Z +1,N—1) nucleus. In other words, we consider elastic scattering in the 
T =(N — Z)/2 channel, which, because of the Coulomb shift, should better be 
referred to as quasi-elastic scattering. 

One should question the use of isospin quantum numbers for the target and 
residual nuclei in the presence of a symmetry-breaking Coulomb force, which, 
particularly for heavy nuclei, must be regarded as strong. The saving grace is 
that this force is long range, that is, varies slowly over the nuclear volume. Thus 
its nondiagonal matrix elements between nuclear states are relatively small. As a 
consequence, the principal effect of this long-range symmetry-breaking force 
will be to shift the position of the energy levels but not to change substantially 
the wave functions inside the nuclear volume. In this respect, it therefore makes 
good sense to continue the use of isospin concepts and nomenclature even for 
the heavier nuclei, although it should be kept in mind that the states under 
consideration are not pure. This argument breaks down at sufficiently high 
excitation energies, for then the smallness of the nondiagonal matrix elements 
will be compensated by the high density of states with differing isospins that 
couple to a state with a- specific isospin via the isospin symmetry-breaking 
interaction. Isospin impurity will therefore grow with increasing excitation 
energy. 

We turn now to a consideration of the isospin extension of the optical model. 
First, we collect some simple results regarding the states involved. The state of 
the target nucleus will be designated by |x» for “parent” and the state of the 
proton plus target by |pz>. The analog state, | A>, is obtained by converting a 
neutron in the target to a proton! 


|A>=aT,|z> (3.1) 


‘Recall that in these volumes t, |p) =0,t,|n> = [p>,tT_|p> =|n>, t_|n> =0,t =1/2. 
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where « is a normalization factor. We determine « by calculating ¢< A|A> and 
choosing « so that < A|A) is unity: 
(A|A> = 07 <an|T_T,|2> = 0° [T(T + 1)— TZ — Tz] 


where it has been assumed that |z> is a state with a well-defined isospin T with 
the projection 


Tz|") = —(N —Z)|n) 


With T =(N — Z)/2 we find that 


1 
-=(N—Z)!2 =(2T)!? 
a 


so that 


i — oS aS (3.2a) 


Jwaa "Sat 


T_|x>=0 (3.2b) 


Note that 


Note. The corrections to (3.2) because of the isospin impurity are discussed by 
Auerbach, Gal, Hufner, and Kerman (72). 
The states |pz»> and |nA> can be written as linear combinations of states 
with isospin T, (= T + 5) and T.(= T — $) using Clebsch—Gordan coefficients: 
[pt > =|335 TTz> = ¢T + 3, Tz + 31935 TTz>|T>,Tz + 5 
a (T~3, Tz Pa lo5: TTz>|T<, Tz +5) 


Taking T; = — T, we obtain [see deShalit and Feshbach (74, p. 927) ] 


1 
|px> =|44, T, — T) =————[|T. + ./2T|T.] (3.3a) 


Ora t 


Similarly, 


l 
InA> =|5, —3,T, el aay rar ee a (3.35) 
T+1 


ati 


Inverting yields 


1 
T, >) =——_— +./2T|nA 3.4 
|T, > rei” [nA > ] (3.4a) 
i 
T .) = ————[,/2T |pn) —|nA 3.4b 
|T <> Fai [pu > —|nA >] (3.45) 
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The isospin operators that will enter into our discussion include t,; (=4t3) 
operating on the nucleon projectile and t-T(t =4t), where t operates on the 
nucleon and T on the nuclear (x or A) coordinates. The matrix elements of ft, 
in the two representations (3.3) and (3.4) are 


<pn|t3|pr> =5 < pt|t3|nA> =0 = <(nA|t3|pr > 


<nA|t;|nA> = —4 (3.5) 
12T-1 
(Ty |t3|T> > oT a] (T<|t3|T< > 
yf 
Pol\ty| Pep =< Teall. = 3.6 
(T, |t3|T< > =< T<|t3|T> > are (3.6) 


The matrix elements of t-T operator are most easily obtained in the 
representation given by (3.4) since 


(T+? -T?-? 
7 D 


Tt 
One obtains 
Cis |T-t|T. » =35T 
(T.|T-t| Tz > = —H(T +1) (3.7) 
(T,|T-t|T.> =0=¢T.|T-t|T, > 


In representation (3.3), 


T 
<pn|T-t|px> = = 


<nA|T-t|nA> =4(T —1) (3.8) 
<nA|T-t|px> = <pa|T-t|nA> =4,/2T 


Note that the operator T-t induces the charge exchange reaction prwonA. 
With these results in hand it will be possible to discuss the extension to the 
optical model in isospin space proposed by Lane (62), namely, 


t-T 


These are the only invariants on isospin spin space since the isospin operator 
for the projectile t can at most appear linearly. If we were dealing with other 
projectiles (e.g., heavy ions, pions) whose isospin is greater than unity, other 
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invariants are possible [Satchler (69) ]. In the original Lane model, V, and V, 
were assumed to be central potentials, but obviously this can be extended to 
include spin-orbit terms or other spin-dependent terms, so that generally V, 
and V, can have the general form given in (2.38). The spin-dependent term can 
have a profound effect. For the present we shall assume that V, and V, depend 
only on the radial coordinate. : 

The potential equation (3.9) is not complete since, for example, it does not 
include the symmetry-breaking interaction between the incident proton and the 
target nucleus. The principal component of this interaction is the Coulomb 
force, which in (2.38) is taken to be the interaction of the proton with a spherical 
distribution of charge of radius R, and charge Ze. This is an approximation to 
the sum of Coulomb interactions between the incident protons and the protons 
in the nucleus. There are additional electromagnetic terms, including magnetic 
terms, describing the interaction of the magnetic moment and orbital current 
of the proton with the currents and magnetic moments of the nucleons inside 
the target nucleus. It should be noted that the Coulomb interaction is modified 
by vacuum polarization. These effects, which should be added on to Coulomb 
potential, are discussed in considerable detail by Auerbach, Gal, Hufner, and 
Kerman (72). They will not be included in the empirical analysis discussed below. 

In the |nA)> channel the electromagnetic symmetry-breaking interaction of 
the neutron with the nucleus A is a consequence of the interaction of its magnetic 
moment with the currents and fields inside the nucleus. These are similar to 
those discussed in the preceding paragraph and will be neglected in the empirical 
analysis.? 

The optical model Hamiltonian is thus 


tT 


The last term is present only in the |pz» channel vanishing in the |nA > channel. 
The operator H, is the Hamiltonian for the target nuclear system of A nucleons; 
Tp is the kinetic energy of the nucleon relative to the nucleus. The state vector 
|x» is an eigenstate of Hy with the energy scale chosen so that the eigenvalue 
is Zero. 

With this Hamiltonian, the Schrodinger equation 


AY = EW 


can be reduced to a pair of coupled-channel equations by using either 


*However, the small-angle scattering induced by the interaction of the neutron moment with the 
electric field of the nucleus can be used to produce polarized neutrons, as pointed out by Schwinger 
and referred to as Schwinger polarization scattering [Schwinger (48) ]. 
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representation 


Y= W,(r)|pt> + W,(r)|nA > (3.1 1a) 


OF 


Y=w.(ny|T>+y¥<(r)|T.> (3.115) 


Inserting (3.11a) into the Schrodinger equation and using (3.5)—(3.7), one obtains 


2TV V 
E = To — Vo + A : —_ Ve | = 2. / 2T— WV, (3.12a) 


| B= T5—Ac- yg ATO Wy, = 27TH, (3.12) 


with the asymptotic boundary condition that yw, approach the incident plane 
wave plus outgoing scattered wave, while w, yield only an outgoing wave if the 
total energy in the neutron channel is positive; if negative, an exponentially 
decaying wave would be required. From (3.12b) one sees that the energy in the 
neutron channel is E — Ac with 


Ac =<A|Ho|A> — ¢a| Holt (3.13) 


If isospin were conserved, Ac would be zero. But in virtue of the isospin 
symmetry-breaking potential, the Coulomb potential, Ac, is not zero but rather 
gives the additional Coulomb energy possessed by the analog nucleus because 
of the replacement of a neutron in the parent nucleus by a proton. To 
demonstrate this more closely, we introduce (3.1) expressing | A» in terms of 
|x >. One obtains 


| 1 
eT a LHo,T, ||x> Sa LE alto: T, ]]|> (3.14) 


Only if H, contains a term that does not conserve isospin and therefore leads 
to a nonzero value of the commutator |Hp), T, ] will Ac differ from zero. 


Problem. Assume that the only isospin symmetry-breaking term in Hg is the 
Coulomb energy [see (II.6.6) in deShalit and Feshbach (74) ]. Express it in terms 
of isospin spin operators and A (= N + Z) and evaluate the double commutator 
in (3.14). 


The value of A, using the Fermi-gas model turns out to be 


3 2 
Ae~ = [QZ + 1) — 1.02713] (3.15) 
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[see Spencer and Kerman (72)], where R is the nuclear radius. For ®°Sr, A; is 
about 11.5 MeV. 

For a sufficiently low E, the available energy for the neutron analog channel, 
(3.12b), is negative, so that the wave function decays exponentially. Moreover, 
the homogeneous form of (3.12b) obtained by placing the right-hand side equal 
to zero will admit bound-state solutions. As we know from the example 
introducing Chapter III, this has the consequence that the proton channel will 
exhibit a resonance at an energy close to the energies of these bound states. 
These are the elastic isobar analog resonances. 

Before discussing these, one more feature must be added to (3.12a). The 
imaginary component of the potential, Vj, is not necessarily the same for the 
proton and neutron channel since the coupling of these channels to other 
channels and to more complex excitations differ. In other words, additional 
isospin dependence needs to be added. The issues involved are clearer if we 
make use of the T, (= T + 3) and T.. (= T — 4) representations Inserting (3.11b) 
into the Schrodinger equation yields 


| E- To2Ve and Ac + (he ve) |e 
a ea /2T(Ac— Vol (3.162) 
|e Viet ease V,— Vo- (hem re) |b 
= area (27 (Ac — Vows (3.16b) 


As is clear from (3.4), the major component of w, is the neutron channel. As 
originally emphasized by Robson (65), we also note that the coupling between 
the T, and T. channel occurs “outside” the nucleus. In the nuclear interior 
Ac and V_ will cancel approximately. Thus the mixing between the two states 
is referred to as external. 

It is anticipated that the coupling of the T, channel to channels and states 
that have not been included in (3.16) will be small since the density of T, 
states is relatively small, whereas the density of T. states will be normal. We 
therefore add an imaginary term to (3.165) only, that 1s, replace Vo by V) + iW, 
in that equation. In isospin language this is described by 


(T+5)(7T+3)-(T +0? 


Vo > Vo +iWo aT +1 


(3.17) 


Equations (3.12) are modified as a consequence. They now become 
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2TV 2T 2V, iW 
| es eres pees er ee oT 
a | ay rh Wo We (Ai- ar 3 Mn 


2T +1 
(3.18) 
E—A Soe = = JIT 
ca . A 2T+1 Y A PEA TY, 
(3.18) 


These equations can now be used to study the isobar analog resonances 
using the optical model forms of Perey and Buck (62) or Rosen, Beery, 
Goldhaber, and Auerbach (65), taking V, to have the same form as W,. An 
example of a fit to the observed resonances in the reaction (p + °8Sr) is shown 
in Fig. 3.2. Note that the proton energy employed is always considerably less 
than the value of A;, which is taken to be 11.45 MeV. Writing 


V, =0, f(x) 


where f(x) is given by (2.28), 4v,/A has the value of 2.2 MeV and v, the value 
48.4 MeV. 

When the target nucleus has a spin, as, for example, 8°Y with a spin of $ 
the analog resonance can have two spin values (j +5, j #0) according to the 
value of the spin of the neutron in the neutron ofan [see (3.18b) ]. To obtain 
a fit, it is necessary to add a spin-dependent term to the optical model 
Hamiltonian of the form o-I, a possibility mentioned earlier in this chapter [see 


(yb /sr) 


do 
df 


50 55 6.0 65 7.0 
Ep (Mev) 


FIG. 3.2. Calculated differential cross sections at 90° for p + ®8Sr. [From Auerbach and 
Dover (66). | 
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do/dw in millibarns/steradian 
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250 


46 486 3.0 5.2 
Incident Proton Energy in Mev 


FIG. 3.3. Comparison of the calculated energy dependence of the cross-sections at 90° 
for ®8Sr and °°Y with experiment. [From Spencer and Kerman (72).] 


(2.41) |. Taking this additional term as 


V5 
a w(X) 


Spencer and Kerman (72) find V,/A to equal to 0.7 MeV. Their results are 
shown in Fig. 3.3. 

We now turn to a discussion of the global analysis of the (p, p), (n,n), and 
(p,n) reaction, where the last goes to the isobar analog state, developed by 
Patterson, Doering, and Galonsky (76). These authors use (3.12), employing the 
DWA for the (p,n) reaction. In this application of the DWA, the homogeneous 
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forms of (3.12) are used to describe the proton and neutron scattering: 


| E-T.-Vo+ = Ve |vp~0 (3.19a) 


| BA — Ty Vo AT |y, =o (3.19) 


while the (p,n) transition amplitude is given approximately by 


_ V; 
gas ~(u 227 4 


ww) (3.20) 


The potential (3.9) is written 


t-T 
V=-YV Or, Ey a) botany. (3.21) 
where 
V(r, E) = (Vie + EV re) f(r, Rrs Ag) + (Wie + EW,«)f (1, Ry, ay) 
d 
— ia,(WS,¢+ BWorc) IN R,, 4,) k=0,1 (3.22) 
r 
and where 
r—R)\ |7} oe 
f(r, R,a) =| 1 +exp{| —— R,=r,A"! (3.23) 
a 


The spin-orbit potential is 


¥ ol) = Vo 
Mm_C 


1 


> id 
) ol-— f(r, Ry3 Aso) (3.24) 
r dr 
They also take V; in the form given by (2.27) with 


1.163 
Ro = 1.149A"3 + 1.78847 1/3 — 


Patterson, Doering, and Galonsky (76) find (for details, see their paper) 


2TY 


N-Z 
Re( —-V + = (sss — 0.32E + 17.7—— Mev ) f(r, Rr, ap) 


re=id7fm  ag=0.75fm (3.25) 
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da/dQ (mb/sr) 
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© 


“= 
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FIG. 3.4. (a) Comparison: of DWA calculations with (p,n) isobar analog differential 
cross-section data; (b) comparison of optical model calculations with (n,n) elastic 
differential cross-section data. [From Patterson, Doering, and Galonsky (76). ] 
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im ay: om) =(— 1.4+0.22E) MeV f(r, R;,,a,) 
= a( 96 — 0.22E + (18.1 — ose) 2) pu R,,a; 
A dr 
N-Z 
r,=132fm a,=0.514+0.7 a (3.26) 
The spin-orbit strength 
V,, = 6.2 MeV (3.27) 


with 
ro = 1.01 fm a,, = 0.75 fm 


The plus sign in the results above refers to the proton channel, the negative to 
the neutron channel. In (3.19), T— 1 has been replaced by T. The coupling term 
in (3.20) is 


= v= [17.7 MeV f(r, Res dp) + i(18.1 —0.31E) fr,Ry,4))] (3.28) 


Comparisons with the fit to (p, p) elastic scattering data (E, = 25, 35,45 MeV) 
by Becchetti and Greenlees (69), with (p, n) cross sections for the same energies 
and the same target nuclei, *®Ca, ?°Zr, 12°Sn, and 7°°Pb, are made. Predictions 
of neutron elastic scattering at E, of about 7, 14, and 24 MeV for target nuclei 
*7Al,Fe,Sn, and 7°°Bi are compared with experiment. The results are 
satisfactory. A representative sample is shown in Fig. 3.4. 
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In this section we consider the inelastic scattering reaction, in which an incident 
projectile excites the target nucleus: 


a+A-A*+a’ (4.1) 


We assume that the process is a prompt one; that is, it is the result of a direct 
interaction. As a consequence, we expect the angular distribution of nucleon a’ 
in the center-of-mass system to be asymmetric, peaked in the forward cone. The 
energy variation of the cross section will be relatively slow, while the angular 
distribution will exhibit characteristic diffraction oscillations, a consequence of 
the relatively well-defined nuclear radius. 

At low and intermediate energies, the surface region of the target plays the 
important dynamic role. A qualitative discussion of surface reactions is given 
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in Chapter I. We repeat some of the arguments here. Let the incident and final 
momentum of the projectile be p; and p,, respectively. Since we are dealing 
with a surface reaction, the incident and final orbital angular momenta are p;R, 
and p,R, respectively, where R is the nuclear radius. The net resulting change 
in angular momentum /AAJ is thus 


implying a maximum in the angular distribution at an angle @,, given by 


9, 1 TCRar\? 
sin? = | (*2") ~(01— ps? | (4.3) 
2 4DiP r R 


When p; ~ p;, as often occurs, 


hAJ 
6.,,~— 4.4 
MTR (4.4) 


We note that 0,, increases with increasing AJ. It also follows from (4.3) that 
the cross section will vanish for 6 < 0, since in this region, hAJ <|p;—p,|R. 
This is a classical result, of course. Quantum mechanically, the cross section 
will diminish rapidly as @ decreases from @y,, so that 0,, is the first maximum 
in the angular distribution. In Chapter I this simple result is compared with 
the measured angular distributions for inelastic «-scattering by °SNi and is 
shown to give good results, especially when a Coulomb correction is made. The 
oscillations in the cross section have an angular separation A@ predictd by the 
uncertainty principle to be 


Lt 1 
AJ @qR 
Some further insight into the inelastic scattering process can be obtained if 


one makes use of the high-energy approximation to the optical model wave 
function in (1.14): 


F si) — = LP OY)» (4.5) 


We assume that y{*) and x‘) can be written as a product of the projectile wave 
function and the target nuclear wave function ‘Y; and Y, for the ground and 
excited states, respectively. Thus 


WO= Ow, 
and 
Le = oY f (4.6) 
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For didactic simplicity we have neglected the antisymmetrization that 1s 
required when the projectile consists of one or more nucleons (the effect of 
antisymmetrization is discussed on p. 195). The transition Hamiltonian H pag 
is taken to be a sum of two particle interactions between the incident nucleon 
and the nucleons of the target, and, again for simplicity, we assume these residual 
interactions to be central and complex: 


Ht =Y v(t.) (4.7) 


L 


where r; is the coordinate of the target nucleus and r, that of the incident 
projectile. With these assumptions, (4.5) becomes 


Fi = Cb) (Po) V silo)” (Fo) > (4.8) 
where 
VW slo) = CP p|D vo ti) FiD (4.9) 


The high-energy approximation? assuming a spin-independent central optical 
potential to f{* is [see (11.5.7) ] 


#9 ~ exp if keto — 2 | Paylbor2)dz || (4.10) 


—@ 


The z direction is given by k;, and bo is the coordinate vector (Xp, Yo) 
perpendicular to k;. The magnitude, bo, is the impact parameter. Similarly, 


se wexpil| kyoto + | "Vegi zhe | (4.11) 


f[v@ 


where zy is the direction of k,. In combining (4.10) and (4.11) we shail, for the 
second term in the exponential of (4.11), make the approximation k; ~k,, valid 
when the excitation energy is small compared to the projectile energy, and the 
approximation that the directions of z,,bi, are the same’ as that of zp and bo, 
implying small-angle scattering. Under these circumstances, the product 
o', *p\” is given by the simple expression 


oF * bY) ~ exp {iL (ki — k,)t]} exp) ie | Vopi(Do»2) i | 


— @ 


‘This is accurate at sufficiently high energy, E > 100 MeV [Bassichis, Feshbach, and Reading (71)], 
but the results obtained will be useful, as they are qualitatively correct below that energy. 

‘Some improvement in the last of these approximations can be made if the mutual directions of 
Zo and Zp is taken to that of $(k,; + k,). 
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The first exponential is that which appears in the Born approximation. The 
second is an approximation to the effect of the distortion caused by the optical 
potential. We note that it depends only on the impact parameter b,; there is 
no z dependence. Since V,,, has a negative imaginary component (= — iW), to 
take absorption into account, the magnitude of the second factor is less than 
1 and is given by 


exp) — i | ° Wbo.2) de | (4.12) 


— @ 


The integral is the total absorption along a path parallel to the z axis (i.e., in 
the incident direction) at a distance by away from that axis. The maximum 
attenuation for the optical potentials commonly used will occur for a ray through 
the center of the nucleus. The attenuation will decrease as b, increases, since 
the path length is shorter and the absorption generally weaker. Once 
b> R,W-0 and the attenuation will go to zero. The factor, (4.12), therefore 
emphasizes the contribution of the nuclear surface to the direct reaction 
amplitude. 

To complete the calculation, we need to evaluate V’,,(rq), defined by (4.9), 
and then perform the integral over ro indicated by (4.8) to obtain 7%). The 
problem is simplified somewhat if we let v be a delta function of strength g, 
so that 


V fi = g< P| 2, 5(o —r)¥;> 
= Ag<'¥ ,|d(to —r,)¥;> 
- Aa [plot Mltostay da (4.13) 
= Agp (to) (4.14) 
where p,; is the density matrix measuring the overlap of the initial and final 


nuclear wave functions. The density matrix can be expanded in spherical 
harmonics (in the absence of spin), 


P illo) = > Pritm(To) Yiml(Qo) (4.15) 
where 


lJ; —J | <1 < (J; + J,) (4.16) 


The quantity, / is then the transferred angular momentum. 
With these approximations, (4.8) for 7%") has the form 


T ri (dm) ~ [droeeret ritm("o) Yim(Qo) (4.17) 
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where various constants of proportionality have been omitted and one of the 
Yims has been selected. The function y(b,) is 


x(bo) an oe Vopt(Do, z) dz (4.18) 


The vector q=(k; —k,) has the components 


qz =k, —k,cos@ qx = —k,sin@ qy =9 
so that 
ql = (k; —k, cos @)Z9 —k, by sin 8 cos Pg 


The angle @ is the scattering angle, the angle between k, and k;. 

It is natural to use cyclindrical coordinates, (Zo, bp, go) in evaluating integral 
equation (4.17). Recalling that Y,,,(Q) ~ e'"?°P,,,(cos 65), the @, integral can be 
performed immediately to yield 27-i"J,,(k -b, sin 6). The z, integration requires 
the calculation of a Fourier transform of the zy) dependence of p »; 14(1'o) Pi_(COS 9). 
To obtain a rough value, we assume that the longitudinal momentum transfer 
(k; —k, cos @)R is small and that the overlap, p,; ,,,(o), has its maximum at the 
nuclear radius. The first of these assumptions holds if the scattering angle is 
small and if the energy loss 1s small compared to the incident energy. The second 
specifies the interaction to favor a surface reaction. Combined with the 
attenuation originating in y(b,), these assumptions lead to the result that the 
contribution to the z,) integral comes primarily from the z) =0 region. Thus 
the active region in the target nucleus for inelastic scattering in the forward 
direction and with small energy loss is the neighborhood of the perimeter of 
the great circle (for a spherical nucleus) perpendicular to the incident direction. 
With z, =0 one may replace P,,,(cos 8) by P,,,(0) (i.¢., 99 = 2/2). This function 
differs from zero only when | + m is even. 

Returning to ko, (4.17), one finds that 


FT $(Im) ~ Prp(0) | db pboe#" J q(kybo sin 0) | Pjarmeiti °° dz, (4.19) 


The angular dependence originating in the Z, integral is relatively weak by 
assumption. In the strong absorption model the magnitude of e’*° is zero for 
small b, and rises sharply to unity at the nuclear radius R. The I|,m component 
density matrix ,,;),,, on the other hand, drop off rapidly beyond this value of 
bo, so that the by integrand peaks at R and one can approximate 7 (Im) by 


F (Im) ~ Pin (OT nk R sin 0) (4.20) 


Thus, for a given angular momentum transfer |, 7/"(J) will be a linear 
combination of Jo, J>,...,J, if | is even and J,, J3,...,J, if | is odd. For large 
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values of k ,-R sin 0, 


Z 
Jin(k.pR sin 6) > J 008( k, Reino —=—™) 
mk ,Rsin@ 4 2 
2 ; ae ae 
+ {/———(—)””* cos| k,Rsin 9 —— m even 
mk, Rsin@ 4 
= amg sin( HR sino —*) m odd 
\ xk,Rsin 6 4 


Hence, away from the forward direction, the even / angular momentum transfer 
reaction angular distribution will be 180° out of phase with the angular 
distribution for the odd-! case. In the same approximation [see (II.5.25a) the 
elastic scattering angular distribution is proportional to J,(kR sin 6)/sin 6, in 
phase with the /-odd inelastic angular distribution. This set of phase relations 
are known as Blair’s phase rule. The agreement of this with appropriate 
experiments is excellent, as can be seen from Fig. 4.1. However, as one can also 
see, the theoretical curves fall much less sharply than experiment. 

The result is sensitive to the sharp-cutoff, strong absorption model leading 
to (4.20), as can be seen if we use a specific model for p,, ,,,- Let 


P fi,tm~T a aad 
where 
T=4(l,+1;) 
Moreover,! let e'* be 
et — 1 — e780 (4.21) 


Inserting these forms into (4.19), taking m=0, and considering only the by 
integration yields the following integral for consideration: 


Ip= | dby b2!*1(1 — e~ %0)e~ #0 J 4(k pby sin 6) 
0 
This integral can be evaluated in closed form when / is an integer: 


pe 1 r+ 1 & sin2 *) 7 Jal aa & sin? a] 
ae) pers TAN gy (uty? “1 \ 4+) 


(4.22) 


This is a simplified version of the form used by Lee and McManus (67). 
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SCATTERING OF 
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e 
Cq*42 
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RELATIVE INTENSITY 


FIG. 4.1. Comparison of the Blair theory with experi- 

mental data for the elastic and inelastic scattering of 

20 40_ 60 80 31-MeV «-particles by *°*7Ca. The elastic and / = 1 data 
C.m. for *°Ca, all others are for *7Ca. [From Austern (70).] 


where p;,, 18 a polynomial of order 1+ 1 in the variable indicated. Compared 
to (4.20), the new feature is the exponential decrease [ x (k* sin 0/4y)'*2] with 
increasing scattering angle, as required by the experimental data. Comparison 
with the data indicates that the experimental situation lies between assumption 
(4.21) and that leading to (4.20). 

At sufficiently small angles, 


F (Im) ~ sin'™! 6 (4.23) 
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so that for even /, the dominant term is the J. one, whereas for odd J, it is J . 
Thus the angular momentum transferred is approximately perpendicular to the 
scattering plane. 


A. Diffraction 


The oscillating angular distributions are very similar to those that prevail in 
the diffractive scattering of short-wavelength sound and electromagnetic waves 
by absorbing obstacles. In these classical cases, it can be shown [see Morse and 
Feshbach (53, p. 1552) ] that the scattering in the forward direction is given by 
the radiation from the shadowed surface of the obstacle. The illumination on 
that side is taken to be zero, y = 0, so that the scattered wave w, = w — wW; on 
the surface is just equal and opposite to the incident wave, w;, evaluated in the 
surface. This classical case is developed for elastic scattering. In the discussion 
that follows we extend the diffractive analysis to quantum-mechanical inelastic 
scattering. 

This development focuses on the projectile wave functions. The dependence 
on the target nuclear coordinates is carried along. The final expression is then 
an operator whose matrix element with respect to the initial ‘¥; and final Y,, 
the target nuclear wave functions, yields the transition matrix for direct inelastic 
scattering. The full Hamiltonian is used: 


(E—T, —Hy —V°"')¢ =0 (4.24) 
where Hy is the Hamiltonian for the target nucleus, Ty the projectile kinetic 
energy operator, and V°"' the full many-channel optical potential. The target 
nuclear variables in both H, and V°', and therefore in @, are temporarily to 
be regarded as constants. We shall replace Hy by E; for ¢ = @; and similarly 
for ,. This is known as the adiabatic approximation. The equation for 77" 
can then be written as 

FE = | QOVPDOIY:D (4.25) 
Substituting for V°"'¢'") from (4.24) leads to 

a = CP lo *(E ee To) O)|'Pi> 
But o>, satisfies (4.24) in the absence of V°", so that 
(E — Ty — Hy)oy” =(E—T) — E oy? =0 
that is, #[) is a plane wave. Replacing E, then, by Ty + E, yields 


Dee = CY \(Toe%) 0)” — 0%(To’) a (E, = Eero |Pi> 
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The last term vanishes because of orthogonality, so that 


FT = ¥ -|M|P;> (4.26) 
where 
hi? 
Ma | aro lotV26 — (V298)0 (4.27) 


M is an operator in target nuclear space because of the dependence of ¢; on 
target nuclear variables such as the radius. Assuming that p,; falls off sharply 
beyond the “nuclear radius”, R, the integral in (4.27) should be evaluated within 
the nuclear volume. Writing first 


“ky 
¢\”? aed Se Decait 


so that for k, yk; 
hh? 
M=-— 2 {ar LOFV oP scat ne (VoPF)Pscate] 
and using Green’s theorem yields 
h? z 
M =-— oi dSno° Lo; VoPecatt = (Vo9F)Pccattl 


where ny is the outward-pointing normal to the surface. We can break up this 
surface integral into two parts; the front half of the nuclear volume in the 
shadow and the back illuminated portion. The front half leads to the diffraction 
scattering. On that front surface, @,.., scattering equals — e'*'', so that the total 
@ is zero. Hence 


h? 
= é —iker ikj-r —iker ikj-r. 
M gite = yr AS gg Le Voe — Vole yer r | 
front 


It can be shown! [Morse and Feshbach (53, p. 1552)] that the surface integral 
can be reduced to a line integral on the edge of the shadowed surface. (If the 
scatterer is spherical, this argument is not necessary, as the surface integration 
over the spherical surface can be readily performed.) As a consequence, any 


+The transformation is known as the Maggi transformation (Copson). A Simple proof [Morse and 
Feshbach (53, p. 1552)] notes that the quantity in brackets is divergenceless if k, ~k,, already 
assumed. It may then be written as the curl of a vector and by Stokes’ theorem reduced to a line 
integral. 
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surface will do. We shall use a disk bounded by the surface edge, assuming that 
the edge is a circle perpendicular to the incident projectile direction. In that 
event 


hh? 2n B . 
Maur = — ik + 008) | io) b db e7~ ikrbsin@ cos ¢ 


kh? 
= _ Rn “ao | b db e7 tkrbsin 8 cos (4.28) 


Ll 


Note. It 1s possible to improve on this result by using the high-energy 
approximation for ¢,,. From (4.11), 


—ik — i(ufh7k -) Vopt(bo.z)d 
Ge ero eM EM gMonboate _ 19 


to be evaluated on the shadowed surface, that is, at z) = (R? — b’)'/*. For strong 
absorption the first term is negligible. 


To illustrate the use of this formula, consider the case for which the disk radius 
B is given by 


B=R+¥ Lim rn(% 6) (4.29) 


where ¢,,, are operators in the target nuclear space. Such an expansion is 
employed in the Bohr—Mottelson picture when the target 1s a spherical vibrator 
[see Chapter VI) in deShalit and Feshbach (74)]. The disk of integration is 
circular, passing through the center of the nucleus. Hence @ in Y,,, 1s 2/2. Then 
to first order in €,,,, 


— ikh? (?" Bs ite nd 1(1—|m)r 2 
M aice = | io) | e iksbsin Ocos op db+R Eén(-| 9 + (/ |m|) 
Lh 0 0 4x [+ |m!|! 


x P, (O)e'"%e —iksR ia 
m 


2 ikh? = 1/2 
eye | Jo(kybsin bab + RS g,,| 22 IO— Imi 
r 4x (1+|m))! 


x Pig(O)( —)"/24-™J,(k pR sin ) (4.30) 


Matrix elements of M4is¢ must now be taken between initial and final nuclear 
states. The first term in (4.30), under the assumption that the target nuclear 
density is constant over the nuclear volume, yields the elastic scattering 


4. INELASTIC SCATTERING 417 
amplitude 


2nih*R 
MG) = — vang kr sind) 


and the differential elastic cross section quoted earlier, 


da \& J,(k,R sin 0)|? 
( ) _ p?! i( f )| (4.31) 


AQ sice sin? 0 
The inelastic cross section is given by 


do \"nel 21+ 1(1—|ml)! 
wee = (k?R7) | Ww a wy ie ! 
em aK slsinl Fil) (1+ |ml)! 


lO? | \Jin(k pR sin @)|? 
(4.32) 


One can verify that the Blair phase rule is a consequence of (4.32) since P,,,(0) 
differs from zero only for | +m even. 

To finish the calculation we need to specify the properties of the target nucleus 
-as described by ‘¥, and ¥; and the quantities ¢,,, that follows from the dynamics 
upon which (4.29) is based. The nuclear model that can readily be inserted into 
this theory is the model of Bohr and Mottelson (62). We consider two situations: 


Vibrational Nuclei [see deShalit and Feshbach (74, p. 471 et seq.)]. In this 
case the target nucleus is a vibrator with sets of equally spaced levels. The 
spacing of each is given by hw,, where w, can be expressed in terms of a mass 
parameter B, and a force constant C;: 


[Ci 

Ww, =— arene 

B, 
The excited states can conveniently be thought of as consisting of the ground 
state plus a number of phonons. Each of the phonons carries an energy hw,, 


and angular momentum /, with a z component of m. In terms of this model 
[see deShalit and Feshbach (74, p. 473) ] 


h 1/2 
com = ( Ane bt, (4.33) 
rd 


where b}_ is a boson creation operator, creating a phonon of the Im type. If the 
final state involves a one-phonon excitation, 


Y amare bl ®, 
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so that 
h hw 
YG = =—— 4.34 
CP pl Com ‘Pi >| 2Bw,  2C, (4.34) 
independent of m. Therefore, 
do \ned hw, 21+ 1{ .(1—|ml)! 
— = k?R2 5 —_. ~~ [ P,_ (0) ]?|J,,(k,R sin 6)|? 4.35 
ee 256, dn Campy MOT alk sR sin I" 7 G35) 


From its derivation it is clear that hw,/2C, is a measure of the amplitude of 
oscillation away from the spherical equilibrium shape. 

The analysis above can readily be extended to multiphonon states by 
including higher-order terms in the evaluation of M gic- of (4.30). The Blair phase 
rule in its simplest form will not be valid if both single phonon and multiphonon 
excitation are equally important. Note that the effects of the Coulomb 
interaction, which can be of great importance, have been omitted in this 
discussion. 


Deformed Nuclei. We begin with the more complex expression for the 
deformation given on page 471 of deShalit and Feshbach (74), which we rewrite 
as 
OR = YO Y*_(0'9’) (4.36) 
lm’ 
The volume-conserving term has been omitted in (4.36), as it will not play a 
role in the excitations discussed below. The angles, (0’, ’), are in the body-fixed 
system, so that the expression in (4.36) needs to be transformed to the scattering 
frame [see (A.2.26) in the Appendix of deShalit and Feshbach (74) ] as follows: 
SR = J Ot D yirm'(Ox) Y inl 9s.) (4.37) 


where 6, are the collective coordinates. Therefore, 


Chm = 3 tn D” (8) 


The matrix element in (4.32) becomes 


OP 5] Sim Pid = DE | Din’(x)Otim’ |: > 


where the nuclear wave functions are given by (VI.4.9) in deShalit and Feshbach 
(74). The value of this matrix element is given by (VI.6.9) in deShalit and 
Feshbach (74): 
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(1K pM p| OD, [LiK:M;> 


=(—)M~K./(21; + (21, + 0( Ay a ) 


M, m M; 
I, l oT; 
x CK 6 | te | K > +(— 
ie ie sa sletim| Ki) + (=) 
I; l I; 
x K ¢|Qimr| — K; 4.38 
4 fe 5|etm/| — >| (4.38) 


where the quantum numbers I;, K; and M; specify the initial rotational state 
of the target nucleus, I ,, and so on, specify the final state. The matrix elements 
of «,,, are taken with respect to the intrinsic wave functions describing the 
rotational nucleus. 

To obtain the cross section we must take the square of the magnitude of 
CP rl Cun|‘Pi>, sum over M,, and average over M;. We need consider only the 
factors outside the brackets in (4.38), since they contain the entire m dependence. 
We recall that 


1 CEN? Oe 
y (21; + ear, +0( | ee aa (4.39) 
21;+ 1 Mim; M, m M. 24-1 


Note the important result that any dependence on M disappears upon summing 
over final states and averaging over initial states. As a consequence, in (4.32) 
one can remove the matrix element of €,,, from the sum on m: 


do a a | | (1 — |ml)! , | 
(=) =k*R 2g, ol cull ¥:>| dim)! fe py Pim(O) [J in(k -R sin 0| 
(4.40) 


We see that the excitation of rotational level leads to same angular distribution 
as the excitation of a vibrational level for each multiple given by the expression 
within the braces in (4.40) and (4.35). The weighting of each multipole will differ. 
For the rotational case [see (VI.7.1) in deShalit and Feshbach (74) ], 


[CP ep llcrll Pid] = BR 


A more detailed microscopic theory would need the more detailed statement 
for (4.38). 


B. Adiabatic Approximation and Elastic Scattering 


The calculations described in Section 4.A are examples of the use of the adiabatic 
approximation in which the scattering of the projectile is determined in terms 
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of properties of the target nucleus that are considered to remain fixed during 
the encounter. This is a reasonable description if the passage time for the 
projectile is small compared to the periods of the characteristic modes of motion 
of the nucleus. The passage time t, is approximately given by 


R | mc? - 
T.~-—™~ aS eee 
Pw C 2(V + E) 


where V is a measure of the interaction energy given by the real part of the 
depth of the central components of the optical potential. It can readily be shown 
that the characteristic times associated with rotation and vibration are much 
longer than the passage time. However, t, is much shorter than the characteristic 
times associated with single-particle motion only if the energy E is sufficiently 
high. 

When the adiabatic approximation is valid, one can consider the projectile 
scattering to occur in the presence of a fixed configuration of nucleons of the 
nucleus. The resulting projectile transition matrix, 7 ,, is then a function of the 
target nucleon coordinates. Its matrix element with respect to the initial and 
final nuclear states gives an approximation for the transition matrix for the 
process. 

To be more specific, the many-body Schrodinger equation describing the 
projectile—target interaction is 


(E—H, — V,,— T,)® =0 (4.41) 


where H, is the target nuclear Hamiltonian, V,, the interaction of the projectile 
with the target nucleons, and T, the projectile kinetic energy. Centre-of-mass 
frame variables are assumed. If we now consider the target nucleons to be fixed, 
(4.41) becomes a_ single-channel equation whose transition matrix is 
F (0 1,¥2,..-;K,, k;), where r; are the coordinates of the target nucleons and k, 
and k;, are the final and initial momenta, respectively. Only when the scattering 
is elastic will k;=k;. The transition matrix for the nuclear transition ‘¥,;> ‘VP, 
in this approximation is given by 


FT p= | TF (01.02, --) PD (4.42) 


This adiabatic approximation is an essential part of the multiple scattering 
formalism of Chapter II. We now wish to discuss its use when collective 
coordinates are the primary nuclear dynamical variables involved in the 
collision. In that case we go to the energy averaged optical model as described 
in Chapter III, with the consequence that (4.41) is replaced by 


(E—T,—V..)x =9 (4.43) 


where the collective coordinates such as the nuclear radius appear as a parameter 
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in V,,.. The transition matrix corresponding to (4.43) will then be a function of 


the collective coordinates, which we shall symbolize by R, so that 
T ,=T7 (R;k,,k;) 
The transition matrix element for the transition 1s given by 
F p,= %|F (Rik, k) VY (4.44) 
The Austern—Blair result [Austern (70, pp. 278-280) ] is a perturbation result 


in which R is assumed to be close to a fixed value Ry. When the perturbation 
involves the projectile coordinates, it is convenient to write 7 , as follows: 


F A(R; k,, kj) = | | eke T (Rex, ro)eiki dr dry (4.45) 


Perturbatively, R is given by 


so that 
FT AR; K;, k;) = TF (Ro; k,, k;) ot oT , 
where 
0 —ikr: ik.- 
07 ,=~— |J|e "TT (Ro, tro )dRe™ "dr dry 
ORy 
= ee eK TSRV(r, Ro )WOO(k;, ¥; Ro) dr (4.46) 
ORo 


Austern and Blair proceed by expanding w‘*) in a partial wave series and 
evaluating the integrals term by term. This is left as a problem for the reader. 

In the case that we are dealing with, surface reactions, it is possible to develop 
expression (4.46) further without resorting to a partial wave expansion. Let us 
then assume that 


OR = 6R(¢;r, 6, ) 


where, as before, € represents a set of operators operating on the nuclear wave 
functions ‘Y , ;. Then (4.46) becomes 


57 , = ae | dre~ ks *SR(Es7,0, b)V(r, RoW? 
Ry 


We now make use of the fact that 6R can be written as a function of cos 6 and 
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e*'? and these can be expressed as differential operators as follows: 
—ike-: : k; —ikry- 
cose ST =i—-V,,e 
kr 


where the z direction has been chosen along k;. (It is, of course, possible to 
make a choice that will result in a more symmetric final expression.) Second, 


ete tt 0 tie ler 
r\ak,. Oky. 


5F p= J BR| ER a ( d 
k,Ry Ro 


a 
—+i——]|7,(Rosk,,k;) > (4.47 
3k, ml p(Ro; Ky 1 (4.47) 


where r has been replaced by Ry because of the surface reaction assumptions 
and oR[-] is defined by 


OR[E; cos 6, ef? ] = 5R(E; 0, d) 


The net transition matrix given by (4.44) is obtained from (4.47). The quantity 
TF (Ro; k,, k;) is not the elastic scattering amplitude since k, £k;. At sufficiently 
small angles (where in any event the DWA is most reliable) and for sufficiently 
small energy losses, E, and E;, and therefore k, and k;, can be replaced by some 
average value. Another approximation suggested by Hahne (67,68) [see also 
Austern (70, p. 280) ] is appropriate when the Austern—Blair partial wave analysis 
is used. For the formulation above we have only the Schwarz inequality result, 


IT (Ro; ky, ki)| <|F (Ro. ky, Kp)F p(Ro, ki, ki)” (4.48) 


This implies that the geometric mean may be adequate but useful at best only 
for a low order of differentiation in (4.47). 


C. Formal DWA 


The numerical evaluation of the direct transition matrix element given by (4.8) 
and (4.9) for a given model of the nuclear structure has been studied extensively, 
and a number of computer codes for this purpose have been developed and 
widely used. In this section we carry out the kinematic reductions to the point 
where numerical methods must be invoked. To illustrate the methods involved, 
we consider the somewhat simplified case for which the optical potential defining 
the distorted wave functions $,; is spin and isospin independent, as is 
appropriate when the exciting projectile is an «-particle. 
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Consider the form factor W ,,(ro) defined by (4.9). Because of the antisymmetry 
of the wave functions ‘Y, ;, (4.9) can be rewritten as 


WV pi(¥o) = ACJ ,;M,|v(¥o,8,)|Ji:M;> (4.49) 


where A is the mass number of the target nucleus and J,; and M,,; are the 
angular momentum quantum numbers for the nuclear states involved. Recall 
that ry is the projectile coordinate. The interaction can be expanded in a multipole 
series: 


v(Fo. 1) =), (To, 1 (—) T2,(O)T (1) 


lu 


where T is a spherical tensor that depends on spherical angular coordinates 
and spin.t Taking the matrix element in (4.49) and using the Wigner—Eckart 
theorem, one obtains 


te. I o, 


Vip=A (yom 
n= Ay —M, uw M, 


Ju, loro. PTO) | Ji)(—YT? (4.50) 


where the reduced matrix -element involves an integration over r,. 
From the properties of the 3 — j symbol it follows that the angular momentum 
transferred equals I: 


If v is spin independent, so that TY ~ Y,,, the transferred parity is (—)’. If 
J; =0*, a spin independent v, will excite only states of natural parity, that is, 
states with spin | and parity (—)', such as 0*, 1~, 2*, and so on. When spin 
dependence is included, FO can include as well 


[#¥, Qo] = YF (key, Leg |IM\P% Oe, (4.51) 


K1K2 


To indicate the composite character of such a term, the notation T“” is often 
used. We shall for the most part not use this more detailed notation in this 
section. The presence of such terms as well as spin-dependent terms will permit 
transitions in which for J; =0*, states of unnatural purity can be excited. 
The reduced matrix element in (4.50) is directly dependent on the nondigonal 


*If there is no spin dependence, 


An 
v(To,T1) = y v,(To,1 1) 


| aT | 
rm 4] ie 1 (i Yim(fo)) (i Yim(P1)) 
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density matrix, p,;. The matrix element can be determined from 


i 0 a 
VJ loro, 7,)T | J; 
hs J ‘ye plloro, %1)T™ | Ji) 


= fer, M -=J 530158 2,---)0(To; r,)TO(#,)¥ (J; M,=J,3r,%>---)dr, dry -- 
= | prteciato r)TO@,) dar, (4.52) 
where 
Pri= [vn M , =J5501,02,--)Vi(Ji, Mi = J 501, 02,...)drg- 


As a probe of nuclear structure, inelastic scattering thus provides information 
on p,;. Other probes (e.g., inelastic electron and pion scattering) act similarly, 
however weighting p ,; in different ways, depending on the excitation interaction 
responsible. That is, the operator, v,(ro,r,) in (4.26) depends on the probe 
involved, but p,; does not change. By using a variety of probes it is possible 
to determine the space-symmetry structure of both p,; and the interactions 
involved. It should be emphasized that this conclusion relies on the validity of 
the DWA. 

We now insert multipole series (4.50) into the expression for the transition 
matrix 7 ,;: 


F 5= GOV 10 (4.53) 


where ${*’~) are solutions of the optical model Schrédinger equation with 
indicated outgoing and incoming boundary conditions. Expanding these in a 
partial wave series (the assumption of spin independence for reason of simplicity 
is made at this point) yields 


go) =F (21, + Di P, (kK, fe a 
r 


=) /4n(2I; + DB o(ke fe (4.54) 


The complex conjugate 6° ™ is 


oF" =) Ql, + YIP, (—k phe) 
rh 
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Using the properties of P,,, such as the addition theorem, we obtain 
(-)* = . id u, (r) 
Py 4n) y* Ir, mkt) Yi m,(Ki"k per Lo: (4.55) 
f 
Combining these results with (4.50) it is an easy matter to obtain 7 ,;: 


Fp =(n)PE (yom emsim a | - ‘aici 
—-M, m M;/\-m, 


—m OQ 


x IOUT p51 J eeut DY, (ki kp) (4.56) 


where I is given by 
OU, J 5 lJ) = aa | T° O)v,(ro, 71) TO) | Fils) (4.57) 


We now must average the square magnitude of 7 ,; over M; and sum over M,. 
One obtains, using the 3 — j normalization [(A.2.70) in the Appendix of deShalit 
and Feshbach (74) ], 


V i lp t+ Lj 
I a Fra nm)? ) Y——___+__— (2; + DE + —yjf f— mys —my 


OF ae (21+ 1)(2J; + 5 


l l; I’ l [’ 
‘s ( : )( J ' \ Yim; 
—m, —m Q —m, —m 0 


x ells + pF, FHIOU TS IMO (UT tJ) (4.58) 


This can be written as a sum over multipole order as follows: 


dy IF sil? =(4n)°?> yD (“yom fh +0) 


2J,+1 mim; Lm (21 + 1)(2J; + 1) 


Ly li,smy 
x ( e : Yim LOLS 53 See +oip) (4.59) 
—m, —m 0 


a result that is often the most convenient one to use. However, it is possible to 
carry (4.58) further by expanding the product of the Y’s in (A.2.35) of deShalit 
and Feshbach (74): 


| sti (2l'. + 1)(21, + 1)(24 + 1) 
Ve =(—) oy ps at ese ER gs 2 
fmf fF sms A Ar 
«(4 ly sl I’, d "Ya 
0 0 O/\-—m, my HL 
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The resultant product of 3 —j symbols can be summed to a 6 —j symbol using 
(A.2.93) of deShalit and Feshbach (74). Finally, relating the result to the reduced 
matrix element of Y, gives 


rie (easy (th & 4 
7 si “Loy. reat 0 0 (ally V4) 


x eildr, + 51, ~ 51, — oF, POULT p51; qi: MO, J sh; UJ. :)P ,(k ,- k,) 
(4.60) 


The cross section is obtained by multiplying this result by (u/2mh’)*(k,/k,). The 
total inelastic cross section o{"*” is given by 


k | 
(ine!) _ Ht WIS OL Te LJ) [Re > 2H Ory + 90) 461 
ot (45) 5 Sa cate (I, J ys45,) (4.61) 


The properties of the reduced matrix element of Y, in (4.60) provide most 
of the kinematic properties of the reaction. It vanishes unless 


t+1l=Il, 
h+l=1, (4.62a) 
+.=1, 

l-+r=I, (4.625) 


[,+1,+A=even number 


.+1.+A=even number (4.62c) 


where the last equation is a property of the 3 — j symbol multiplying the reduced 
matrix element of Y,. Relations (4.62a) show that / is the angular momentum 
transfer. Equation (4.62b) yields the C.N. Yang result on the complexity of the 
angular distribution, namely that A < min(2I,, 2/,). Other properties are present 
in the J® factors that contain the reduced matrix elements of T. These will 
be proportional to [see (A.2.48) in deShalit and Feshbach (74) ] 


Ie i Fy, cP a 
(a) (“ : ‘) and __(b) (\; ; (4.63) 


The first of these combined with the results (4.59a) yields conservation of angular 
momentum for the reaction 


4. INELASTIC SCATTERING 427 


while the evenness of J, +1+J; and 1,+1+1; yields conservation of parity. 
The dynamics of the reaction is contained in the J“ factors, as these involve 
integrations over v,(ro,7,). Note also the exponential factors in (4.60) and (4.61), 
which explicitly demonstrate the effects of absorption in both the initial and 
final optical model channels. 

Some further insight into the kinematic factors can be obtained for strong 
absorption in the limit J; , > 1. In the case of strong absorption, the contribution 
to (4.60) comes from a narrow range of |; and of I,, so that /;~ J, and I, xT. 
It therefore becomes a good approximation for the expression appearing in 
(4.60): 


it 
Be : NGAI 


=(—)tats /(21, + 120 + Yl, + YOM, + (244 1) 


: . mt [’ he ly f (4.64) 
0 0 O/\O 0 OSU, FA 
to! ‘replace J; and J; by an average value, I, and similarly, / y and I. by I, yr Then, 


using the result valid for large I, f [Brusaard and Tolhoek (57); Bicdepharn (53); 
Racah (51)], we have 


7. 7 [+l +ly 20 
i; di f= pcos 3 
ly TAY ./2K, + 1)Q1, + 1) 

~— 1)—1,,+1)-L,,4+1 
cos(I(I,-I,)) = + Y—- AG + YE + YD 


so that 
(4s : 5 ) isn) = Jobs per pers 


0 0 0 
AVG 4 _ 

i “\b (cos I(L-] 
«(4 0 ale 0 3 cos M(lrTy)) 


(4.65) 


From the expression for cos(I;- 1,), we see that |P,| achieves a maximum value 
close to unity when /=1,+1,, for then the cosine is close to +1. The two 
vectors, the incident angular momentum I, and the final 1,, tend to line up, to 
be parallel or antiparallel, the net sum being equal to the multipole order /. If 
the multipole order is large (e.g., J, > 1, J, > J;), then either iF or |, or both are 
large. As we shall see, the matching condition that maximizes the integrals 1 
when the energy of the incident beam is much larger than the excitation energy 
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yields |; ~1,. Under these conditions |; +1, ~ 1/2, so. that the maximum value 
of A will be J, the multipole order. At sufficiently high energy and large multipole 
order, the angular distribution (4.60) will reflect the multipole order quite 
directly. This consequence has clearly been verified by inelastic proton scatter- 
ing experiments for energies in the range above 100 MeV. Here it has been 
possible to determine, as we shall discuss, the nature of the coupling potential 
v(Io,1,)- 

To go further it is necessary to examine the integrals I. We take the simple 
case, the excitation of a single nucleon creating a residual nucleus in a particle— 
hole state. Consider the excitation of a nucleon in an orbital (j;, A;,m;), to another 
orbital (j;,A,,m,), where j is the total nuclear spin, m its z projection, and A 
the orbital angular momentum. The corresponding wave function is 


R 
|jmAs) =>, jn Ang 35) Y p mpoms 


mA (0) 


Additionally, to keep the discussion as simple as possible, let the interaction 
v(fo,Fr,) be spin independent, so that 


(ak = Y i 
It immediately follows that 


4n 


IO (Lips lLj)= kk (I, || Y ||| LG pN poll iA BI OU pips lj) (4.66) 
phi 


where 
IO (Up igs Lji)= | Jus trodRe, rato r1)U,(To)Ra(lo) aro ary (4.67) 


The reduced matrix elements are given in (A.2.48) and (A.2.49) of deShalit and 
Feshbach (74): 


1 i 1 
(Lp 4B I) =e 82, + 272, + 74 7, 
: 0 0 0 


j lj; 
Cig PBL VARNA) = OME (YOO = A ay+n 
= 2 2 
x (2j, + 1)4/2(21 + 1)1/? 
We note parity conditions 


1+ 1,+1,=even number 


A,;+A,;+1/=even number 
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so that the parity change in the projectile wave function is compensated by 
the parity change in the nuclear transition. 

The double radial integral depends on the transition densities, pf) = RX Ra; 
and p%? = u,,U,,. The Coulomb repulsion plays an important role. Obviously, 
a strong repulsion will reduce the value of p{). The density p%) will also be 
reduced in the nuclear interior if the effective absorption in the projectile 
channels is large. Under these circumstances, Coulomb repulsion and/or strong 
absorption, surface reactions will be favored. The cross section will be greatest, 
then, for nuclear densities p‘j) which peak at the surface, an effect that is 
strengthened if v,(ro,7r,) is largest on the surface or short ranged. Maximum 
overlap at the surface occurs for /f and I? such that 
UY ~d fe ~R 
ks 


wea 


1 


For |; and 1, greater than |? and Vis respectively, the angular momentum barrier 


will further reduce the amplitude of u,, and u,,, so that ¥ will be small for 
these values of /; -. Thus the major contributions to the angular distribution 
comes from a narrow range in /; and [,, a result that has been employed above 
and in agreement with results obtained using the WKB approach leading to 
(4.20). 


D. Exchange Effects 


The effect of antisymmetry with respect to the incident nucleon has not been 
explicitly considered. In the “naive” approach the incident-state (and similarly 
for the final-state) wave function used above is antisymmetrized: 


$7 OW,1,2,...) > ALO OW.(1,2,...)] = (: = Po, 6S (12 ---) (4.68) 


where Po, is the permutation operator, for example, 


Poi (Owl, 2; ene .) = p$ (Iw (0, 2s os .) 


However, this procedure is incorrect since the resulting initial- and final-state 
wave functions are not orthogonal. In fact (see Section III.5), 


it 


A+ 5K APS OW s(1, 2, Nb, OWI, 2...) = CO O56: — K,|¢° 


where 


K ,-((¥,¥o) = ACW, (t,82,---|Wi(to,F2,---> (4.69) 
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The resolution of this problem is indicated by the discussion of the impact 


of the Pauli principle upon the theory of reactions in Section III.5. We recall 
[ Eq. (III.5.33)] that 


EU, = 2 CW A ce SW yu, > (4.70) 


I 
= (Hard ( 5 +5] Uy) (4.71) 


which are simply the coupled channel Schrodinger equations in which the target 
wave functions range through a finite set {y,}, v=1,...,n. U, is the projection 
of the Schrodinger wave function on y,: 

U,(0) =<, (1,2, ...)[P> (4.72) 
The function u, is given by [see (III.5.15) ] 


U, =u, — > Ky y v= (J _ KY), yty: (4.73) 
where all eigenstates w“ of K,,, with eigenvalues 1 have been removed, as 
indicated by the prime on K. These are the superfluous solutions of Section [II.5 
satisfying the condition (III.5.9) 


AY ow, =) (4.74) 
Hence 
K’,.=K,,-Y ol) <a (4.75) 


From (4.71) the DWA amplitude with Pauli principle included is 


AY. vast?) (4.76) 


Ty — ( UL Ws > (Fo, Fi) 


i 


1 1 
_— U = U; 
7 d (, — z).. . ‘ ~~ ah 


where the last of these equations is a consequence of the initial condition on 
U,.. Equation (4.75) implies orthogonality of U,w, with v%yy,u,. 
Orthogonality does indeed follow: 


4. INELASTIC SCATTERING 431 
CU sh | Sbyuy > =) CUO — K') py lu 


: ; i 
=Y CUP |\-K (5 +) Ue 


= {UD 5, US =0 


since i #f. 

Evaluation of (4.76) requires the determination not only of U, and U; but 
also of the eigenvalues and eigenfunctions of K, those for which the eigenvalues 
are neither 1 or zero. The problem of determining K for the shell model 
description has been solved by Friedman (67) Some of his results are given in 
Section III.5 (see (III.6.51) and (III.6.52)]. In the case where the eigenvalues of 
K are 0 and 1, u; equals U;. This simplest case occurs if the wave functions yw, 
are Slater determinants made up of mutually orthogonal single-particle wave 
functions. 

Returning to (4.76), one obtains 


Da v(Fo, r;) 


J 


De = ( US (ro W (1, Po,-- .) 3 W(t, I2,--. Just) 


> V(Fo,T;) 


J 


— a( U (ro )W (01,825...) 


dV (Fos Fas-- Juin) 


or 


Ze = A( US (ro W(t: ro,-..)/0(Ko,r,)(1 — Pod, W (01,0... Just) 


= 4( Ul (ro) p(t, Fy,.. iS V(Fo, r;) y W (ro, 12... use) (4.77) 


Thus 7 §;" consists of a direct term [the first term in (4.77)], an exchange term 
referred to as the knock-on term [the second term in (4.77)], and finally, the 
heavy-particle stripping term [the third and last term in (4.77) ]. The knock-on 
term is just what would be expected if one is dealing with a two-body interaction 
in which the rest of the target (the core) does not participate in the reaction, 
that is, acts as spectator. In the heavy-particle stripping term the particle labeled 
Fr, becomes unbound while the particle labeled r, becomes bound, under the 
influence of interactions, v9, + V93--:. This is most unlikely, being proportional 
to the “amount” of u‘") (r,) present in w,(r---), going to zero if u{*) and yw, are 
orthogonal. This, indeed, would be the case if w, is a Slater determinant of 
bound orthogonal orbitals and u{*) is a continuum wave function that is 
orthogonal to all bound single-particle wave functions. It is the virtue of ant- 
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symmetrization and the elimination of the superfluous states that one is not 
required to include, in the sum over v in (4.26) and (4.77), terms in which any 
of the target nucleons are in continuum orbitals. It appears, therefore, to be a 
good approximation to drop the last term in (4.77), that is, to use models in 
which the u, are orthogonal to w,. 

Finally, one makes the approximation of dropping all but wy; in the sum over 
v in the leading terms of (4.77), so that 


i a ~ AC UY (ro Wi p(r1, r,..-)[U(Fo, r.)(1 — Pox)|WiAty,02,-..)uj'(Fo)> (4.78) 


This result is also obtained in the high-energy limit where first-order multipole 
scattering theory applies. The impulse approximation, in which the incident 
projectile interacts only with one of the nucleons in the nucleus, 1s applicable 
and only the two-body Pauli principle, as in (4.78), is involved. Comparing 
(4.78) with (4.76), we see that this approximation is valid only when the 
eigenvalues of the K matrix are either 1 (the Slater determinant case) or zero. 
When this is not the case [Friedman (67) provides important examples; see 
Chapter III], the orthogonality between the initial and final states is destroyed 
in this approximation and one must keep the sum over v in (4.77). 

The importance of the errors induced by the approximations is not clear. 
The initial wave functions and the interactions v,, used in (4.78) are determined 
empirically, for example, from elastic scattering. Then some of the required 
attributes of the wave functions used in (4.78) may be implicitly contained. 
However, that these sufficiently reduce the error remains, at the present time, 
a speculation. 

The operator Po, equals the product of the space exchange P3},, spin exchange 
P>,, and the isospin exchange operators P95,: 


Poy = PoP oP on 
Introducing the projection operators P*? of (2.84), where S and T are the spin 
and isospin quantum numbers of the two nucleon system, respectively, one 
obtains 
Por = Poi (Poi — Poi — Por + Por 

= Pod (— PT Poy 

Therefore, using (2.89) yields 
Voill — Po)= > Ue Por tl — Po) 
ST 


=¥ vSMpsMry —(—)8+Tpx ] (4.79) 
ST 


When S + T is odd (i.e., in states in which the relative wave function is even), 
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the direct and exchange terms add, whereas when S$ + T is even, they have 
opposite signs. 
Inserting (4.79) into the expression for the transition matrix (4.78) yields 


ti AU WoW ty, 87, tog Poy (lL —(— Prt PS Wits S30. uy o)> 


where the spin and isospin coordinates are explicitly given. Then 
Of — = 
F =A YUP (tos 8h, EPG 1, Gos to)voT” (os Sos to) > 


—(— PTT CUOGoshtd) KEP (ry; PoGot)V5 4,4 (Ry, Sq to) >] (4.80) 
where 


PF 1, Got) = Wty) PSY Wilts ++) (4.81) 


and 
KEM (015 Fos Got) = CW p(y, 84,015---| PO | Willos S15 t45---)> (4.82) 


The transition densities p';" are a generalization of the one-body densities 
discussed earlier [see the note following (2.82)]. They occur in the Born 
approximation (distorted or plane wave) treatment of the inelastic scattering 
from w; to w, produced by a collision with a nucleon, pion, electron, and so 
on. Generally, then, these densities can be deduced by considering the data 
obtained with all of these projectiles. The data obtained with electrons play a 
central role since in that case the interaction is best known, although exchange 
current effects do introduce some uncertainties. 

The mixed density K&"(r,,ro) is present only for the nucleon projectile case 
because it is only then that the Pauli principle acts. It does, however, occur when 
second-order (multi-step) processes are considered and then is intimately related 
to the correlation function [see Feshbach (81) ]. 


C p(t 1, r,)= P rill, r)— P fills) Pill 2) aa Pr s(¥1)P rill 2) 


However, up to now it has proven difficult to extract this quantity from 
experiment. 

In a complete DWA theory one will need to diagonalize K&"(r,,ro) to most 
readily obtain orthogonality as discussed earlier in this section, and that 
diagonalization can be used in this context as well. We write (dropping the 
superscripts S and T for notational simplicity) 


K - (ty, ro)= > w(r1)> < w(K) 


where w, are the eigenfunctions of K and w”” is its component in the final state 
channel in (see the discussion in Section III.5). These are single-particle wave 
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functions. They are finite in number and permit a relatively simple evaluation 
of the exchange term in (4.80), which involves the matrix elements 


DK UF ro) WIP(F1)| P01 We '(Fo)us (Fs) 


The local approximation is generally used in evaluating the exchange term 
in (4.80). The technique is identical with that used in the discussion following 
(2.9). Consider (suppressing spin variables) 


Vexcn(Fo)ut” (Fo) = |K fil, ro)v(r, — ro)ulr,) dr, (4.83) 
Introducing p =r, —fo, we obtain 
Vexcn(Fo)Us* (Po) = |x plP + Fo, 0o)v(p)ul” (ro + p) dp 
= [x silP + Fo, Poet?" dpu'* (r9) (4.83’) 


where the operator ip/h = V operates only the ro variable, so that 


Vexcn(¥o) = [0K 10 at Yo, reo Pyhl dp (4.84) 


The Perey—Saxon approximation consists in replacing operator p/h by the 
incident momentum p,/h = k,;. A somewhat more elaborate approximation takes 
the variation of the index of refraction inside the interaction region into account: 


= Fc 7 Vopr) | (4.85) 


With this replacement of p, V.,.,(f)) becomes a local operator. A further 
approximation 1s made by Petrovich, McManus et al. (69, 79) and Love (79a). 
When k; is very large, that is, for sufficiently large energies, the value of V.,..,(o) 
comes mostly from small values of p, so that in that limit | 


Vexen(¥)o mm p silo) [emron dp 
> P si(Fo)0(k;) (4.86) 


where 0 is the Fourier transform of v. 
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With the local approximation, (4.80) becomes 


F p= AY CUO) (VG — (— PT IVS UO (ro) > (4.87) 
ST 
where 
VED =f dry oS (r,)v°701) (4.88) 


We note that in this approximation only the single-particle transition density 
ag enters in both (4.86) and (4.88). This represents a great reduction in the 
complexity of the calculation, and as noted earlier, permits the use of empirical 
information on p&,"(r) available for example from electron scattering. 

The analysis leading to (4.87) requires modification for the spin-orbit and 
tensor interactions present for the spin triplet state of the projectile nucleon 
and target nucleon. For example, consider the case of the spin-orbit interaction, 
(2.90), appearing in components of V8”, V!°, and V"?, in the form 


v'>(p)5(Go +6,)L(t; —Fo) X (Pi — Po) J = v'*(p)(6o + 6,)*(p x P,) (4.89) 


In evaluating VS”, using the procedures described above, one needs explicitly 


to include the result that VS vanishes when K,; is independent of r,, which 
we shall now demonstrate. Under this condition 


Ven Eat x V,)u(r1) dp 
Integrating by parts gives 
Ven ~ i x V,v'*(p) ]u(r,)dp=0  K,, constant 


In the analysis that follows we take this result into account by replacing 
K {0 1,%o) by AK,;: 


AK 7, = K s(to + P80) — K s(t, Fo) 


The o, term will be considered in detail. Because 69 + 6, automatically selects 
triplet (S = 1) states, one can drop the operator P®’ in (4.79). Inserting (4.89) 
into (4.84) yields 


Vexen(¥o) = oy" | dPAK yt + p,to)v"*(p)[p x p, Jere” 
= 60° | dpAK ,;(t¥o + P,¥o)v(p)[p Po Jet PP!" 


= oy: | dpaK sillo + P, ro)v'"(p) [hiV,. x Pol enpne) (4.90) 


436 ELASTIC AND INELASTIC SCATTERING 


or using hiV,, =f, and making the Perey—Saxon approximation py > hk, in 
the exponent, one finally has 


VES) (ro) = |apax illo +P, rojo (p)e*ay*Lo 
Lo =Po X Po (4.91) 


Problem. Verify (4.90) using Fourier transforms to momentum space of u(r,), 
and so on. 
In the high momentum limit, 


1 d5-5(k;) 
Veron(to) = 5 ki: VK 5(¥,T0)1-+0 —— oT So‘Lo (4.92) 


where 


VK s(t 1,8 0)1s0 = lim V,,K (1,00) 


rj—7To 


A local approximation can also be derived for the o, term in (4.89). However, 
K ,((f1,%) must be replaced by a vector K¢, in spin space: 


K4(r 1; ro) = CW p(t iSyty,- -)16, (Wy (Fo, 545013...) (4.93) 


a term that is important if the transition involves a spin-flip of a target nucleon. 


5. THE INTERACTION POTENTIALS 


In this section we discuss the interaction potentials, v,;, to be inserted into the 
expression for the direct process inelastic Z matrix. For the present, our 
attention will be focused on their derivation from the nucleon—nucleon force. 
Comparison with experiment is deferred to Section 6. Prediction of experimental 
results depends on both v,, and the properties of the incident and final wave 
functions as contained in the transition density matrix. 

Bertsch, Borysowicz, McManus, and Love (77) [see also Love, Scott, et al. 
(78) and earlier work of Slanina and McManus (68)] proceed by fitting the 
potentials vy, so as to have the same matrix elements, in an oscillator basis, as 
the elements of the G matrix determined, for example, from the application of 
the G-matrix method to semiempirical nucleon—nucleon forces. The central and 
spin-orbit potentials are taken to be the sum of three terms, each of the Yukawa 
form, with the ranges 1.4, 0.7 and 0.4fm. The first of these is the range of the 
one-pion exchange potential; the other two are phenemenological, correspond- 
ing to intermediate and short-range potentials. The final recommended inter- 
action (M3Y) is based primarily on the Reid nucleon-nucleon potential [Reid 
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(68) |. This interaction potential is real and independent of density. It is appli- 
cable for the energy range ES60MeV. The resulting potentials are given 
in Fig. 5.1. 

Petrovich, Stanley, and Bevelacqua (77) point out that the M3Y interaction 
does not lead to saturation. They add a density-dependent term proportional 
to the density to achieve saturation. On the other hand, Geramb, Brieva, and 
Rook (79) use the more recently developed “Paris” nucleon-nucleon potential 
[Lacombe, Loiseau, et al. (80)]. The local density approximation [see Vol. 
deShalit and Feshbach (74)] is used, employing plane wave matrix elements. 
These are matched for each value of the density and energy by the plane wave 


MeV/MeV fm? 


\l 


Sign change 


MeV/MeV fm? 


FIG. 5.1. (a) TE component of the interaction as fitted to three Yukawas is shown in 
configuration space (V in MeV versus r in fm and labeled by r) and in momentum space 
(Vin MeV-fm? versus k in fm~* and labeled by k). The change in sign of the interaction 
near the origin is shown in the figure. TE = Central triplet (S = 1) even (T= 0) [see 
(2.86). ] (b) SE component of the interaction same convention as (a)]. SE = singlet (S = 0) 
even (T = 0) [see (2.86) ]. (c) TNE component of the interaction. The solid and dashed 
curves correspond to r* Yukawa-type fits. The solid circles correspond to ROPEP fit 
(same convention (a) ]. TNE = tensor even (T = 0). (d) TNO component of the interaction 
[same convention as (a)]. TNO=tensor odd (T=1). (e) LSE and LSO 
components of the interaction [conventions as in (a) except Vis in MeV-fm>]. LSE = spin 
orbit, T = 0, LSO = spinorbit T = 1. (f) SO and TO components of the interaction from 
Elliott matrix elements (same convention as in (a)]. SO=singlet central, T= 1. 
TO = triplet central, T= 1. [From Bertsch, Borysowicz, McManus, and Love (77). ] 
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matrix elements of a sum of four Yukawa potentials. Several averages are 
performed (over the Fermi sphere for the target nucleons, over angular momenta) 
to finally obtain a local potential. The details are given in the original paper 
[see also Geramb (83) ]. The resulting interactions are complex and are density 
and energy dependent. They do not appear, however, to include the effective 
mass correction of Equation (2.21). Neither do Petrovich and Love (81) and 
Love and Franey (81), who advocate the use of the M3Y at low energies 
(< 100 MeV) and the free-space nucleon—nucleon transition matrix as derived 
as the first term of the multiple scattering approximation (see Chapter II) for 
higher energies. The plane wave matrix elements are matched by the matrix 
elements of a sum of Yukawa potentials. The resulting interactions are complex 
and energy dependent. They are not density dependent. 

Typical results following from the Brieva, Rook, and Geramb approach are 
shown in Fig. 5.2, in which the real and imaginary parts of 56,, the isoscalar 
central, are shown as a function of g, the momentum transfer, where 


56o(q) = [etrosotn dr 


and of the density, which is related to the parameter k, by 
kp = (3np)} 


Recall that k, ~ 1.36fm~' corresponds to normal nuclear density. Note the 
change in sign of Redo, and Imi¢,. These provide the input required to 
construct the local density approximation to v6)(|fo — r;|), the density employed, 
and therefore the choice of the various curves shown in Fig. 5.2, being evaluated 
at the average position of the two points rg and r, [ie., at $(to +1,)]. 

Figure 5.2 also contains the results obtained by Love and collaborators 
[Love and Franey (81)]. It is clear that at this energy (140 MeV) there is a 
substantial difference, so that the effect of the nuclear medium is significant and 
cannot be disregarded. Nevertheless, qualitatively the Brieva et al. curves are 
similar to the Love—Franey free-space results, so that within an overall reduction 
factor, one can obtain qualitatively useful results using the Love—Franey 
interaction. However, it cannot be expected to be quantitatively valid. 

It is therefore appropriate to examine the results obtained by Love and Franey 
(81) given in Fig. 5.3, in which the magnitudes of the effective interactions are 
plotted as a function of the momentum transfer, g, for energy ranging from 100 
to 800 MeV. As the energy increases, these effective interactions should become 
increasingly accurate. At the lower energies, the omitted medium effects become 
significant. In discussing these results, note that the relevant components of v 
[for normal parity transition from spin-zero target ground states is Ax =(—)’, 
where J is the spin of the excited state] are the central interactions, vy, and 
Vo, and the spin-orbit terms, v’*, while the abnormal parity transitions 
[Ax =(—)’*'] are dominated by the spin-orbit, tensor and spin-dependent 
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parts of the central terms, v,, and v,,. The parity change is accompanied by 
a spin flip of the target nucleon. 


Problem. Prove this last statement. 


We first discuss the normal parity transitions. In both v,, and v,,, note the 
strong minima in the range 100 MeV < E < 210 MeV for qg~1.6fm~’*. In this 
domain, the spin-orbit contributions, especially v4°(T = 0), will dominate. At 
low q, the dominant contribution will come from scalar—isoscalar v,,. The latter 
is illustrated by Fig 5.4, which shows v9, > 091; V,0> 14: 

Turning next to the unnatural parity excitations, the T= 1 contribution is 
dominated at small g by v,,. At larger g and for the lower group of energies a 
minimum is present in v,,, and v’(T = 1) should dominate. For T = 0, the tensor 
term v’(T=0) is strongest at low q. At larger q, v,,, v'°(T =0) and v'(T=0) 
will all be important. Note that the last two are relatively constant for large q 
and slowly varying with energy. 

We note the important result that the corresponding components of the 
density matrix will be measurable. For example, low-q normal parity transitions 
will be sensitive to the scalar density p°°. While for abnormal parity transition, 
the spin components p'! and p?° will be important. If, on the other hand, the 
nuclear structure is well known, the interactions can be extracted from 
experiment. 
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FIG. 5.4. Energy dependence of the magnitude of the central parts of the N—N t matrix 
as described in Fig. 5.3. [From Love and Franey (81).] 
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G-Matrix Method {Mahaux (79); Brieva and Rook (78) ]. In this section we 
briefly outline and G-matrix method used in the lower-energy range to obtain 
the effective two-body interaction. The procedure used is called the 
Brueckner—Hartree—Fock method. [We refer the reader to deShalit and 
Feshbach (74), (VII.18.13) and (VII.18.14).] The first of these is the equation for 
the G matrix, 


G(e)=v+0 Sr G(e) (5.1) 


~ teO 


where v is the nucleon—nucleon potential, Q, is the Pauli operator that projects 
on to unfilled states, and Hoy is the unperturbed Hamiltonian: 


Hy = Yh; 
k2 
h,=——+U, (5.2) 
2m 


where U; is a one-body potential chosen so as to minimize higher-order effects 
in the evaluation of the energy: 


E=) <ilTlid +3) <UIGE + e)li> (5.3) 


In the positive energy domain the Bethe—Goldstone equation (5.1) is replaced, 
using lower case g, by 


g(E) (5.4) 


The resulting nucleon—nucleus interaction is then given by an extension of the 
second term of (5.3) as 


Vee(k, E) = > Ck, j|gQ(E + e(s))IK, 7D (5.5) 


j<kr 


This is the Brueckner—Hartree—Fock approximation for V., for positive energies 
E. It contains the effects of particle-hole excitations but not, for example, 
excitations involving two or more holes. It is thus the first term in an expansion 
in the number of hole lines. Evidently, g is the effective two-nucleon interaction 
inside the nucleus. 
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There remains the problem of choosing U ; In (5.2). Jeukenne, Lejeune, and 
Mahaux (76) use a self-consistent procedure as follows. Take 


U(k) = Re Vuee(k, E(k)) 
where 


k? 
E(k) = pe + Re Vere(k, E(k)) 


[Compare with (2.32).] Since H, depends on U, an iterative procedure is used, 
determining g, U, and V,,, simultaneously. 

Jeukenne, Lejeune, and Mahaux (76) [see also Mahaux (78) and Brieva and 
Rook (77,78) ] have applied this method to the case of infinite nuclear matter, 
thereby deriving values of g and V,,, for various values of the density. Several 
differing approximations are made by each group which we will not parsue 
here. Using the local density approximation permits the approximate extension 
to finite nuclei. The results, as we have indicated earlier, are surprisingly good 
and as also shown by the comparison of the theoretical and empirical volume 
integrals of the potential shown in Fig. 5.5. One must bear in mind the omission, 


VOLUME INTEGRAL PER NUCLEON 


™ 600 OF PROTON REAL POTENTIAL 
3 N 
i 
3 me +> —_} 
re | 
7“-—-— JLM MODEL 
= 300 Ep 01S Mev. E,« 5 Mev 
o EmPimicar FIT 
7 oe VOLUME INTEGRAL PER NUCLEON 
- ssot [. OF NEUTRON REAL POTENTIAL 
= — 
> 450 ~byt L. 
© = 
> a ae 


0 60 80 120 160 200 240 


FIG. 5.5. (a) Compilation of empirical volume integrals per nucleon for 10 < E< 20 MeV 
protons (upper part) and for 1 < E<8MeV neutrons (lower part). The dashed curves 
are the theoretical values, computed for E,=15MeV and E,=5 MeV [Jeukenne, 
Lejeune, and Mahaux. | 
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FIG. 5.5. (b) Dependence on A of the volume integral per nucleon of the imaginary part 
of the optical model potential. The dots are obtained from a compilation of empirical 
values for 17 (+8) MeV protons and for 5 (+3) MeV neutrons. The theoretical curves 
refer to E, = 25 MeV and E, = 5 MeV (short dashes) and E, = 10 MeV (full curve with 
dots) [ Jeukenne, Lejeune, and Mahaux (76) |. [From Mahaux (79). | 


at least explicitly, of surface effects which in finite nuclei contribute importantly 
to the absorptive potential. Of equal, if not greater concern is the failure of the 
Brueckner—Hartree—Fock method [see Chapter VII in deShalit and Feshbach 
(74) ], without some additional phenomenological devices, to predict the nuclear 
matter binding energy/nucleon as well as the properties of the bound states of 
finite nuclei. 


6. COMPARISON WITH EXPERIMENT 


We select a few examples from the immense literature on this subject. In 
comparing the direct interaction theory of inelastic scattering with experiment, 
one should bear in mind its major conceptual approximation. The assumption 
(see Sections 1 and 4) is made that the process can be described by a single 
step; that is, reaction paths in which the system passes through the intermediate 
states are not important. As we discuss in a later chapter, this is not the case 
for nucleon projectile energies in the range 25 to 65 MeV, where the multistep 
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contributions have been calculated [Bonetti, Colli-Milazzo Doda and P. E. 
Hodgson (82) ]. At the endpoints of this interval the single-step direct process 
contributes 82% and 70%, falling to 50% in between, respectively, indicating 
that the multistep process becomes unimportant for energies somewhat below 
25 MeV and above 65 MeV. These multistep contributions become more 
important as the scattering angle and/or the energy loss increases. Thus, at and 
below ~ 65 MeV, one can expect agreement of the DWA with experiment only 
at forward angles and small energy loss. In addition, because simple wave 
functions are used to describe the initial and final nuclear states, a normalization 
factor must be introduced to obtain the correct order of magnitude of the cross 
section. That factor is generally much smaller than unity, indicating that the 
model wave function used is a small component of the exact wave function. 
Above ~65 MeV, the nucleus is sufficiently transparent so that one-step 
processes dominate. 

In addition to the coupling potentials of Section 4.D, to obtain a theoretical 
prediction to compare with experiment, one needs the distorted incident and 
outgoing nucleon wave function as well as the density matrices describing the 
nuclear transition [see (4.81) ]. In principle, the distorted wave functions should 
be obtained as solutions of the Schrodinger equation using the folding optical 
potential obtained from the same “two-body” interactions used in deriving the 
interaction potentials for inelastic scattering. This procedure is not always used; 
rather, the empirical optical model, adjusted to fit the elastic scattering data, 
is used. This inconsistency is faced if the folding potential optical does not 
give a good fit to the elastic scattering. Generally, also, the orthogonality 
requirements on the initial and final wave functions [see the discussion following 
(4.68) ] are not rigorously satisfied. With regard to derivations of the interaction 
potentials from the empirical nucleon-nucleon forces, it should be mentioned 
that the effects of effective nuclear mass [see (2.37) ] are not taken into account. 

Using the representation of the effective two-body potential given by (2.86), 
one sees that the density matrices that are needed include isoscalar and isovector 
components of p: 
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FIG. 6.1. Momentum transfer dependence of the cross sections for proton inelastic 
excitation of the 67, T = 1 state at 14.35 MeV in 28Si. The curves are DWIA calculations 
(multiplied by 0.25) using the Geramb-Bauhoff effective interaction and optical potentials 
appropriate for the various incident energies. [From Olmer (83). ] 


Electron scattering from nuclei can provide information on these density 
matrices, but, of course, for a particular isovector and isoscalar combination, 
since the electron interacts primarily with the nuclear protons.? 

We shall give two examples of the applications of this analysis in the 
multi-hundred-MeV range. In the first, reported by Olmer (83), inelastic proton 
scattering from 78Si to its 6-, T=0, T=1 states? is compared to several 
theoretical interaction potentials, v,;. We shall compare with the Geramb-— 
Bauhoff interaction (80) based on the Paris potential Lecombe et al. (80). The 
ground state of **Si contains six ds,. orbital neutrons and six ds,. protons. The 
excitation lifts one of these to the f,,. forming the particle-hole configuration 
(frj2d5 a): These states are referred to as “stretched” since they correspond to 
the maximum possible spin for this configuration. Harmonic oscillation wave 
functions derived from inelastic electron scattering from the same nuclei are used 
for these orbitals. The “unnatural parity” of the resultant 6” states requires the 
action of parity-changing parts of the interaction; that is, the spin—spin, 
spin-orbit, and tensor terms should be dominant. 

The comparison between theory and experiment is shown in Fig. 6.1 for the 
excitation of the T= 1 state. As one can see, these transitions are dominated 


‘The use of other probes, such as pions, kaons, and so on, can provide additional information. 
Elastic scattering by positive kaons would, in fact, be most effective in this regard. 
SOlmer reports on excitations of the 5* state, as well. 
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FIG. 6.2. Momentum transfer dependence of the analyzing powers for proton inelastic 
excitation of the 6-, T= 1 state at 14.35 MeV in 7°Si. [From Olmer (83). ] 


by the tensor terms in qualitative agreement with the discussion presented in 
the preceding section. Agreement is not good for low momentum transfer, gq, 
and lower E. Note that these are semilog plots of the cross section. Moreover, 
an overall reduction of the theoretical prediction by ; is required to obtain the 
correct magnitude. In Fig. 6.2 the analyzing powers, A, are shown. Although 
the magnitude of A is correctly predicted, the shapes, as a function of q, are 
not. The cross section for the excitation of the T=0,6° state is shown in 
Fig. 6.3. This time, the predicted magnitudes must be multiplied by a factor of 
0.15. And again, there is a problem with the comparison at low q, and E. Note 
that the tensor and LS components dominate, in disagreement with the quali- 
tative remarks of the preceding section. Obviously, much remains to be done! 
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FIG. 6.3. Momentum transfer dependence of the cross sections (for proton inelastic 
excitation of the 6-, T = 0 state at 11.58 MeV in 7°Si. The curves are DWIA calculations 
(multiplied by 0.15) using the Geramb-Bauhoff effective interaction and optical potentials 
appropriate for the various incident energies. [From Olmer (83). | 


A more satisfactory picture is presented by Kelly (83) for the elastic scattering 
of 135-MeV protons by '°O. The Paris potential is used, as developed by Brieva, 
Geramb, and Rook (78). Figure 6.4 compares the experimental elastic scattering 
and the analyzing power with the resultant theoretical predictions. The 
agreement is by no means perfect, but it must be remembered that there are 
no adjustable parameters! The inelastic scattering to the “normal” 1~ and 37 
state in ‘°O is shown in Fig. 6.5. The agreement is very good, indeed. This 
indicates that the isoscalar spin-independent central component is given 
correctly by the microscopic theory of Brieva et al. Most important, the 
Love—Franey interactions, in which there are no medium corrections, fail to 
reproduce the inelastic cross section. We see from these data (the same can be 
inferred from Olmer’s result) that the effective two-nucleon interaction is density 
dependent. 

A few examples of comparisons at lower energies employing the M3Y 
interaction in the folding model will now be discussed. The paper of 
Bertsch, Barysowicz, McManus, and Love (77) in which this interaction was 
introduced contains a number of comparisons. As is generally the case in this 
energy range, an empirical optical model is used to describe the projectile wave 
functions. Figure 6.6 presents a comparison between experimental and theory 
for the excitation of states of normal parity 3~, 5~ in 7°°Pb by inelastic proton 
scattering. 

The theory does provide reasonable agreement with the shapes of these 
angular distributions. The dominant role of the central component of the 
interaction is evident. On the other hand, the prediction of the cross section 
for the excitation of unnatural parity levels in *°Ca is less successful (see 
Fig. 6.7). The central part of the interaction alone is inadequate, as expected, 


[(€8) Atay wos.) ‘Tenusjod 
uojsuyor—epeweyY dy} Bulsn uolewrxoidde Ayisuap [edo] = FHYQ -[enuajod seg oy} 3uisn 


uoneulxoidde Ajsuap [20] = dVA'T ‘Oo, Aq SuojoId AZI-CET JO SULION VIS ONSeTY “pO “OLA 
(; wy) b (; wy) b 
€ c T € Cc T 


APW SET = 99 
o1se|3 (d°d) Oo, 
OT 
Q 
oot 3 
te) 


APN GET = °F =~ ~—aase 13 (d'd) Og, 


6. COMPARISON WITH EXPERIMENT 


re 

='2 10 alee 
SiS ~~” 
oe SIS 


—-3 16 , = ‘ 
10 169 (p.p’) 17, En = 135 MeV O (p.p’) 3~, Ey = 135 MeV, 
. LDA, Paris \ 


LDA, Paris oo) 


s 
‘ 


160 (p.p’) 37, Ep = 135 MeV 
LDA, Paris 


160 (p.p’) 17, 
Ep = 135 MeV 


LDA, Paris 


q (fm~ +) 


q (im— +) 


FIG. 6.5. Differential cross section and asymmetry for the inelastic scattering of protons 
by '°O to the 1~ and 37 levels compared with the LDA using the Paris potential. 


[From Kelly (83). ] 
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FIG. 6.6. Excitation of lowest 3~ and 5~ states in ?°°Pb by 35-MeV protons. The solid 
lines are theory the dotted line is with the central odd interaction removed, and the 
dashed line is with the central even interaction only. [From Bertsch, Borysowicz, 
McManus, and Love (77). | 
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FIG. 6.7. Excitation of 2~, T =0 and 1 states in *°Ca by 35-MeV protons. Conventions 
are.as in Fig. 6.6. [From Bertsch, Borysowicz, McManus, and Love (77).] 
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FIG. 6.8. Differential cross sections for 
the peaks corresponding to the 2.903", 
5.1667, 7.721, and 10.672 MeV states in 
58Ni. The solid curves are the microscopic 
DWA predictions calculated with the 
M3Y interaction [Bertsch, Borysowicz, 
McManus, and Love (77).] The results of 
the collective L=2 DWA calculations 
are shown for comparison by the dashed | 
curves. [From Fujiwara, Fujita, et al. 0 20 40 60 80 
(83).] bem (deg) 


indicating the importance of spin-dependent terms. The disagreement becomes 
more severe when the excitation energy increases, as Bertsch et al. demonstrate 
for the 4-(T =0 and T = 1) levels in *°Ca. 

In a more recent comparison, Fujiwara et al. (83) study the excitation of the 
1* levels in °8Ni by 65-MeV protons. Their results are shown in Fig. 6.8. We 
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observe the excellent agreement for the excitation of the 2.903- and 5.166-MeV 
levels, aside for normalization factors of 0.31 and 0.24, respectively. The different 
shapes are in large part a reflection of the differing structure of the final states. 
The quality of the agreement decreases and the normalization factors become 
rather small with increasing excitation energy. The magnitude of the apparent 
disagreement in the forward direction is sensitive to the optical model 
parameters, as the authors points out. 


CHAPTER VI 


TRANSFER REACTIONS 


1. INTRODUCTION 


Transfer reactions have been of critical importance for the study of nuclear 
structure. The results obtained from the study of the stripping (d, p) and pickup 
(p,d) reactions involving single-neutron transfer helped to validate the nuclear 
shell model by identifying the single-particle states, since to a large extent the 
(d, p) reaction can be understood as one in which the neutron in the deuteron 
is transferred to a single-particle state of the final nucleus. In the pickup reaction, 
a neutron in a single-particle state is picked up by the incident proton to form 
the deuteron. Reactions in which a proton is transferred, such as the (*He, d) 
and (d, *He), provide similar information regarding the proton single-particle 
states. The reactions (t, p) and (p, t) involve the transfer of two neutrons. These 
reactions are most useful for study of the superconducting nuclei, such as the 
the tin isotopes. In these cases, the (t, p) reaction has a relatively large cross 
section for the transfer of two neutrons in the *S, state, as predicted, for the 
formation of the final nucleus in a superconducting state. 

In the course of these transfer reactions, energy, momentum, and angular 
momentum are exchanged by the projectile and target nucleus, as in the case 
for inelastic scattering. But in addition, in the transfer reaction there is a transfer 
of mass that produces a fundamental change in the description of the reaction 
from that used for inelastic scattering. 

The strong specificity of these reactions at modest projectile energies follows 
from their surface character, a consequence of the limited penetration of the 
deuteron into the nuclear interior. If pp is the incident deuteron momentum 
and p, the momentum of the emerging proton, the momentum p, transferred 
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to the target nucleus by the transfer of the neutron to the nucleus is given by 
conservation of momentum: 


P: = Pp — Pr (1.1) 


From this equation one can immediately determine the magnitude of p,: 


D; = Pp +P; — 2ppp, cos (1.2) 


where 9 is the angle between the direction of the final proton and the direction 
of the incident deuteron. The angular momentum transferred, hl,, must be less 
than p,R, where R is the projectile—target separation at which the reaction 
occurs. Hence 


h*(l, +5)? <p? R? 
or 
(I, +5)? < (kp + kG — 2kpk, cos $)R? 
so that 


(kpR)* + (k,R)* — (1, +3) 


cos$< 
2(kpR)(k,R) 


(1.3) 


where hk as usual equals p, and the WKB value of i, (I+ 3)*, has been used. 
Classically, then, one expects that the reaction will be forbidden for angles 
smaller than 9%,,, the angle at which the equality of (1.3) is satisfied. Quantum 
mechanically, there will be some penetration into the classically forbidden 
region, so that the cross section should show a rise from $ = 0 with a maximum 
at 3,,, One can employ that result to obtain an estimate of the value of I,. R is 
treated as an empirical parameter, which, however, must be the same for all 
values of |. 

For example, consider the ?°Zr(d, p)?*Zr reaction whose cross sections to 
various levels in ?!Zr are given in Fig. 1.1. The similarity of the curves labeled 
!=2 in the left-hand panel, of those labeled !=4, and those labeled !=0 is 
striking. If one assumes that the angle at the first peak equals 9,,, one can 
identify the J, as well as R by requiring that R have a reasonable value. For 
example, the 1=2, Q =1.33-MeV cross section gives R=5.4fm for 1, =2, 
R = 3.1 fm for |, = 1, and R = 7.6 fm for /, = 3. When one takes into account the 
result obtained from quantitative studies that (1.3) underestimates the value of 
R at which the reaction occurs, the most reasonable value of R 1s 5.4fm and 
the /, transferred is 2. Using the same value of R, one can determine I, for the 
three curves labeled | = 4 to be |, = 4. The curves marked /!=0 have their first 
maxima at 9=0, which is presumed to be /, = 0 transfer reaction. 

The values |, = 0, 2,4 correspond very nicely to shell model expectations. The 
nucleus, ?°Zr, is a closed-shell nucleus [see Fig. IV.8.1 in deShalit and Feshbach 
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(74) ]. The neutron added in the (d, p) reaction would thus go into the shell, 
50 < N <82 composed of 1g,2d, 3s orbitals (ie, 1=4,2,0), corresponding 
precisely to the values obtained for I.. 

The ?°Zr(d, p) example illustrates the extraordinary specificity of the (d, p) 
reaction that occurs at sufficiently low energies. By examining the angular 
distribution, one can deduce the orbital angular momentum transferred along 
with the captured neutron to the largest nucleus. Of course, a quantitative 
understanding of the angular distribution is essential before one can rely on 
this conclusion. The results of such a calculation, whose theoretical basis will 
be discussed later, are shown by the solid lines in Fig. 1.1. In this calculation 
it is assumed that the transferred neutron occupies a single-particle orbital of 
the target nucleus. The agreement with experiment is excellent (note the 
logarithmic scale for the cross sections)—an agreement with experiment that 
is repeated when targets throughout the periodic table are used, thus validating 
the single-step character of the transfer reaction mechanism. 

The angular distribution is not sensitivet to the value of the total angular 
momentum, j, transferred; that is, it does not distinguish between the two possible 
values, j=1+43. That sensitivity can be obtained in the (d,p) reaction using 
polarized deuterons and measuring the asymmetry of the produced protons. 
An example is shown in Fig. 1.2. 

A qualitative understanding of the origin of the polarization of the proton 
emitted in (d, p) reaction (or equivalently, of the asymmetry of the emitted proton 
that occurs if the incident deuteron is polarized) has been given by Huby, Refai, 
and Satchler (58). For the production of nucleon polarization, it is essential 
that an asymmetry of the transition amplitude with respect to the normal to 
the scattering plane exist. The absence of such an asymmetry would make the 
production of a nucleon with a spin oriented in the “up” direction (1.e., in the 
direction of the normal to the scattering plane) indistinguishable from the 
production of a nucleon whose spin is in the opposite direction. An asymmetry 
will be present in the stripping amplitude for a given direction of the emergent 
proton if the amplitude differs according to which side of the target nucleus the 
stripping occurs. The origin of the asymmetry in the stripping amplitude lies 
classically in the differing paths, involving, for example, a different probability of 
absorption, taken by the proton and deuteron according to the side of the 
nucleus the deuteron strikes. Quantum mechanically, the asymmetry is a 
consequence of the distortion of the incident and emergent waves by the nuclear 
field. If the favored value of the projection, m, of the captured neutron 1s (+ J), 
and the spin of the final neutron single-particle state, j, is 1+ 4, the neutron 
spin must be up. Since the incident spin of the deuteron is one, the spins of the 
neutron and proton are parallel, the emergent protons will be polarized with 
their spins up. 

The determination of the spin-quantum numbers as well as of the energies 


‘There does seem to be some dependence at back angles which is marked for / = 1, but less so for 
larger values of | [see Satchler (83, p. 706) ]. 
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FIG. 1.2. Analyzing powers for p,;. (upper) and p3,. (lower) transfers in °*Cr (d, p) 
reactions at 10 MeV. The curves are from DWA calculations [Kocher and Haberli (72) ]. 
[From Satchler (1983). ] 


of the single-particle orbits provides obviously important spectroscopic 
information. But one can go beyond this to obtain information on the structure 
of the nuclear wave function. The single-particle orbit for the neutron provides 
only one component of the total wave function, which will, for example, include 
as well excitations of the target nucleus plus the neutron in other orbits. From 
the magnitude of the (d, p) cross section one can in principle determine the 
strength of the single-particle state generated by the (d,p) reaction. More 
precisely, the single-particle component of the final-state wave function has the 
form 


TP A(1,2,..., Pin A +1)] (1.4) 


JAt1 


where & is the antisymmetry operator, ‘¥, the target nucleus wave function, 
and @,,, the single-particle wave function. The quantity (J), referred to as the 
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spectroscopic factor, measures the strength of the single-particle component in 
the final-state wave function, so that 


S*!2(j) =H Ho Aya + 1)J|¥,(1,2,...,4,A4+1)> (1.5) 


en 


and 


Fil 
Vy = AP 7b jn) + 


/A+1 


S(j) is unity only in the limit of the noninteracting independent particle shell 
model for closed-shell target nuclei. This result holds not only for (d, p) reactions 
but also for (p,d) reaction. In the later, instead of adding a particle to the 
closed-shell target, one creates a “hole” in a filled shell. This is made completely 
clear in a formalism in which particle and hole formation are treated 
symmetrically, as described 1n (VII.9.11) in deShalit and Feshbach (74). However, 
in the interacting shell model any state of the A + 1 system will consist of a linear 
combination of one-particle states and two-particle/one-hole states, three- 
particle/two-hole states, and so on. In that case /; will be less than 1; the 
deviation from one describing the probability that the system is not in a 
single-particle state given by (1.4). 

Can the spectroscopic factor be determined experimentally? The answer is 
that any such determination is model dependent. To be sure, the cross section 
is proportional to /;. But the other factors depend on the models used for 
describing the initial and final wave functions as well as upon the interactions 
of the proton and neutron with the target nucleus as well as their mutual 
interaction. Only if these are well known can /; be determined from the 
magnitude of the cross section. Within a given framework, that is, a particular 
nuclear model and fixed interactions, the relative value of Y; are meaningful, 
especially if a consistent picture of the reaction over a range of nuclei can be 
established. 

Consistency must also be established with respect to other models of 
populating single-particle states. One obvious example is the (n, y) reaction, in 
which the neutron after y emission ends up in the same state produced in the 
(d, p) reaction. Another example is the isobar analog resonance. For example, 
through the resonant elastic scattering of protons on an (N,Z) nucleus, one 
obtains information on the analog states in the (N + 1, Z) nucleus [see deShalit 


FIG. 1.3. Angular distributions for nucleon transfer at sub-Coulomb energies for 
different | transfers. The curves are the results of DWA calculations: (a) (d, p) at 8.0 MeV 
(Erskine, Buechner and Enge et al. (62)]; (b) (170, ‘°O) reaction at 67 MeV [Franey 
Lilley and Phillips et al. (79)]. [From Satchler (83).] 


1. INTRODUCTION 


Angular distribution 
Bi2°9 (d, p) Bi2?° reaction 


Ey = 8.0 MeV 


¢ Q = —0.203 MeV, | = 0 
* Q = 0.397 MeV, | = 2 
e Q = 1.936 MeV, | = 4 


Differential cross section (millibarns/sterad) 


O 20 40 60 80 100 120 140 160 180 
Observation angle (degrees) 


(a) 


287/2 +, 3d3/2 


Ujisy2 + 3ds5)2 


41/2 
2809/2 
i 
<2 
2a 
E 
31S 


208 Ph 270, 160) 209Pbh 
E, = 66.95 MeV 


ol 
oe 120 140 160 180 


68cm (deg) 


461 


462 TRANSFER REACTIONS 


and Feshbach (74, p. 102) ], which again can be compared with the (d, p) reaction 
on the target (N, Z) nucleus. 

The striking correlation between the (d, p) angular distribution and nuclear 
structure is present only in a limited energy range. At very low energies, below 
the Coulomb barrier, the process is dominated by the Coulomb interaction and 
the angular distributions are rather featureless (Fig. 1.3). At high energies, the 
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FIG. 1.4. Angular distributions for medium-energy (p, d) reactions. The curves are from 
DWA calculations [Kallne and Fagerstrom (79)]. [From Satchler (83).] 
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deuteron penetrates into the nuclear interior, and again the angular distribution 
does not as directly provide nuclear structure information (Fig. 1.4). It is the 
intermediate energy region throughout which the deuteron can penetrate to the 
nuclear surface, but not much beyond, that (d, p) experiments manifest their, 
specificity most clearly. The reaction in this energy domain is peripheral and 
it is this condition that underlies the interpretation of the resulting structured 
angular distribution. 


2. THE DWA AMPLITUDE 


For the most part, the analysis of the (d, p) and (p, d) reactions has been based 
on the distorted wave approximation (DWA). Its derivation is, however, not 
as straightforward as the DWA for inelastic scattering given in Chapter V. In 
that case the DWA amplitude is an approximation to the solution of a pair of 
coupled equations obtained by projecting out the incident and inelastic channels. 
The effect of the remaining channels was included through an energy averaging 
that introduced imaginary components into both the diagonal and coupling 
potentials. An important element in this procedure is the orthogonality of 
the ground state and the excited state of the target nucleus. To be sure, when 
the incident particle is a nucleon or composed of nucleons, this advantage 
is diluted by the nonorthogonality introduced by the Pauli principle, but we 
have learned how to take account of that feature by the method developed in 
Section IIL.5. 

Extension to the case of particle transfer is possible, but there is a charac- 
teristic problem that must first be resoived. To be concrete, let us consider the 
‘©QO(d, p)'’O stripping reaction. In that case one must consider at least the two 
partitions [Satchler (83)] d+ ‘°O and p+ '’O of the 18-particle system. The 
natural spatial coordinates of the first partition include the relative distance 
between the neutron and proton of the deuteron and the distance between the 
center of mass of the deuteron and the center of mass of the '°O nucleus, and 
finally, the (3 x 15) independent internal coordinates of the nucleons making 
up the *°O nucleus. The total number of coordinates should be (3 x 17). 
However, these coordinates are not convenient for the description of the final 
system, which involves the distance between the proton and the center of mass 
of the *’O nucleus and the (3 x 16) independent internal coordinates for the 
*7O nucleus. It is possible to introduce a complete set of the d+ !°O wave 
functions that would need to include the continuum states of the deuteron, in 
which the neutron and proton are no longer bound in order to include a 
description of the final state, p+ 170. 

Diagrammatically (Fig. 2.1), the deuteron breaks up at vertex 1, the proton 
moving ahead while the released neutron is captured by the '°O nucleus to 
form '’O. Diagrams of this sort and their corresponding analytic transition 
amplitudes are very helpful for forming an intuitional understanding and have 
provided the base for theories developed by Shapiro (67) and Schnitzer (64). 
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169 179 


FIG. 2.1. Stripping reaction. 


However, they have not for the most part been adopted as the preferred method 
for analyzing particle transfer reactions. 

The method, which is most commonly used and which by suitable 
manipulations leads to the DWA, employs a mixed representation. In the initial 
channel, this might include the deuteron and !°O in their ground state plus 
excited states of '°O. In the final channel one would include the proton plus 
various states of !’O according to the reaction involved. The total wave function 
would then contain contributions from both of these sets of wave functions. 
The remainder will be energy averaged with the consequent introduction of 
complex potentials. Such a wave function would permit the calculation of not 
only the one-step process but also for the multistep process, of which the two-step 
is illustrated in Fig. 2.2. The wave function corresponding to that figure would 
include the 1°O and '’O ground and first excited states. 

A traditional approach to the single-step process [say, (d,p)| has been to 
truncate the wave function of the system as follows: 


Y= ¢[udt+vyw]t+-- (2.1) 


where @ is the residual nucleus wave function (!’O), 7 the internal. deuteron 
wave function, and w the initial nucleus wave function. The functions u (proton) 
and v (deuteron) to be determined depend on the distance between the proton 
and center of mass of !’O, the residual nucleus, and between the center of mass 
of the deuteron and !°O, the initial nucleus, respectively. . is the antisym- 
metrization operator. The indicated truncation does have a serious drawback. 
The omitted terms in the series would contain components such as excited 


Two-step 


NO a ae 


169 One-step 170 


FIG. 2.2. One- and two-step contributions to a pickup reaction. 
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states of 1’O, which together with the proton wave function would have a 
substantial overlap with the deuteron channel wave function yw. It therefore 
should be included in (2.1) in order to obtain the total asymptotic reaction 
amplitude. Similarly, excited continuum states of the deuteron combined with 
the '°O wave wave function (ground and excited states) would combine to form 
170 + p states. These difficulties are very similar to that of exchange scattering 
discussed in Section III.5 and are resolved in exactly the same way. We write 


P= PY + OW (2.2) 


where as usual P and Q are projection operators and Q=1-— P. PP is 


PY = A¢[ud + vy] (2.3) 
Because 
<P¥|OV>) =0 (2.4) 
and the related constraints 
CP|Q¥> =0 (2.5) 
yw |Q¥> = 0 (2.6) 


OY will not contain any components that can contribute to u@ or vyw. The 
function PY contains all the information required for the determination of the 
reaction_amplitude. Conditions (2.5) and (2.6) also solve the problems raised by 
the identity of the particles involved. The reasoning is identical with that given 
in Section III.5 and need not be repeated. 

Before proceeding to a consideration of (2.5) and (2.6), it is useful to point 
to another problem associated with ansatz [see (2.1) ]. This can be seen if one 
substitutes ud + vyw for ‘P in the Schrodinger equation 


HY = EW (2.7) 


We drop the antisymmetrization operator, o<&, to simplify the argument. 
Including © will not change the substance of the discussion. Multiplying (2.7) 
from the left by ¢ and integrating over all the coordinates contained in ¢@ yields 
an equation for u coupled to v. A second equation is obtained by multiplying 
by y@ and integrating. These equations are 


<| Hud > — Eu= Ec olvyy> — ¢o| Hoy > (2.8a) 
Cx | Hoy > — Ev = Ex yp |ue> — (xp |Uud > (2.85) 


We observe the presence of a coupling term on the right-hand side of each of 
these equations, proportional to the energy. These are present because @¢ is not 
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orthogonal to yw. The range of this coupling term is given roughly by the radius 
of the deuteron, which is relatively large. Some study of this situation has been 
made. [See Satchler (83), Section 3.32, for further discussion; see also Ohmura, 
Imanishi, Schimura, and Kawai (70); Imanishi et al (74); Cotanch (75); and 
Cotanch and Vincent (76).] Satchler summarizes by noting that in the cases 
discussed by these authors “the effects [of these terms] appears to be small, not 
always negligible on the absolute sense, but with the uncertainties that one 
might subjectively associate with the models being used.” In the standard DWA 
applications, these overlap terms are generally ignored. As we shall show, terms 
of this type (proportional to the energy E) need not appear in the coupled 
equations for u and v when the representation (2.2)—(2.6) is used. 

These equations are exact. However, the choice for PY, and the eventual 
replacement of Q'Y by an energy average introducing thereby an optical 
potential into the equation for P‘¥, involve some implicit assumptions. The 
possibilities not explicitly included in (2.3), such as multistep processes as well 
as the polarization of the deuteron under the combined influence of electrostatic 
and nuclear fields, are assumed either to be of little importance or to have 
effects that vary slowly with the experimental parameters. Under the latter set 
of circumstances it may be expected that a correspondingly slow variation in 
the optical model parameters determined empirically will suffice to take these 
effects into account. 

We turn now to (2.2)-(2.6). A complete analysis of these equations has 
been given by Dohnert (68,71) [see also Mittelman (64), and Horiuchi (77) ]. 
Formally, the results are quite simple. However, Dohnert’s calculations are quite 
complicated, although with the computational aids developed since that paper 
appeared they should be much less formidable. In the present context, Dohnert’s 
results are important since they demonstrate the existence of the projection 
operator P and therefore of coupled equations for u and v from which the DWA 
can be extracted. Note that the results to be obtained below apply, after suitable 
but trivial generalizations, to the collision of a heavy ion with a nucleus. 

Equations (2.5) and (2.6) reduce to two equations for u and v in terms of U 
and V defined by 


U=CelPo VEC?) (2.9) 


where the integrations are carried out only over the variables in ¢ and yw, 
respectively. Consider first (2.5): 


0=<(~lOF> =<ol'¥> —<g|PP) (2.10) 


We immediately obtain 


U =<¢|P¥) (2.11) 


and similarly, 
V = <p |P¥> (2.12) 
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Substituting (2.3) in (2.10), one obtains 


U =< o|L(ug)> + (| A (vxh)> 


Defining the operators K,,, and K,,, by 
(1—K,,)u=<$|V(ug)> Kv = — (b| A (vx) (2.13) 
the equation for U becomes 
U=(1-K,,,)u—K,,v (2.14) 


Note that operator K,,, [identical with K of (III.5.13)] is Hermitian. This can 
be seen formally since the operator 


K,, = (¢| 0%) =< AO|> (2.15) 
A similar analysis of (2.6) yields 
V=(1—K,,)vo—Kt,u (2.16) 
where K,,, is Hermitian since 
— Ky = (XV A> = ALN? 


The operator K,,, and K,, contain the effects of antisymmetry while the 
nondiagonal K,,, includes the antisymmetry and overlap effects. Defining 


U he. Ue 
w=( v=(“) k=( uw ) (2.17) 
V v K' K,, 


Equations (2.13) and (2.16) can be summarized as follows: 


W=(1—K)w (2.18) 


where K is Hermitian. This equation is identical in form with (IJ1.5.15) and its 
analysis is ; completely parallel to that following this equation. 

Since K is Hermitian its eigenvalues x, are real and its eigenfunctions w, 
forms an orthonormal set. Moreover, (1 — R)i is positive definite. To prove this, 
note that 


<w|(1— K)w> = <ud + vg f (ud + ox) (2.19) 
Because of the antisymmetry of the ket, this can be written as 


(Aud + vxp)| A (ud + oxp)> 29 (2.20) 
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We can additionally conclude that the eigenvalues of K, x,, are less than 1: 
K,<1 (2.21) 


Since the operators in K involve only square-integrable functions [see (2.13) 
and (2.15)], K is bounded. The trace of K, tr K, involves the trace of K,,, and 
K,,, only. These traces have been shown to be bounded in the discussion dealing 
with elastic scattering, so that tr K is bounded. We can therefore conclude that 
the eigenvalue spectrum of K is discrete. 


(1) 
e e e u e ° cages 
Special attention needs to be paid to w?) = ( “) eigenfunctions of K whose 
v 


~ a 
eigenvalue x, is unity Kw‘) = w©. We shall show that 


A (UY + vy) = 0 (2.22) 
To prove this, note that 
(A (ud + vyxp)| A (ud + vy)> = <(1 — K)w|(1 — K)w> 


Inserting w"? for w in this last equation, we obtain 
Cb (UPd + 1 eb) of UW + 1D 2)> = <(1 — Kw? (1 — Kw) = 0 


Equation (2.22) follows from this result. These solutions, w‘”), are referred to 
as superfluous solutions [see (III.5.19)]. These solutions do ‘not contribute to 
PY, as follows from (2.22). | 

These results are for the most part similar to the results obtained for elastic 
and inelastic scattering with one notable difference. In elastic and inelastic 
scattering the appearance of K and the associated superfluous solutions are 
formally a consequence of the nonorthogonality introduced by antisymmetriza- 
tion. In the particle transfer case, K and the associated superfluous solutions 
arise not only because of antisymmetrization but also because of the overlap 
between the cluster wave functions @ and yyw. 

We are now able to invert (2.18): 


1 


= —_W 223 
1 — K’ as 


where the prime superscript on K’ indicates that in the spectral expansion of K’, 


K'= ¥. x,w,><w, (2.24) 


Ka#l 


all eigenfunctions of K with unit eigenvalue are to be omitted. Hence 


w= ) w.><walW>=W+ > 


ka#il—K, ka#1 1 — Ky 


Wa) < Wal W > 
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An explicit expression for the projection operator P of (2.3) can be obtained. 
Define matrices ®») and <@ as follows: 


®) =( : (© =(,) (2.25) 
xW 


Equation (2.3) can then be written 


PY = A(®, w) = AO, 10(")= Aud + ox) 


Inserting (2.23) and noting that the matrix W is 


sok 
W= = <(O|P 2.26 
Denis ee a 
we have 

ee (2.27) 


Employing the spectral series for 1/(1 — K’) with 


one obtains 


1 


l-—Kk, 


P=) ot| usb + 00> Cush + oa | 


Kat l 


Once P is known it becomes possible to obtain the Schrodinger equation 
for P'P and the coupled system for u and v. The constraints on u and v are 
now carried by the operator (1/1 — K’). The equation for PY, (III.2.7), is 


Q 


E—Hg 


Upon energy averaging, the last two terms can be combined into a complex 
(i.e, non-Hermitian) optical model Hamiltonian, PH,;,P: 


(E— PH. ¢,P)P¥ =0 (2.28) 
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Multiplying from the left by ® and integrating, one obtains 


= CO] PH c¢PP > = (O| Here PP > (2.29) 
and from (2.27), 
EW = (@ | H ; 
= (Ol HF opp A Ow > = (O| A pA (uh + vxW)> (2.30) 


an equation determining W [see (2.17) and (2.26)]. Note that the operator 
«®|.@(1/1 — K’) is just the unit operator since <®|./@®) equals (1 — K). 
Therefore, (2.29) can also be written 


(OE -H )=o (2.31) 


This is a pair of coupled equations for U and V: 


~(blttact} 4] | +0] 

= ( 1E= Hut} | | + -# 
EV (a lHaest} O| | +0] al } ) 

=~ (Wie-Haat} |e | 4 +1 ~% | =| fu) (2.326) 


One can immediately obtain the transition amplitude for the (d, p) reaction from 
(2.32a): 


F ap = -( us pO\(E— Hadt\( 4] | herd )rrt) 


(2.33) 


Ls 
LJ) em 


where U, , satisfies the homogeneous equation (2.32a): 


BU, = ( blast} 4} | +1] | hu, ) (2.34) 
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The quantity U, ,@ describes the elastic channel proton-residual nucleus wave: 
function, taking into account the orthogonality to the deuteron—target nucleus 
channel but omitting the coupling to that channel, that is, to V. It therefore 
satisfies a Schrodinger equation involving just the Hamiltonian, H ,, describing 
the effective interaction in the elastic final-state channel: 


H (Uo, -) = E(Uo, 9) (2.35) 
The residual interaction giving the coupling to the deuteron channel is 


VS) = A ce — A, (2.36) 


Therefore, 


1 ! 3 
FT y= \ US| VODS x + = ” 2.37 
. ( or Line. “ines ae Boss 


With this equation we obtain a complete formal solution of the particle transfer 
problem, including the effects of nonorthogonality and antisymmetry. Its 
derivation is sufficiently general so that it can be applied to any transfer reaction 
(e.g., those induced by heavy ions) for which (2.3) is appropriate and can readily 
be generalized to other cases, since the structure given by (2.18) of the relation 
between W and w and the Schrédinger equation for PY, (III.5.26) remains 
unchanged. 


Problem. Define 
1 


W=—_W (2.38) 
Jiak 


Show that 


Ww (2.39) 


= 1 1 ; 
EW=( ©|——__H_...v~@® ——__— 
( Weare ae (ean < 


In this equation, the operator acting on W on the right-hand side is symmetric, 
implying time-reversal invariance. 


A number of approximations are commonly applied to (2.37). Many authors 
neglect the nonorthogonality kernels K,, and K/, [Eq. (2.13)]. K is then 
diagonal, with the consequence that only the effects of antisymmetry in the 
initial and final channels are taken into account. For example, (2.34) for Ug 


becomes 
EU (lH ( : Je i (2.40) 
0 eff\ 7 K’. 0 
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which is just the equation satisfied by the wave function for proton scattering 
by the residual nucleus. Since H,,, 1s determined empirically, some of the 
coupling and orthogonality effects are included. Similarly, (2.32) for U simplifies 


to 
1 | 
BU — ( blttaest} 6 Ut) = = ( dE — Handle v}) 


EU — (| Fete (Gu) > = — CPE — Hes) A (0xW)> (2.41) 


OT 


The equation for V becomes 


EV — (0 Heat hr) <a (AE 7 Haat 6 1 ~~ ut) 


OF 


EV — (x eee (vx) > = — CXWI(E — Heee) A (ug) > (2.42) 
The transition matrix equation (2.37) reduces to 
| 1 

Fayp=( US}N LS (5 =) rent) (2.43) 

= (UG /b| VPA (oY xb) (2.44) 


where U, now satisfies (2.40). Finally, the approximation in which V§* in (2.43) 
is replaced by the “unperturbed” V{,"), which satisfies 


EVo— (a Hast} 1 { — Vet ) = (0 (2.45) 


vv 


is made. One obtains 


: 1 
F (DWA) — ( ut y17 ct} Ge = vst) (2.46) 


or the more familiar form 
TOW” = CUG }O| VO A (v6 ¥W)> (2.46 ) 


As has been pointed out earlier, much of the error of the last approximation 
may be reduced because of the use of an empirical interaction for “. In 
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principle, one could eliminate V from (2.41) by first solving (2.42) for V in terms 
of W and substituting in (2.41). The effects of antisymmetrization as required 
in (2.46) or (2.43) can be carried out by direct evaluation of the eigenfunctions 
and eigenvalues of the operator K,,. These can be used to provide a 
representation of 1/(1—K‘',). Another procedure requires finding only the 
eigenfunction of the operator K,,, V°, with eigenvalue of unity and then 
insisting that v9 ; be orthogonal to all the v® [Saito (68, 69)]. For a review of 
recently developed procedures, see Arima (78) and Horiuchi (77). A recent 
example is in the paper by Kato, Okabe, and Abe (85). Of course, there may 
be circumstances in which the non-orthogonality operator K,,, cannot be 
neglected (much here depends on the choice for @ and yw). In that event one 
must return to the exact 7 4, of (2.37). The DWA result would then be obtained 
by replacing V}*) by V{") in that equation. 

In principle, the application of (2.46) is straightforward. One must first obtain 
the elastic channel wave functions for the deuteron-target nucleus and the 
proton-residual nucleus systems with appropriate attention to the requirements 
of antisymmetry. These wave functions are solutions of a Schrodinger-type 
equation [see (2.45) and (2.40)]. Since we are considering a prompt process, H ,+- 
is taken to be an optical model complex Hamiltonian, while H, is the diagonal 
part of H.,,; in the (p-nucleus) channels, and “”” is the nondiagonal part. Note 
that one must be careful to maintain the permutation symmetry of the underlying 
Hamiltonian in choosing Y“. A simple procedure is to antisymmetrize U § } 
before inserting ““ and multiply by 1/A+1, where A+ 1 is the total number 
of nucleons. 

In actual practice, the elastic channel wave function is obtained as a solution 
of the single-channel optical model Hamiltonian which has been adjusted so 
that the resulting elastic scattering cross sections agree with experiment. Usually, 
these wave functions do not satisfy the Pauli exclusion principle so that its effect 
must in some fashion and to. some extent be contained in the empirical potential 
used.This is more explicit when the potential is a folded one, as antisymmetry 
gives rise to an exchange term. One is in serious danger of overcounting if one 
simply orthogonalizes the empirical wave functions with respect to ywv‘” 
[Fleissbach and Mang (76); Fleissbach (78) ]. One should obviously return to 
the original elastic scattering problem and readjust the optical potential so that 
orthogonality with respect to the superfluous solutions and agreement with the 
experimental data are obtained simultaneously. 


Post-prior Representations. Equation (2.33) for 7 can be condensed by staying 
with the ®, W formalism [see (2.26) }. It becomes 


F 9, = 6 WS @|(E — Hg) f (Ow')> 


= = (WS }O\E — Hest} 0(- +a)wit) (2.47) 
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and the alternative expression 


F 9, = —( AW \(E— Heg)WS®) 


(42a) 
Leak 


nm ~ 


The circumflex on 7 is a reminder that 7 is a matrix and that one must specify 
the initial and final states. For the stripping (d,p) reaction, Wi }® in (2.47) 
is, according to (2.33), the proton—nucleus unperturbed final-state wave function 
Ut, 7. The function W}*'® is the exact initial channel deuteron nucleus wave 
function ywv‘*?. With these substitutes, (2.47) and (2.33) become identical. One 
can then obtain (2.37) for 7,,. This result is referred to as the postrepresentation 
of the transition amplitude, since it involves the residual interaction in the final 
channel, 7. 

In using (2.48) to obtain an expression for the stripping transition amplitude, 
the unperturbed initial state is given by yyV‘"); the final-state component of 
interest is ul; ’. Thus one obtains 


1 | 
Fn=—(1(6( 7), +(Fap), JOP E—Heorrs? ) 


(E — Hess) Wi30 ) (2.48) 


(2.49) 
We now introduce the Hamiltonian H, for the initial channel 
Hw 52) = EQ oy) (2.50) 
and the residual potential in the initial channel, V: 
YVR H.-H; (2.51) 


Equation (2.49) then becomes 


Fu=(o{(o( se), +(e), Jerryfrmawrsy ) es 


which should be compared with (2.37). This is known as the priori representation, 
since it involves the residual interaction in the initial channel. The analog of 
the (2.46’) becomes, upon neglecting K,,,, 


Ftp = 6 BUG FOV Ovo eh (2.53) 
The two expressions (2.52) and (2.33) are equal numerically if no further 


approximations are made. Which one is used is a matter of convenience, as 
approximations in their evaluation may be made with greater validity when 
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one rather than the other is used, as we shall see. We emphasizé once more 
that the use of the operator K’ is essential if antisymmetry, overlap, and 
continuum effects are to be properly included. 
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This section is concerned with the implementation of the discussion of the 
preceding section to the process of stripping. The starting point is the post- 
transition (or the corresponding prior transition) matrix element given by (2.37) 
and the DWA form (2.46), in which overlap and the perturbation of the 
deuteron-target nucleus wave function arising from the possibility of the 
transition to the proton—nucleus system are neglected. (The error resulting from 
this last approximation is reduced considerably by the use of a semiempirical 
potential between the deuteron and the target nucleus, which to some extent 
must include the effects of the two-step processes, in which, for example, the 
neutron is stripped from the deuteron by the target nucleus and then in the 
second step is picked up by the proton to reform the deuteron.) Elements 
entering into the calculation consist of the initial and final wave functions and 
the residual interactions V™ or V®. 
According to (2.36), 


VO = Here — Ay 
The Hamiltonian H,,, 1s generally chosen to be of the form 
ecg = Hy + Ty + Ty + Wo, + W1,4 + WO, 1) (3.1) 


where H , is the Hamiltonian for the target nucleus, T, and 7, the kinetic energy 
operators for the neutron and proton, wo 4 is the interaction of the proton with 
the target nucleus, w, , that of the neutron, and w(0,1) the neutron—proton 
interaction. The final Hamiltonian is given by 


A,=H,+1T,+w,,4+To+w (3.2a) 


=H,4.,+1I)>+w (3.2b) 


Here w is a mean, generally complex potential representing the interaction 
between the proton and the residual (4 +1) nucleus. Taking the difference 
between (3.2) and (3.1) yields 


VO =w, ,t+w(0,1)-—w 


A+l1 


i=1 
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The mean potential w cannot induce any transitions, so that its (d, p) matrix 
element vanishes. Hence, from (2.46’), 


At 


1 
d, W(0, i). 6) ) (3.4) 


i=1 


G (DWA) _ (—) 


One now makes the spectator approximation. Qualitatively it 1s assumed that 
the proton does not participate in the reaction. More precisely, one assumes 
that the only terms in the sum over w(0,i) that contribute significantly to 7 ,, 
are those for which the nucleons denoted by i are neutrons. Moreover, since 
the wave function @, as well as the indicated initial state, are antisymmetric in 
the neutron coordinates, one obtains 


Tip = (Nat ICUS fblwO0, DA (vy? xW)> (3.5) 


where N , is the number of neutrons in the target nucleus. Finally, if the exchange 
integrals in this equation are small, as is often the case, one obtains the simple 
result 


Tip =(Na + 1I)KUG } GW, DooPxy> (3.6) 


Forms (3.5) and (3.6) are most convenient because w(0,1) has a short range, so 
that domains in which the neutron—proton separation is large do not contribute 
to 7 ,,. Exploiting this feature leads to a considerable simplification, as we shall 
now show. 

We need to make explicit the spatial arguments of the functions occurring 
in (3.5). The function y as well as w(0,1) depends on r, —roy, where ry is the 
proton coordinate and r, the neutron. The function v depends on the separation 
of the deuteron center of mass from the center of mass, r,, of the target nucleus: 
that 1s, 


r, —Io 


rp =r,—3(¥, +o) =r4—1, + (3.7) 


The function U depends on the separation of the proton from the center of 
mass of the target nucleus and the neutron: 


Ar, try, A 
= ——_— — ry = ——_(r, —-1',) +1, —Fr 3.8 
P ras c= j Mra i) +11 —Fo (3.8) 


Equation (3.6) becomes 


A (ar, [a [ar UG /*(r Oe — Fabs —Pa,---) 


xX wry — Foo p)x(r —Fo)W(t. —T4,T3 —Ty,---) 
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Performing the integration over r,,r3,--- yields 
CO (hy — Nake —¥a.)Will2 — Ta l3 —Tas)> = S51 — 8a) (3.9) 


so that 


T ee =(N,+ 1) (ar, [aus }te/ pals —Fry)wr; —¥o) x(t, — ro); (Fp) 
(3.10) 
We now evaluate wy in the limit of zero range of the neutron—proton 


potential. Neglecting the tensor force between neutron and proton, the 
Schrodinger equation satisfied by y is 


v¥4+(-17-Sw)x=0 (3.11) 


where the dependent variable is r, —ry. The eigenvalue y? is related to the 
binding energy B of the deuteron by 


h,2 
y=—B 
m 
Solving (3.11) for wy yields 
2 
wy =—(V*—y*)y (3.12) 
m 
For zero range w, 
u 
4=Ne "/r=N- (3.13) 
r 


where N is the normalization. N can be expressed in terms of the effective range 
Pr» 


= 2 (e~?" — y?)dr 
0) 


It follows that 
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But 


[e @) oO i 
| fdr =1=4nN? | u2 dr = 4nN2 —_P 
0 0 2y 


Solving for N yields 


1/2 
N=—_( a ) (3.14) 
/4n\l— ve: 
The current value of p, is 1.767 fm. 
Inserting (3.13) into (3.12) yields 
9) 1/2 hi? 
fn( ul — di) (3.15) 
1 — yp, 


We can now return to (3.10) and replace the integration variables r, and rp by 
r,—r,=R and r=r,-—rpg. Integrating over r, one obtains, including the 
Jacobian of the transformation, 


h2( 2y \¥2 A42 
7g" = Jan; : ree pat 
m — YPr 


| dRUS (GR) R)v")(R) (3.16) 


The zero range approximation reduced the six-dimensional integral, (3.10), to 
a three-dimensional one. The latter is readily evaluated by expanding U‘~ and 
v'*) in a partial wave series, so that (3.16) becomes, after making the relatively 
simple angular integration and evaluating spin matrix elements, a sum of 
one-dimensional integrals. The function US > is generally taken from the optical 
model analyses of the proton—nucleus interaction described in Chapter V. A 
similar optical model analysis has been made of the deuteron—nucleus 
interaction. However, it should be remembered that an understanding of the 
latter is based on a much smaller data pool than that available from the 
proton—nucleus interaction. A table of optical model parameters for the deuteron 
projectile is given in Section 4. 

The overlap function f,,(R) is, in the independent-particle description of the 
nucleus, proportional to a single-particle wave function. As we discussed earlier, 
the residual interactions will add multiparticle components to the nuclear 
wavefunctions. However, these cannot contribute to f,, and to 7”). Thus 
the effect of the residual interaction is to reduce the strength of the cage -particle 
component since the total nuclear wave function is normalized to unity. This 
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is taken into account by the introduction of the spectroscopic factor F [see (1.5) ]: 


S*(a, jb (R) 
J/N,+1 


Putting the arguments of /'/? equal only to the angular momentum j of the 
neutron single-particle orbital @; is an assumption, since in principle f,; could 
depend on other properties of the initial and final nuclei. The function @, is 
assumed to be orthogonal to w. We remind the reader that in the limit of the 
independent-particle model, when the target is a closed-shell nucleus, Y, with 
the normalization above, is unity. This completes the description of the various 
factors entering into (3.16) for the transition matrix 7 4,. 

Some qualitative conclusions that follow from (3.16) for the transition matrix 
7%, can now be drawn. Since both the U‘” and v'") are wave functions 
describing the motion of particles in an absorptive potential, their magnitudes 
will be reduced in the nuclear interior. As a consequence, those partial waves 
of U‘” and v‘*? that are large at the nuclear surface will make the most important 
contribution to the transition matrix. Roughly, this will occur for those partial 
waves |, and I, of v‘*) and U™, respectively, satisfying the conditions 


f ilR) re (3.17) 


kpR~ |, (3.18) 
Ak, 

Rw! 3.19 

A+1 4 or) 


Hence the orbital angular momentum L of the single-particle nuclear wave 
function @ of (3.17) which will be most strongly populated will satisfy the 
condition 


Under these circumstances (large absorption) the (d,p) reaction is a surface 
reaction, 

These conclusions can easily be deduced from the overlap integral in (3.16) 
by making a partial wave series for U‘~) and u‘*). For this purpose it is not 
necessary to take spin onto account, so that 


=P Qh+ 1)i" P, (k; fed,,(r) = /4n¥./21,+ 1i"Y,, 5e%@,(r) (3.21) 
lL; 
and 
US =>) (21, + 1)i- P,,(k phe, (9) 
ly 


— 4n > i'r elty Yin, (kik) Y¥# (k;-f)W,,(r) (3.22) 
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Finally, let 


o (t) = 1.) Y py (kif) 


The transition matrix becomes 


h 2 ie A+2 
a (any (Ft =n y SF (q L)./N,+1 : 
t 


2(A + 1) 
x ¥ /21;,+ Lik eis +H) TI, lr, L)Y,,, mK ‘k,) 
Lily 
« any, oli, ape & one 
where 
I(l1,,L) = | Ve, Oke? dr (3.23) 


The angular integral can be performed using (A.2.35) from the Appendix in 
deShalit and Feshbach (74): 


[aory,,. bess 


ly,my 


* |e + 1)(2lp + 1I)(2L+ i 
Yiu = ee aS See a eee 
4n 


.( L  \(! L ) 
0 M m,/\0 0 0 


so that 


2 2 1/2 A+2 
ea 22 (4n)?/? "(=)" Kl2(g, L) /N a + 
— t 


m vp A + 1) 
x ny ./ 21; + Li ely tp T(L, I, L) Yim (kik) 


Lily 


E bed ly Bl 
1/2 54 i St 
x [(21; + 121, + 1)(2L+ 1)] + » Ve ; 4 (3.24) 


The 3—j coefficients yield not only the angular momentum conservation 
condition of (3.20) but parity conservation as well, since /; + L+1, must be even. 
The magnitude of the factor exp [i(0,, + 6 1,) 1. is, for absorption optical potentials, 
much less than unity for small I’s rising sharply to unity at the grazing values 
of 1; and /, given approximately by (3.18) and (3.19). The integral J will tend to 
zero as |; and |, exceed these grazing values since the corresponding angular 
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momentum barriers become important beyond the nuclear radius. The integral 
I will be small for these values of |, and / y for which the absorption is large, 
that is, for 1; and [, considerably smaller than the grazing values. As Austern 
(61) pointed out, this is a consequence of destructive interference between the 
optical model deuteron and proton wave functions. As the reader should verify, 
the radial wave functions for each of these waves inside the nuclear interior 
will for the most part be of the form exp(—iKr)/r, where K is the internal 


2 
(2lo+ ne} 1/0 


\yai+ne? | 


(2) 
1-2, 11 


*O |(21+1)6 
2 N 
(2D 6 oa < 
XN 
|_—_— 


8 10 l2 


2 4 6 
FIG. 3.1. The / window. The modulus of the stripping integrals contributing to an Al = 2 
transfer reaction 7*Mg (d, p) *°Mg, ground state at E, = 10.1 MeV plotted against |, = 1,. 


[From Hooper (66). ] 
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momentum appropriate for each particle. This is not correct near r = 0, but in 
that region the magnitude of the deuteron wave function is small as a 
consequence of the absorption. Elsewhere the product in the integral of J will 
fluctuate strongly and I will be small. 

These arguments demonstrate the existence of an / window—that there is a 
range in I, and /;, respectively, for which exp(6,, + 6, is appreciable. It is 
negligible if J; or 1, fall outside these ranges. This is illustrated in Fig. 3.1. 

The impact of the | window on the angular distribution can be seen from 
(3.24). The angular distribution will be oscillatory with a frequency that will lie 
between 2/21, and z/2/_.., where! and /_.. are the maximum and minimum 
values of I, or J;. 

Examination of the integral J yields another qualitative result that could 
have been anticipated—that the momentum transfer is bounded by the 
“momentum” of the captured neutron. That is, 


min? 


2m 
hh 


kp—kj| < 


. le| (3.25) 


A+1 


where |e|, the binding energy of the captured neutron, is given by the Q of the 
reaction plus the binding energy of the deuteron, 2.246 MeV. As k, and k; 
increase, this inequality implies that the reaction proceeds when k, is about 
equal to k;, this is, for good momentum matching. “Good momentum matching 
gives slow radial oscillations and large overlaps only in the nuclear surface 
region where the distorted wave functions are not yet affected by absorption” 
[Austern, Iseri et al (87)]. Since when multiplied by the nuclear radius, the 
left-hand side of this inequality gives the maximum angular momentum transfer 
L, we see that for a given (d, p) reaction, L is generally limited to fairly small 
values. 

The discussion above does not take the spin variable into account. For a 
given L of the captured neutron, two values of j, its total angular momentum, 
L+3, are possible. These correspond to two different single-particle states and 
therefore to two different radial wave functions y,, so that J is spin dependent. 
The spin dependence of the proton and deuteron optical potential as well as 
the deuteron D state will give 7 additional spin dependence. However, the net 
effect is quite small, although it may be observable, as indicated by Fig. 3.2. A 
deep minimum at the back angles is seen for the / = 1 transfer for p,,, and not 
for p3,.. The spin dependence is much more dramatically revealed in experiments 
that measure the polarization of the proton, or if the deuteron beam 1s polarized, 
the vector analyzing power, as illustrated in Fig. 3.3. (Polarization is discussed 
in Appendix C.) 

When spin is included in the discussion, the angular momentum balance 
must be reconsidered. If J, is the spin of the target nucleus, sp that of the 
deuteron, J, that of the final nucleus, and s, the spin of the proton, conservation 
of angular momentum requires that 
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= E, =!0—|2 MeV 

Ip fi = 14] 
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— C(d.p) Fe (d.p) 
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FIG. 3.2. Summary of j-dependent effects in (d, p) reactions. The curves represent the 
trend of the experimental data for different j values [Schiffer (68) ]. [From Barrett and 


Jackson (77). ] 


The assumption that the transferred neutron is in a single-particle state leads 
to the requirement 

J,=J;+j,=J,+L+s, (3.27) 
where L and s, are the angular momentum and spin of the neutron. Substituting 
(3.27) into (3.26) yields 

s,+1,=L+I,+s,+s, 
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(d.p) (d.p) 
/=1 transitions /=?2 transitions 
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em Derm 
*3Cr (8-0 MeV) 4'Ca (7-70 MeV) Mg(8-OMeV) “Cr (8-0 MeV) 
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v3 61 x E,=3-4] 
(a) (b). 


FIG. 3.3. Vector analyzing power for various (d, p) reactions [Glashauser and Thirion 
(69) ]. [From Barrett and Jackson (77). ] 


Presuming the absence of spin-dependent terms in the optical potentials of the 
proton and deuteron and in the neutron—proton potential yields (3.20). Hence 
the equation above reduces to the obvious result 


S,=S, +S, 


Since the deuteron is in a spin-1 state, the captured neutron and the emerging 
proton must-also be in a spin-1 state. If the deuteron spin is parallel or 
antiparallel to the normal to the scattering plane, the bound neutron and the 
emergent proton spins will be parallel. If the spin of the deuteron lies in the 
plane, the neutron and proton spins will be antiparallel. If the incident deuteron 
beam is unpolarized, the three deuteron spin states will have equal populations. 
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Therefore, the neutron and the proton spin will be parallel on the average. 
Hence by observing the emerging proton spin, one determines the captured 
neutron spin and therefore the total angular momentum, L+ 5; of the neutron 
state. We shall leave the verification of the discussion above as an exercise for 
the reader. 

The cross section is obtained by squaring 7, given by (3.24), summing over 
m,, averaging over the deuteron spin, and multiplying by the ratio of the emitted 
current to the incident current. The latter contains the factor (N, +1). One 
obtains 


2 
Wan *(4**) oc ike a ) Po, LYAL+1) (FOL NA+ NAL+D 


dQ 3\A+1/ k; m* \1—yp, Lili 
Lgl 
l 
«Al, + DAL + Deters asi | de 4 & L : 
00 0/\0 0 0 


«(7 ty ale ‘ Ne : El Laem LP 9) (3.28) 
0: 0: O00: OV, a a | 


This formula is less formidable than it looks because the sums on /jI;, [,, and 
l', are over a limited range because of the / window discussed earlier. The sum 
over | is limited as a consequence. We also see that the maximum value of ! 1s 
the least of the maximum values of 21; and 21,. 

The derivation of (3.28): makes a number of approximation that we shall 
now review. We have mentioned the neglect of spin-dependent terms in the 
proton and deuteron optical potentials as well as the D component of the 
deuteron wave function. Because these terms are comparatively small, a 
perturbation treatment is useful [see Satchler (83, p. 384)]. The inclusion of 
spin-orbit coupling in the optical potentials will not modify the angular 
distributions greatly. However, the overall magnitude and therefore the spectro- 
scopic factors extracted from the data can be changed substantially [Lee, 
Schiffer, et al. (64); Seth, Biggerstaff, Miller, and Satchler (67) ]. There are special 
effects. For example, as we noted above, a systematic effect for | = 1 transfer is 
observable. The spin-orbit coupling in the optical potentials is responsible [ Lee, 
Schiffer, et al. (64) ]. A similar effect is seen for /=2 and / =3 transfers. In this 
case both the spin-orbit coupling in the optical potentials and the D state of 
the deuteron are sources of the effect [Delic and Robson (74) ]. 

We turn next to the zero range approximation, (3.13) and (3.15). To obtain 


*Highly developed computer codes make comparison of experiment with stripping theory 
correspondingly straightforward. 
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the next order, return to (3.10) and insert the variables given by (3.7) and (3.8): 
A+2 A 
ai N,+1) | dr | dRUS)*| ——R+ 
@  >441 4 | | O.f Gre r) 
x f *(— R)w(r)x()vg') (R + 58) (3.29) 


The next step is to expand U{,} and v(") in a Taylor series in r and perform 
the r integration assuming that wy) is spherically symmetrical. One then 
obtains after some simple manipulations 


G (DWA) _ (+(_ A = (+) 
T ip ar Nat +1)B [aru Coe R | f7(— R)vg; (R) 
{1+ b0( 5 | rmer, (“.r)- im) +8 |) (3.30) 
where 
B= {a wy (3.31a) 
pB= {a r?>wy (3.31b) 


The potentials ¥,,, ¥,, and Wp are, respectively, the binding potential of the 
neutron, the optical potential for the proton, and the optical potential for the 
deuteron. B is given by (Ep + |E,| — E,), where |E,,| is the binding energy of the 
neutron. In deriving (3.30) the limit of A > oo was taken except for the argument 
of ¥’,. 

As one can immediately verify, when (3.15) is used, the first term, independent 
of p, of (3.30) agrees with (3.16). The use of (3.31a) provides some flexibility, 
however, since it makes possible the use of a more realistic expression for wy. 
The term proportional to p can readily be included in the calculations. The 
effect of the p term is to reduce the contributions from the interaction region. 
A comparison with the exact calculation is shown in Fig. 3.4. See Dickens, 
Drisco, Perey, and Satchler (65), Stock, Bock, et al. (67), and Santos (73) for 
further discussion. 

In passing, note that the Perey effect (effective mass) will also reduce the 
amplitude of the proton and deuteron wave functions in the interaction region. 
The Perey effect is a consequence of the nonlocality and energy dependence of 
the optical potential. 

Part of that nonlocality is generated by the Pauli principle, which tends to 
reduce the amplitude of the proton and neutron wave functions when they 
overlap the target and the residual nuclei. Antisymmetry can be included to 
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FIG. 3.4. Finite range effects. The dashed line is obtained using (3.30). F(r) equals the 
expression within the braces in (3.30). The dotted line results from the use of the zero 
range approximation. The labels “shallow” and “deep” refer to the depth of the deuteron 
optical potential used (V = 67 MeV and 112 MeV, respectively). [From Satchler (83). ] 
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some extent by adding in the exchange integral to (3.10). More accurately, the 
analysis of Section 2 should be used, including both the antisymmetry and 
nonorthogonality effects. That this is possible is demonstrated by the 
calculations of Dohnert (71) and those of several Japanese physicists, for 
example, Horiuchi (77). For an approximate treatment of antisymmetry that 
permits continued use of (3.1), see Johnson, Austern, and Hopes (82). The 
substantial agreement between DWA theory and experiment, particularly in 
the critical forward angle region, indicates that these effects, at least as far as 
the angular distribution is concerned, are small. 


4. THE DEUTERON-NUCLEUS INTERACTION 


The DWA amplitude depends strongly on the distorted deuteron wave function 
and therefore on the deuteron optical model. The deuteron has a comparatively 
large structure (diameter ~ 4.4 fm) and is very loosely bound (B.E. = 2.246 MeV). 
It can therefore readily “break up” when subjected to external forces provided 
by the target nucleus, a process that is aided by the Pauli exclusion principle. 
Deformation of the deuteron without breakup can also occur, but breakup 1s 
more likely. As a consequence, one finds strong deuteron absorption when the 
deuteron penetrates the nuclear interior. It is this strong absorption that is the 
most important factor in producing the | window of Section 3. 

As in the nucleon case, one approach to the deuteron optical model potential 
has been empirical; that is, the parameters of an optical potential of an assumed 
form are adjusted so as to fit the observed deuteron—nucleus elastic scattering. 
A second approach attempts to relate the deuteron optical model with the 
underlying nucleon—nucleon forces. At a simple level, the folding model is used. 
It suffers from the obvious omission of the breakup channels and thus leads to 
a serious underestimate of the absorption component. A more complete 
treatment based on the general analysis developed in Chapter III and used in 
Section 2 of this chapter has been carried out by Dohnert (71). Dohnert includes 
the effects of antisymmetry, which involves the possible exchange of one or both 
of the deuteron nucleons with those in the target nucleus. The effects of breakup 
(as well as multistep processes) on stripping are included as well. This is ensured 
by the orthogonality conditions (2.5) and (2.6). However, the Dohnert procedure 
does not permit a calculation of the breakup that occurs in a deuteron—nucleus 
collision. A correct description of the nonlocality induced by the Pauli principle 
as well as the contribution coming from the finite size of the deuteron is thus 
obtained. One can at this point insert the nucleon—nucleon potentials as well 
as the wave functions for the target nucleus to obtain the deuteron optical 
model potential, recognizing from the beginning that only the elastic amplitude 
can be described by such a potential. Such a calculation does not seem to have 
been carried out for the deuteron [see Dohnert (71) ], although Horiuchi (77) 
has performed the equivalent calculation for «-particle nucleus interaction. A 
less ambitious program employs the form derived by Dohnert for the empirical 
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analyses of the elastic scattering of the deuteron by the target nucleus, thereby 
avoiding the difficulties associated with the microscopic approach. 

However, most of the analyses reported in the literature use directly a simple 
empirical form for the deuteron optical potential, similar to that employed for 
the nucleon optical potential described in Chapter V. The hope, underlying this 
convenient approach, is that the potential so obtained will yield wave functions 
that mimic the exact ones faithfully and so include effects such as antisymmetry 
and nonlocality implicitly. This can be the. case only if the assumed form for 
the potential is sufficiently flexible so as to be capable of including the effects 
arising from nonlocality, such as the Perey effect (see p. 346). 

The local form commonly used is [see (V.2.38) ] 


VI=V.+S:LV 5 (4.1) 
where 
d 
Vi = Vex = Vf (Xo) — | Wy —4W, Arto) | 
dXp 
h \? ld 
Toa = (=) V0 7 =i (XG) 
m.,.C r dr 
and: 
1 r—r,Al 
ff (x)= _  .S 
l+e a; 


V, W, Wp, V,. are constants, while r; and a; may have differing values for x¢, 
Xw, Xq, and X.9. Voy; 1s identical with that used in (V.2.38). S is the spin operator 
for the deuteron, normalized so that S$? = 2. 

A thorough analysis has been made of the data available at the time to 
obtain a global optical model for deuteron energies ranging from 12 to 90 MeV 
by Daehnick, Childs, and Vrcelj (DCV) (80) and for nuclei with mass between 
°7A1 and 7*°Th. Their results are given in Table 4.1. Note that the DCV form 
assumes that x,,= Xp). As in the nucleon case, the central potential depth V 
decreases with increasing E, while the diffusivity grows with E. The volume 
absorption W is less important than the surface absorption W, at the lower 
energies but is of equal importance at the highest energy. The diffusivity of the 
absorption potential, ay, exhibits a dependence on neutron shell closure. The 
spin-orbit coupling decreases with increasing energy. Daehnick et al. (80) have 
also considered a complex spin-orbit coupling and have included in their table 
values of the parameters for nonrelativistic dynamics. 

Examples of the quality of the fits obtained are given in Figs 4.1 to 4.4. The 
fits on the whole are quite good, although there are some deviations of significant 
size, but these are not systematic. Note that the ordinate scale is logarithmic. 
The authors believe that in part these may be a consequence of structure effects 
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TABLE 4.1 Recommended Global Parameter 
Prescriptions That Fit a Wide Range of Deuteron 


Scattering Data* 


V = 88.5—0.26E + 0.88ZA 7 1/3 MeV 
re=i17 fm 
ay =0.709+0.0017E fm 
W =(12.2+0.0626E) x(1—e*) | MeV 
W, = (12.2 + 0.026E)e? MeV 
rw = 1.325 fm 
dy = 0.53 + 0.07A'/3 —0.042,e°" = fm 


r, = 1.30 fm 
V. = 7.33 — 0.029E MeV 
rso = 1.07 fm 
Aso = 0.66 fm 


“Potential name: 79 DCV L (nonrelativistic kinematics only). A, 
mass number; Z, proton number; f= —(E/100)?; y,;= 
[(M;—N)/2]”, where M;= magic numbers (8, 20, 28, 50, 82, 
126); N, neutron number; E, deuteron laboratory energy (MeV). 


I1|.8 MeV 


O /OR 


FIG. 4.1. Comparison of 11.8-MeV data with predictions of potential L (Table 4.1). 
[From Daehnick, Childs, and Vrcelj (80).] 
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FIG. 4.2. Comparison of 52-MeV data with predictions of potential L (Table 4.1). [From 
Daehnick, Childs, and Vrcelj (80). ] 


and, at low energies, of contributions of compound elastic scattering. Resolution 
limitations are important for deformed nuclei targets when these have low-lying 
excited states. Reaction cross sections obtained from the optical model are 
systematically higher than the experimental values, indicating perhaps a need 
to modify the Woods—Saxon shape used in (4.1). 

It is interesting to compare these phenomenological results with those 
obtained for the neutron—nucleus (n—nucleus) and proton—nucleus (p—nucleus 
interactions) (see Table V.2.1). We see that the real central (d—nucleus) potential 
is much greater than the corresponding nucleon potentials. Moreover, it differs 
substantially from the sum of the (p—nucleus) and n-nucleus real central 
interactions. However, the diffusivity a, is not very different. Both the imaginary 
central volume and surface terms, W and Wp, of the (d—nucleus) potential are 
very much larger than the corresponding nucleon—nucleus cases. The spin-orbit 
terms are not very different. Qualitatively, the difference in the real central 
deuteron potential from the sums of the nucleon potentials can be understood 
as a consequence of the finite size of the deuteron, while greater absorption 
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FIG. 4.3. Comparison of 80- to 90-MeV data with predictions of potential L, (Table 4.1). 
[From Daehnick, Childs, and Vrcelj (80). ] 


occurs because the penetrating deuteron breaks up readily in view of its small 
binding energy. 

It has been pointed out that a two-step process involving breakup could be 
of some importance for stripping. The first step involves the breakup of the 
deuteron (i.¢., a transition to the n—p continuum state) because of the interaction 
with the target nucleus followed by the capture of the neutron by the nucleus. 
In principle, this effect could be estimated using perturbation theory or the 
Dohnert procedure. Instead, the strategy in which the deuteron optical potential 
has been modified has been used. This has the convenience that the standard 
DWA formula whose evaluation by computer is a thoroughly tested and 
available procedure can be used. We discuss this approach in Section 6. 


5. OVERLAP WAVE FUNCTION 


The overlap wave function f,;(r) is defined as 


Frit) = (Wilt 2,13,---)| P(t, ¥25---)D (3.9) 
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FIG. 4.4. Comparison of the predictions of the potential (Table 4.1) with vector 
polarization data. [From Daehnick, Childs, and Vrcelj (80). ] 
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where integration over the coordinates common to wy and @, is assumed. The 
functions wy; and @, are the wave functions describing the target and residual 
nuclei. From the Schrodinger equations satisfied by wy; and ¢,, one immediately 
obtains 


Ft) per (5.1) 
where 

2m 

za (Es —E,)=«? (5.2) 


The energy (E; — E,) equals the energy required to break up the final nucleus 
into the initial nucleus plus a zero-energy neutron. 

The overlap wave function generally used in a stripping DWA calculation 
is obtained by solving the Schrodinger equation for a neutron moving in the 
mean field of the target nucleus. The latter is taken.to be an empirical potential 
such as the Woods-—Saxon potential [see Bear and Hodgson (78)] whose 
parameters are appropriate for the target nucleus and the neutron single-particle 
state under study, and of course satisfy (5.1) and (5.2). This last condition is 
important to the extent that the reaction occurs at the surface. Harmonic 
oscillator wave functions are not adequate because they do not satisfy (5.1) and 
(5.2). Obviously, the more realistic the models used in terms of the experimental 
evidence that they can explain, the more meaningful is the understanding of 
nuclear structure that can be extracted from the one-particle transfer reactions. 

The overlap wave function is significantly modified when the target and/or 
the residual nuclei are deformed, since the effects of deformation are most 
important on the surface region. The deformed potential is obtained from a 
spherical one that has been found suitable for spherical nuclei in a nearby range 
of the periodic table. One can, for example, expand the radius parameter R in 
a multipole series. [See Rost (67) and Bang and Vaagen (80) for details. ] 


6. THREE-BODY MODEL! 


The three bodies in this model are the neutron, the proton, and the target 
nucleus. The neutron—nucleus and proton—nucleus interactions are taken to be 
the optical model potentials, while the neutron—proton interaction usually is a 
simplified version of the nucleon—nucleon interaction, allowing of course for the 
formation of the deuteron. The optical model potentials include the effects of 
the excitation of the target nucleus on the elastic scattering of the neutron and 
proton by the nucleus. Otherwise, the nucleus is inert, so that inelastic and 
fragmentation processes are not included in this model. 


+ Austern, Iseri, et al. (87). 
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The focus of the study of this system is on the effect of breakup on the 
wave function and on the elastic scattering of the deuteron. The approximations 
used eliminate the stripping channel. Stripping is calculated in the next order 
of approximation by using the three-body model wave function in the DWA 
transition amplitude. The implied assumption is that the stripping channel does 
not induce a substantial change in the wave function. 

The simplest Schrodinger equation for the three-body model has the following 
form: 


LE — T, — T,, — Vpn —(V, + iW,) —(V,, + iW,,) W(t, Tn) = 0 (6.1) 


The quantities T, and T,, are the kinetic energy operator for the proton and 
neutron respectively, V,,, is the neutron—proton interaction, and V, + iW, and 
V, + iW,, are optical model potentials. The energy dependence of the empirical 
optical model parameters present a problem in that the energy at which these 
parameters should be used is not clear. The practice has been to evaluate them 
at an energy equal to E/2 on the supposition that the neutron and proton share 
the energy equally, as is approximately the case for the incident deuteron. There 
is in addition a threshold effect; the absorption potential W, must go to zero 
when the proton energy exceeds E, since then the neutron is bound. To take 
this effect into account, W, in (6.1) is replaced by 


WwW, w(« = UE ~h,) (6.2) 


where @ is the unit function and h, is the proton Hamiltonian 
h,=T,+V, (6.3) 


A similar modification is suggested for W,, 

One should also take antisymmetry into account. The wave functions of the 
neutron and proton must be orthogonal to the wave functions of the nucleons 
in the target nucleus. 

In most of the calculations that have been performed, the threshold effect 
and the antisymmetry are neglected. Estimates of the latter are discussed by 
Austern. We then return to the Schrodinger equation, (6.1). 

We discuss three procedures that have been used to obtain approximate 
solutions to (6.1). In all of these approximations, the variables 


(6.4) 
are used. Letting 


U=V+iw 


496 TRANSFER REACTIONS 


the potential in (6.1) becomes 


u,(R de “| + 04(R = "| + V, (rt) (6.5) 


A Coulomb term U;,(R), dependent on R only, is added to (6.5). Since the 
dependence of the Coulomb potential on r is neglected, this term will have no 
effect on break up. 


A. Watanabe Potential’ 


This is obtained by taking the expectation value of (6.1) with respect to the 
internal deuteron wave function @,(r), omitting the 3D, state component of ¢,. 
This yields the equation 


LE + |eg| — Tp — U-(R) — Uw,,(R) JW(R) = 0 (6.6) 
where T, is the kinetic energy of the center of mass of the neutron—proton 
system, 

r r 
Una = | dride)?| U,(R+5)+U,(R—5) | (6.7) 
and 
Wi(r,,1,) = ‘P(r, R) (6.8) 
has been approximated by 
P(r, R) ~ ,(r)'P(R) (6.9) 


The Watanabe potential is just an example of the folding potential [see (V.2.76) ]. 
In view of (6.9), the breakup channel is not included. 


B. The Adiabatic Approximation! 


We first rewrite (6.1) in the neutron—proton relative and center-of-mass 
coordinates, r and R, respectively: 


(E—h,, — Tz — U(r, R))W(r, R) = 0 (6.10) 


np 


* Watanabe (58). 
*Johnson and Soper (70). 
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where 


U(r,R)=U,+U,+U, 


and h,,, is the neutron—proton Hamiltonian 
hee Vy (6.11) 


T, 1s the kinetic energy of the relation motion of the neutron and proton. The 
adiabatic approximation is obtained by replacing h,, by — |é,|, where ¢, is the 
binding energy of the deuteron, with the result 


(E + |eg|— Tp — U(r, R))W47(r, R) = 0 (6.12) 


This equation is solved as a scattering problem in the variable R; the variable 
r is taken to be a parameter, so that solutions are calculated for each value of 
r. The incident wave is taken to be ¢,(r)e'*"®. Deuteron elastic scattering is 
obtained by taking the expectation value of the outgoing component of y4? 
with respect to the deuteron wave function ¢,(r). Breakup is obtained by taking 
the expectation value with respect to the neutron—proton continuum wave 
functions, $(k, r). 


C. Coupled Equations‘ 


The Watanabe wave function, (6.9), is the first term 1n a more complete expansion 
of ‘¥(R,r) in terms of the bound state (the deuteron) and the continuum states 
of two nuclear system. Austern, Iseri, et al. (86) write 


l 
V(r, R) = » ajym R Wyu(t, R) 
Waal, R) = b(t) F(R) You(R) 


tee, | © dk bulk NGL, R)LY@), Y¥(R)lim (6-13) 


I L=|J-lJo 


In this equation f’(R) and g;,(A, R) are unknown functions to be determined 
by the coupled equations obtained when (6.13) is substituted for the wave 
function in the Schrodinger equation. The continuum wave function ¢,(k,r)Y,,, 
satisfies the neutron—proton equation: 


[e(k) _ ihe _ V onl) 10 i(k, r) Yim(F) = 0 
h?k? 


rv (6.14) 


e(k) = 


* Austern, Iseri, et al. (89). 


498 TRANSFER REACTIONS 


The parameter 4 gives the center-of-mass momentum of the neutron—proton 
system, so that 


—. hA(h) 
E =e(k)+ ry, (6.15) 
Finally, [Y,(f), Y,(R)],y is given by 
CY), YR) Iya =, <IM|Im, Li Yin (P)Y,,(R) (6.16) 


my, 


The first term of (6.13) describes elastic deuteron scattering, and the second 
term describes the breakup component. The expansion in | permits the 
description of the effects connected with the orientation of the deuteron. 

Inserting (6.13) into the three-body Schrodinger equation leads to an infinite 
set of coupled differential-integral equations. Some method of truncation is 
needed. The dynamical origin of the coupling is in the potential U: 


U=U( RS] 2 R= eu. (6.17) 
Aan 2 


This can be expanded in a multipole series: 


U =) U(r, R)P,(f-R) (6.18) 


If U, = U,, which is nearly true, the sum goes over the even /’s only. Truncation 
of this series at |=1,,,, 1s reasonable physically. A posteriori verification can be 
obtained, and in fact |,,, equals 2; that is, only two terms in (6.18) are needed. 

This is demonstrated by Table 6.1, which gives the partial cross sections as 
| aax 1S Increased beyond 2 for J = 17, the dominant wave in the example discussed 
by Austern, Iseri, et al. (87). The / = 1 contribution is found to be unimportant. 


TABLE 6.1 Partial Cross Section 6 for J = 17 


ae 2 4 6 0 
go?) 4.067 3,930 3.989 10.273 
a7 12.596 11.651 11.351 
g(t?) 1.830 1.684 
g() 0.202 
yo" 16.663 17.411 17.226 10.275 
a) 74.230 73.502 «73.568 ~=—-90.106 
oD) 99.444 10032 10033 93.429 


react 
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FIG. 6.1. Elastic scattering cross-sections for d + °SNi. Comparisons are made between 
the Watanabe model, the adiabatic approximation, and the coupled-channel (CDCC) 
calculations [Yahiro (85) ]. [From Austern, Iseri, et al. (87). ] 


We also see that the Watanabe (/ = 0) term is not usable. To be consistent, one 
must similarly cut off the expansion over / in (6.13) at / in (6.13) at /=1,,,. The 
Schrodinger equation for w(r,R) now becomes a finite set of coupled 
integrodifferential equations. These must be solved numerically. In making this 
truncation, the stripping channel asymptotic amplitude vanishes faster than 1/r, 
so that this formulation can yield a finite stripping amplitude only in the next 
approximation, described below. 

The Watanabe potential is obtained if only the first term in (6.13) is retained. 
The adiabatic approximation can be obtained from (6.13) if e(k) is appropriately 
replaced by —|e,|, or as is sometimes done, by a constant that can be used as 
a parameter. Of the three approaches, the coupled-equation description should 
thus be regarded as the most precise. 

The elastic scattering and breakup cross sections calculated using these three 
approximations are shown in Figs 6.1 and 6.2. From Fig. 6.1 we note that the 
Watanabe cross section is in substantial disagreement with the coupled-equation 
results beyond about 30°. The adiabatic cross section is in much better agreement 
departing from the coupled-equation results at about 90°. On the other hand, 
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FIG. 6.2. Comparison of breakup cross sections of 56-MeV deuterons by ‘*C with 
calculations by CDCC, DWBA, and the adiabatic models. In this experiment the neutron 
detector is fixed at or = 15° [Yahiro, Iseri, Kamimura, and Makano (84); Yahiro 85) ]. 
(From Austern, Iseri, et al. (87). ] 


the adiabatic breakup cross section (Fig. 6.2) has a slope similar to that obtained 
with the coupled equations but fails when the proton angle O°. deviates 
substantially from the neutron angle 6”. 

The importance of the |= 2 term for the elastic scattering, which gives rise 
to the deviation from the Watanabe results, can also be seen when an optical 
model potential is fitted to the coupled-equation elastic scattering. The 
Watanabe potential has a very diffuse surface. But according to Austern, Iseri, 
et al. (87), when the effect of the / = 2 multipole is included, the diffusiveness of 
the optical model potential is reduced to a value equal to that of the nucleon 
optical model potential. This is in good agreement with the empirical results 
of Section 4. A similar behavior 1s found when the adiabatic model is used. 

Stripping can be calculated on the basis of the three-body model using the 
J -matrix element 


F ap = Xp (ky tall) Vonl (tp Tn) > (6.19) 


where the outgoing nucleon is a proton and w‘"(r,,r,) is chosen to be the 
three-body model eigenfunction corresponding to an incident deuteron. In the 
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FIG. 6.3. Cross sections for >®Ni(d, p) °? Ni(3p, g.s.) at E, = 80 MeV obtained from CDCC, 
AD, Watanabe, and DWA Calculations [Tseri (85) ]. [From Austern, Iseri, et al. (87). ] 


zero range approximation, 


(F aplzr = | aRx, *(RWH(R)G (kz R) (6.20) 


with 
o'* (k,, R) = 8 | dr Vin(t) YOO, R) (6.21) 


Roughly, o{*) ~ ‘¥'~0, R). 

We now look for the effects on stripping of the break up channels. These 
are two in number. First the presence of the breakup channels will draw flux, 
so that the contribution of the ¢pf’(r) term in (6.13), to be referred to as the 
elastic contribution, will be reduced. Second, in the event of poor momentum 
matching, thereby reducing the elastic contribution (see p. 482), the breakup 
contribution may become important since there will be a range in k in the 
breakup component of (6.13) which permits good momentum matching. 

These effects are illustrated in Figs 6.3 to 6.5. In Fig. 6.3 we compare the 
calculations using the deuteron wave function provided by the Watanabe 
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FIG. 6.6. Cross section for the reaction *°*Pb (p, d) at E, = 22 MeV. The incident protons 
are polarized [Iseri (85) ]. (From Austern Iseri, et al. (87).] 


FIG. 6.4. Decomposed cross sections for *®Ni(d, p) °?Ni(2p, g.s.) at E, = 80 MeV for the 
CDCC and AD calculations showing the contributions for the elastic and breakup 
processes [Iseri (85) ]. [From Austern, Iseri, et al. (87).] 

FIG. 6.5. Modulus of the overlap integral I for °®Ni (d, p) >? Ni (2p, g.s.) at E, = 80 and 


21.6 MeV. The angular momentum L, is taken to equal L, — 1 [Iseri (85) ]. [From Austern, 
Iseri, et al. (87). | 
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potential, the adiabatic approximation, the coupled-equation procedure, and 
the DWA. In the last case, a deuteron potential that yields a coupled-equation 
elastic cross section. Comparison of the coupled equation with the Watanabe 
result demonstrates the importance of breakup, especially at the larger angle. 
The adiabatic cross section and the DWA also disagree with the coupled- 
equation results. In the former case, which includes breakup, the deviation from 
the coupled equation results 1s presumably due to the inaccuracy in the breakup 
amplitude because of the adiabatic assumption. Phase relations are extremely 
important in this situation. But in addition, the adiabatic approximation 
includes only the /=0 breakup contribution not the / = 2. This effect in important 
at lower energies. 

Further insight is obtained from Fig. 6.4 in which are plotted the elastic and 
breakup contributions to the stripping cross sections for both the adiabatic and 
coupled-equation approximations. In the coupled-equation case, note that the 
breakup contribution dominates beyond proton angles of 50°. In the adiabatic 
case this crossover does not occur. In fact, the breakup cross section is much 
smaller than the elastic cross section over the entire angular range. Figure 6.5 
demonstrates that breakup reduces the contribution to stripping made by the 
smaller deuteron angular momenta in the Watanabe calculation. Breakup 
thereby emphasizes the surface character of stripping. 

In Fig. 6.6 the three methods are compared with experimental data. We see 
that in these cases, by far the best results are achieved with coupled equations. 
The adiabatic approximation is a considerable improvement over the Watanabe 
recipe, especially at large angles. 

In conclusion, the single-step DWA approximation of Section 3 can be 
considered to be valid only in the forward angular range. Employing the 
adiabatic model will result in a substantial improvement. But the use of the 
more exact coupled-equation method is computationally laborious, limiting its 
utilization for the analysis of data. 


CHAPTER VII 


a ee eee ee 


MULTISTEP REACTIONS 


1. INTRODUCTION 


The DWA as used in Chapter V and Section VI.3 describes a single-step reaction 
as exhibited by the explicit appearance of the responsible interaction only once 
in the transition matrix element [see (V.4.8) and (VI.2.26’) ]. More picturesquely, 
one visualizes the incident projectile passing near the target and exciting the 
latter or transferring a particle to it and then departing without further exchange 
of energy or mass. Clearly, it is possible that more than one interaction can 
occur before the final state 1s achieved. For example, in the case of a particle 
transfer reaction to the ground state of the residual nucleus, the particle may 
be transferred to form an excited state of the residual nucleus, which upon a 
second interaction makes a transition to its ground state. Or in the case of 
elastic scattering of a deuteron, one step might involve the transfer of the 
deuteron’s neutron to the target, followed by the second step, in which the 
neutron is emitted and combines with the proton to reform the deuteron. Both 
of these examples are two-step reactions. The reader can devise other examples 
of two-step reactions or indeed, reactions involving many steps. One refers to 
this class as multistep (direct) reactions. In this chapter we develop the theoretical 
framework in which these reactions can be studied. 

When will the multistep process be important? Certainly, when the single-step 
reaction cross section is abnormally reduced, as occurs for production at large 
angles, for large energy loss, and for large angular and linear momentum 
transfers. It may occur because of poor overlap between the initial and final 
wave functions (because of poor momentum matching) for deformed nuclei if 
a considerable change in shape were to occur. On the other hand, there may 
be specially favored transitions to intermediate states that can serve as doorway 
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states en route to the final state. Two reactions we refer to later in this chapter 
may serve as examples. The excitation of the 4/° state of a vibrational nucleus 
can be accomplished by either a single step induced by a fourth-order multipole 
or by two quadrupole steps proceeding therefore through a 2; intermediate 
state. The amplitude for these steps are comparable. In the transfer (p, t) reaction, 
the ground state-to-ground state reaction is favored in superconducting nuclei. 
In considering the excitation of the 2* level by this reaction, one must include 
not only the single-step but also the two-step reaction, in which the first step 
is ground state-to-ground state transition, followed by an inelastic excitation. 
Or the inelastic excitation can occur in the target nucleus and the transfer to 
the excited state of the final nucleus follows. 

As the change from the initial nuclear structure increases, more steps may 
become important. However, the number of steps is limited since the probability 
for an individual step is less than unity. At higher energies, the probability for 
any single step is much reduced, with the consequence that at sufficiently high 
energy the single-step approximation suffices. 

On the other hand, at sufficiently low energies the incident projectile may 
lose so much energy to the target nucleus that 1t becomes trapped and eventually 
fuses with the target to form a compound nucleus. Reemission of the projectile 
or other particles now occurs through an evaporation-like process, as described 
in Chapter IV. Of course, if the energy is high enough, the system may emit 
before the compound nucleus is formed; this process is referred to as pre- 
compound reaction. After a number of steps, precompound emission becomes 
improbable and the compound nucleus is formed. In this book we use the term 
statistical multistep compound reaction to describe both the precompound 
emission and the formation of the compound nucleus. 

Of course, in a given reaction, all of the reaction types discussed above can 
occur; that is, the reaction can be single-step and multi-step direct. It can lead 
to the formation of a compound nucleus, or it can terminate before the 
compound nucleus is formed, as in the multistep compound reaction just 
discussed. These possibilities are reflected in the spectrum of a given reaction 
product at a given emission angle. A typical spectrum fo a (p,n) reaction 1s 
illustrated in Fig. 1.1, where the double differential cross section for the 
production of a neutron at an energy E,, and at angle &, is plotted as a function 
of neutron energy. The incident proton has an energy of some tens of MeV. As 
indicated in the figure, each of the processes discussed above dominates a 
particular spectral region. This is a qualitative rather than a quantitative 
association. But by and large, the excitation of individual low-lying energy levels 
in the residual nucleus proceeds via the single-step direct process. On the other 
hand, the low-energy slow neutrons are for the most part produced after the 
target nucleus and incident proton combine to form a compound nucleus. As 
one goes away from the extremes, the multistep processes become dominant. 
On the low-energy end, emission before the compound nucleus is fully developed 
takes place, while at the high-energy end, the increased energy loss to the target 
is more readily obtained in several steps than in one. In the intermediate region 
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FIG. 1.1. Neutron energy (E) spectrum of an angle $= 9p. 


far from the extremes, both the multistep direct and compound reactions play 
equally important roles. 

With a change in the angle 3, the relative emphasis on the various processes 
changes. At forward angles the single direct process will dominate and there 
will be relatively little cross section in the low-energy part of the spectrum. At 
large angles, the multistep direct process will be important for relatively high 
neutron energies, while the evaporation and multistep compound reactions will 
dominate the low-energy end of the spectrum. 

At low energies of the incident projectile, one can expect that the compound 
and multistep compound reactions will dominate since it will be relatively easy 
for the projectile and target to fuse after relatively few steps. However, as the 
projectile energy increases, the direct processes becomes increasingly important 
and eventually make the major contribution to the cross section. 

Increasing E,, in Fig. 1.1 maps qualitatively into decreasing interaction time. 
For large E,, the angular distribution is forward peaked, while variation of the 
cross section with projectile energy is slow. Both features are characteristic of 
a short interaction time (i.e., the time during which the projectile and target 
interact). The slow energy dependence, using the Heisenberg uncertainty 
relation, directly indicates short interaction times. The forward peaking cor- 
roborates this result since the information indicating the incident direction 
is preserved. For small E, the angular distribution in the evaporation region 
is spherical, indicating complete loss of information regarding the incident 
direction and therefore a long interaction time. As one moves into the multistep 
compound domain, the angular distribution is symmetric about 90° but is 
definitely anisotropic. The variation in cross section with energy is rapid (see the 
discussion of Ericson fluctuations in Chapter IV), demonstrating that the 
interaction time is relatively long. 
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One anticipates that a longer interaction time indicates a greater number of 
steps. Moreover, an increasing number of steps correlates with incréasing 
complexity of the wave function. These correlations are indicated in Fig. 1.1. 

This sketch of the emitted spectrum omits the influence of special features 
such as giant resonances. This depends critically on the nature of the interference 
between the resonant and nonresonant amplitudes. If the excitation energy 1s 
sufficiently high, so that many levels in the residual nucleus can be excited, it 
is anticipated that on averaging over these levels, the interference term will 
average to zero. Then the cross section will be a sum of the cross sections for 
the resonant and for nonresonant processes. 

The formal treatment of multistep direct processes can proceed by evaluating 
the transition matrix to nth order in the coupling potential v, where n is the 
number of steps. For example, for a three-step process, 


=< $509!) + ( of baa 5) 


1 
+( 97% "EO H a aoa) +> os 


where {*) and $("? are the initial and final wave functions, 1/(E‘*’ — H) is the 
intermediate- state propagator, and H is the intermediate-state Hamiltonian. 
The spectral decomposition of 1/(E‘*) — H) provides various possibilities for 
intermediate states. The first term in (1.1) is the single-step,the second term the 
two-step, and the last term the three-step amplitude. We discuss later how these 
terms might be evaluated. 

Equation (1.1) is adequate if v is relatively weak but fails if the coupling is 
strong. This is, in fact, the case when the low-lying collective states are involved, 
for then a particular multipole moment (e.g., the quadrupole) of the coupling 
potential can produce, with substantial probability, a particular member of the 
band of collective states. As a consequence, iterations of the coupling can be 
appreciable. Moreover, because of the close relation of the collective states to 
each other, there can be phase relations among the various multistep amplitudes 
that will lead to significant interference effects. An expansion like (1.1) is not 
useful under these circumstances. 

Instead, one must put all of these excitations and the ground state on a 
more-or-less equal footing. Toward this end, one employs the multichannel 
optical model described in Chapter V [Eas. (8.5), (8.6), and (8.7) ], which takes 
the form 


(E — Hoge) PV =0 (1.2) 


where P projects on to all the channels of interest. H.,, contains the effects of 
the omitted channels, usually energy averaged, so that H,,, is an optical model 
Hamiltonian. One must be careful to distinguish if from the single-channel 
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optical model of Chapter V. In the first place, H,;, involves explicitly more than 
one channel, whereas the single-channel optical model deals only with the elastic 
channel; the effects of all the other channels are contained in the single-channel 
optical model Hamiltonian. As a consequence, the magnitude of the absorptive 
component of the single-channel optical Hamiltonian will be larger (often, 
substantially) than the absorptive component of Hg. 

Upon expressing PY in terms of the channels included in P, (1.1) becomes 
a set of coupled Schrodinger equations. The steps of which we spoke earlier 
are generated by the coupling between the channels. In principle, one can 
proceed by solving these equations exactly, a procedure that is practical only 
if the number of these equations is not too large. On the other hand, when the 
number of coupled channels is large, statistical methods can be employed. The 
resulting process is referred to as the statistical multistep direct reaction. There are 
in-between situations in which the coupling among some special channels has 
to be treated exactly, while statistical methods will suffice for the remainder. 

In summary, the multistep direct reactions can be treated using (1) higher- 
order DWA, (2) through the use of coupled channels, and finally (3) when 
the number of channels becomes large by using the statistical multistep direct 
theory. As remarked earlier, a discussion of the formation of the compound 
nucleus, including the precompound emission, will lead to the theory described 
as the statistical multistep compound reaction. 


2. COUPLED CHANNELS AND HIGHER-ORDER DWA? 


It is convenient to combine the discussion of the coupled-channel method and 
the higher-order DWA, which is a particular approximation to the results 
obtained using the coupled-channel method. Moreover, at the start, for reasons 
of simplicity, we shall be concerned only with inelastic scattering, in which the 
target nucleus is excited by the incident projectile. It will be again assumed, for 
simplicity that the multistep process involves only excited states of the target. 
The Pauli principle required if the projectile is composed of nucleons will also 
be disregarded in this discussion. (See Section III.5, for a rigorous treatment.). 

To obtain the coupled-channel equations, expand PP of (1.2) into the finite 
series 


PY= » (OW (1, 2,...) (2.1) 


where w; are the wave functions describing the ground and excited states of the 
target, while @; depends on the coordinates of the projectile relative to the 
center of mass of the target nucleus. The optical model Hamiltonian H,,, is the 
sum of the target Hamiltonian H,, the kinetic energy operator T giving the 


*Tamura (65, 74); Satchler (83). 
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relative motion of the projectile-target nucleus system and the interaction V‘”? 
between the projectile and the target: 


A ere — H, + T + V &P*) (2.2) 


The wave functions yw; satisfy the equations 


Hw. = ew, 
Wi= ey; 0.3) 
CWilW p> ad 0;; 
Inserting (2.1) into (1.2), one obtains 
[E—¢,—T—<y,l VPOW> 10; = d Cwil VPOW >; (2.4) 


These equations are to be solved subject to the boundary conditions at infinity. 
These are (1) that except for the incident channel (target nucleus in the ground 
state), all the ¢; behave as e'*"°/r, where k; =[(2u/h*)(E —,)]'? as rp > @; 
(2) the incident channel wave function consists of a plane wave plus an outgoing 
wave in the same limit. 

The first-order DWA for the excitation of the state w, is obtained if one 
assumes that ¢, couples only to the incident channel ¢ 9, whose coupling to ¢, 
is neglected: 


(E — & — T — Voo)Po = 9 


(2.5) 
(E — &g— | VidPa = 20? 


where we have adopted the notation 
Van = (Gal V??| p> 


The second-order DWA is obtained if one assumes that @, couples to the other 
states @,, which, however, couple only to the incident channel: 


(E — & — T — Voo)o = 9 


(2:6a) 
(E —e,—T — Vi) y = VioP 


Or 


1 


sy 2.6b 
ae ae ey a 1 r0Po ( ) 


Py 


The equation for @, is 


(E — & — TS Via)Pa om 20P0 + > VavP (2.7) 
b#a 
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Substituting for ¢, from (2.6), one obtains 


I 


b=t37T2 V6. =) o> Vs 
a= Vaobo+ Y Var rapa 


VsoPo (2.8) 


The transition matrix is then 


Fog Va0b > + J Cx 


1 
V4 = ——__ V (+) 2.9 
EO) ap TeV. 0 [68 } ( ) 


where 
(E — € — toe Vid0s0 =0 


The first term is the first-order DWA,, while the second is the second-order DWA 
and is in the form given by (1.1). One can evaluate the second-order DWA 
directly from (2.9), but in practice it is simpler to numerically integrate the 
equation for @¢,, then solve (2.6a) for ¢,. Substituting these results in (2.7), one 
then solves for @, directly. 

When the coupling is strong, one must resort to the complete coupled 
equations, (2.4), and integrate them numerically. One procedure, which we shall 
now develop, reduces the coupled equations to coupled radial linear differential 
equations by eliminating all the angle and spin dependence. Assume that the 
potential V” is a scalar, so that the total angular J of the interacting system is 
conserved. We may therefore restrict the discussion to partial waves with a 
given J. The angular momentum of the system consists of the spins of the target 
and projectile j, andj, respectively, added to their relative angular momentum I: 


J=j,+j, +1 (2.10) 


Two coupling schemes that lead to the spin-angle functions with J and M, 
quantum numbers have been used. The channel spin coupling scheme proceeds 
in two steps, first coupling the spins, 

j.+j,=S8 (2.11) 


and then coupling S and I to form J: 
S+l=J (2.12) 


The spin-orbit coupling scheme first couples j, and | to form J, and then couples 
J, to j, to form J: 


Iptl=J 
a (2.13) 
J,t+i=J 


512 MULTISTEP REACTIONS 


The wave functions corresponding to these two coupling schemes are connected 
by the 6 — j symbol [see Appendix A, Eq. (2.85), in deShalit and Feshbach (74) ]. 
Which coupling scheme is more convenient to use depends on the physics of 
the problem: Spin-orbit coupling would be appropriate when the spin-orbit 
interaction is strong. 

We shall provide an explicit discussion of the coupled channel for channel 
spin coupling only since the algebra is simplest for that case. In order to separate 
the geometric factors as completely as possible, the dependence on ! of @,0) in 
(2.1) will be factored out, leaving only the radial dependence. For a given total 
angular momentum of the system J, z component M, we couple 


Lm 7 i! Yim(Fo) 


with the channel spin wave function w,(Sm,r) to form a wave function with 
J and M: 


O(JM;S,1)= )) (ImSm,|JM)Y p(FoW(Sms ¥) (2.14) 


m,ms 


The subscript « orders the possible wave functions whose spin is given by J. 
The variable r represents all the target nuclear coordinates. The functions ®, 
satisfy | 


<®(J'M; S,P/)| O,(JM; S',D>= 077 Oum Ow Oss ap (2.15) 


The integrations are carried out over r, the internal coordinates, and Qo, the 
angular coordinates for the relative motion. The channel spin wave function 
W(S,m,) is obtained by coupling the target nucleus wave function wW(j,m,) and 
the spin wavefunction y(j,m,) of the projectile: 


w (Sm, r) = W((ipj,)S(m,; 8) 
= ¥ (ipm, jm, |SmWinmdxUi p> My) (2.16) 


Mp,me 


One now expands PY in terms of ®,(JM;SI), in that way providing the 
dependence of PY on r and f,. The coefficients of the expansion will then 
depend only upon ro. Therefore, 


pp=t YX u,(J(S); 1o)®,(JM; SNAVM; Sil) (2.17) 
r 


QO @ 
JM 


The coefficient A(JM; S,l;) is chosen so that the incident channel associated with 
the ground state of the target and denoted by S,/; contains the only incoming 
wave. We shall determine this coefficient later. Introducing (2.17) yields sets of 
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coupled differential equations for u,. Only those u, with the same J and M will 
couple. For a given J, these equations are 


{E es 5 | — (HS) V™ J¢s) bu - 


alae 

= PY (SN) V™ | JST) uAI(S)sro) (2.18) 
ata’ 
S’,l 


The next step is to evaluate the reduced matrix elements of V°. For this 
purpose, we expand V"? in a multipole series: 


VPP = VQ) ¥Qo)vA(Fo) (2.19) 


Note that this expansion assumes a term-by-term factorization of the 
dependence r and ro, which we will justify later. Evaluating the matrix elements 
can be accomplished by using (A.2.54) of deShalit and Feshbach (74). One obtains 


(J(SD || VP? | JST) = (YI 2S + if) : a 
A 
x (SQ, ISIE YI Mvlro) 
Inserting (A.2.48) of deShalit and Feshbach (74) for (I|| Y, ||’), one finally has 


(21 + 1)(2V + 1)(2A + 1)(2J 4+ 1) 
4n 


SE Ser oT . 
<}) es t( F 5 Jab Sr) (2.20) 


(J(SD) || V (P) | J(S'1)) = yy (= ere —1)/2 
a 


A further reduction is possible since S=j,+j,, and Q, depends only on r. 
Equation (A.2.55) of deShalit and Feshbach (74) would be used for this purpose. 
The complete formula is given by Tamura (65). From (2.20) we see that 


|= ‘ = 
SH1-30) 845-00) 2) 
and 
1+ A+ l'=even number (2.22) 
Equations (2.21a) and (2.21b) express the conservation of angular momentum 


in the process. Equations (2.21c) and (2.21d) give the changes in | and S induced 
by the interaction. From (2.22) one obtains the conservation of parity. Note 
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that in (2.20) the other properties of the target nucleus are contained in the 
reduced matrix elements (S || Q, || S’). In principle, these can be determined from 
experimental data and compared with the predictions of the theory of the target 
nucleus. 

As long as S’ and I' satisfy (2.21b), u(J(S'l')) will be coupled to u(J(SI)). The 
number of coupled equations increases as the number of excited states are 
included in the calculation. It increases as the energy increases. To illustrate, 
suppose that the projectile is an «-particle (intrinsic spin 0), so that S equals 
the angular momentum of the nuclear levels. Suppose these are 0,2,4, where 
the spin of the ground state is 0, and suppose that J is even. The value of J for 
the Ith particle wave is |. For S = 2, |J —S|<Il’<J+S, so that for J/(=)>S,I' 
can be | — 2, I, or 1! + 2. Similarly, for S = 4 if J >4, I’ can be !— 4, |—2, 1,142, 
l+4. If J<4, I’ can equal /+4, 1+2, I, and as on, breaking off at 
l' =4—J=4-]. Thus if J >4, the number of coupled equations is nine. The 
number of J’s is given approximately by J =1,,,, where l,,,, ~ k;R, where k; is 
the incident value of k and R is the nuclear radius. 

Returning to the coupled equations, (2.18), one particular (S, /) will correspond 
to incident channel. For that channel 


u(J(SD)_ > e7 re !#/?) _ §5(S;1;, S;l;)e"? =a (2.234) 


roo 
For other channels with the same value of J, 


u(J(ST)). > —SyaSjlj Seis — 2/2) (2.23b) 


ro @ 


Sz,(SI; S’l’) is the S matrix in terms of which the amplitude for elastic and inelastic 
scattering can be expressed. 

Using (2.23) it is now possible to calculate the reaction amplitudes in terms 
of S;. One first needs the expansion for the incident wave function, ‘¥),, where 


BO = ekrroy (Sng; 8) 
= 42> jlkito) YE (KDI Yin(Fo)W (Simi; ¥) 
lm 


=4nY julkiro)Y,(k,) Y, O(IM;S;)(ImSm.| JM) 
lm JM 


Therefore, 


Fine = 40 jk) Y# (kM; S,)(ImSym,,| JM) (2.24) 


Asymptotically, 


DM rea es is 
Po > Di (e re IM) — ether IMY (KIM; Sil) (IS ,m,| JM) 


i’ 0 
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Because of the interaction, V9), becomes P y14: 


2Ti ae ee 
W IM? y (Sse i[k(S’) — (2/2) __ S (Sil, Mi I') eilk(s )ro — (n/2)11) 


io Im 
S’I’ 
x Y* (k,)@(JM; S'1)(ImSm,;| JM) 


m 


Expanding ®(JM; S'l’) according to (2.14), and taking the z direction to be along 


k; so that 
a 21+ 1 
vik) = | 6, 
4n 


one finally obtains the reaction amplitude: 


fralSomg—+ Sim) = yi ./21 + 1(10S,m,;|JM)(I'm'S'm's| JM) 


i us’ 


x Lds'5, — SS, ST) ] Yem(Fo) (2.25) 
The cross section is given by 
~ KS’) 1 mith 
a(S; — S ) = k, 2S, 5: 1 es | fom (Sim; => S m’)|? (2.26) 


Although the sums over the m’s can be performed analytically, one gains little 
advantage over inserting (2.25) in (2.26) and summing numerically. 

The results obtained for other coupling schemes and the methods used for 
integrating the differential equations (2.18) are discussed in detail by Satchler 
(83) in Chapter 5 of his book. With these formalisms, one can discuss inelastic 
and elastic scattering, including as many possible steps as needed and 
practicable, extracting from the data the S matrix and finally the target nuclear 
parameters (S || Q, || S’). 

For the case of the deformed rotor of Bohr and Mottelson (62), the procedure 
described above is generally replaced by the adiabatic approximation. In this 
approximation, the problem is solved, keeping the five macroscopic variables, 
the three Euler angles giving the orientation of the body-fixed axes with respect 
to a frame fixed in space, and the two variables f and y giving the vibrational 
degrees of freedom about the average deformation fh, and yo. It is assumed that 
the variation of these five variables during the course of the interaction will be 
small, a condition that is well satisfied above a rather low projectile energy. 

Under these assumptions, we solve for the elastic scattering in the body-fixed 
frame, obtaining an amplitude that is a function of 6 and y. Transforming to 
the space-fixed frame, one obtains an amplitude that is a function of B, y, and 


516 MULTISTEP REACTIONS 


the Eulerian angles. The amplitudes for inelastic or elastic scattering are obtained 
by taking matrix elements between the initial ground state of the target and 
the final state. 

Let the interaction between the projectile and the target in the body-fixed 
frame be 


Vi=) Vil BLP Yiol(f’)1* (2.27) 
A 


where we have assumed axial symmetry, as indicated by the zero projection 
of A along the symmetry axis. Differing orbital angular momenta will be 
coupled so that the coupled equations for adiabatic elastic scattering take on 
the form 


d? MU+1) 2m_, ; 2m : ; 
— +k - ( 5 )_ 2m ewalv ity) u(r) =— DY <ul Vue) (2.28) 
dr r h h* 


where pu is the projection of | along the symmetry axis and m is the reduced 
mass. Note that u does not change because of the zero projection of Y,, in the 
interaction, (2.27). The indicated matrix elements are readily evaluated using 
(A.2.25) of deShalit and Feshbach (74). One obtains 


ul V lu > ie V(r, 0, Bi" “(— 


t 1/2 ’ Vv 
: E + 1)(2A + Yara | ( A alt A (2.29) 
4n uw O-pw/\O0 0 0 


Using the boundary conditions given in (2.23) suitably modified, one obtains 
the adiabatic elastic scattering amplitude in the body-fixed frame: 


fk, ky == Y [dp — SH 1Y#K)Y; (ho (2.30) 


i ll’sp 


where k is taken in the direction of rp. We now refer Yj, and Y,,, to the 
space-fixed frame using (A.2.26) of deShalit and Feshbach (74): 


io 


YK) Y,(K)= Y (yey, .D® _y, dD", 
wp” , ; 


The product of the two D functions can be expressed in terms of a single D 
using (A.2.75) of deShalit and Feshbach (74) with the result 


YK) YK) = LY (POL + WY yl) ¥, AK) 
Be”, 


.(' r L( 1? ae 
yu" y M —w pL 0 MO 
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But the sums over py’ and yp” give just the tensor product 


[¥,@ Yrde,-m0(-) "7" //2L+ 1), 


so that 
2ni 
Sr, -ulki> k) == — Y (—)r4/2L + 1[6), -— SM ULY,@ Yr 
i UU sp. 
L t 
: ( : ; ow (2.31) 


The amplitude for a transition from the ground state S; to an excited state 
S’ is given by <S"| f;- 4(k; > k)|S;>. In this context, f, _,, is a tensor of rank L, 
component M, and will allow the same transitions as an L multipole with the 
condition S’ =S,; + L. 

From a practical point of view, the usefulness of this approach 1s limited by 
the number of coupled differential equations in (2.28). This is determined for a 
given | by the condition I’ =1+ A and the parity condition (/+ I+ 4) even. For 
a small 4, the number of coupled equation will thus be acceptable, although 
solutions must be obtained for each yp and for all relevant I’s. 


3. APPLICATIONS 


The coupled-channel formalism developed in Section 2 has been applied to 
elastic and inelastic scattering of a variety of projectiles, nucleons, light and 
heavy ions, pions by a variety of target nuclei, and over a wide range in energy. 
Usually, this method of analysis is applied to direct reactions when the DWA 
approximation or the spherical optical model of Chapter V fails. A rough 
indication of the importance of a given step (a— b) where an energy-conserving 
excitation of b is possible is given by the parameter (1/27)(yk,/h7)J,,., where J, 
is the volume integral of the coupling potential, k, the wave number of the 
projectile after excitation of b, and yp the reduced mass. For example, the strength 
of a two-step transition a—b—c compared to a one-step transition a—c is 
given by 

1 uk, J cb J ba 

DENS di 


If this quantity is small, it is unlikely that the two-step transition will be of 
importance. It should be noted that there will always be additional contributions 
from compound nuclear formation. These can be particularly important at low 
energies and back angles. 

A situation most likely to require the use of the coupled-channel equations 
occurs when the target nuclear energy levels are collective. In that case, the 
wave functions of these levels are simply connected, for example, by the 
application of a raising and lowering operator 0, enhancing the possibility of 
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relatively strong and coherent coupling between the levels. This will generally 
take place if a significant component of the projectile—nucleus interaction is 
proportional to 0. Moreover, because of the simple connection, there will be 
well-defined phase relations among the various multistep reaction amplitudes, 
including the single step. Under these circumstances, constructive interference 
can occur, leading to a strong enhancement of the amplitude; or of course, the 
interference could be destructive, with a consequent anomalous decrease in 
cross section. Moreover, the associated angular distributions will, because of the 
interference, oscillate irregularly. 

Not surprisingly, inelastic scattering from deformed and vibrational nuclei 
furnishes an excellent example of the use of a coupled-channel analysis. The 
procedure used was proposed by Glendenning Hendrie, and Jarvis (68) for 
inelastic scattering of 5O-MeV «a-particles. A spherical optical model potential 
is adjusted so as to fit the experimental data (angular distribution, total 
cross section, polarization, etc.) for elastic scattering by spherical nuclei in the 
neighborhood of the collective target nuclei to be studied and in the projectile 
energy range of interest. In the case of neutron scattering to be discussed later, 
this analysis is quite extensive, going to the lowest energies, including the strength 
functions (Chapter IV), as well as the zero energy scattering length. This 
potential, (V.2.38), will depend parametrically on radius parameters Ro, Ry, 
Rp, and R,,, where Ry enters into the central potential. Ry is the volume absorb- 
ing radius, Rp is the surface absorbing radius, and R,, is the spin orbit radius. In 
most cases the “standard” form (V.2.38) has been used, the radial dependence 
given by the Woods—Saxon form, (1 + e”~ */*)~*, and its derivative. To include 
the effects of deformation, one replaces R (where R can equal Ro, Ry, Rp, or 
R,o) by (VI.13.1) of deShalit and Feshbach (74): 


R= Ro(l + 303, ¥2,(8, )) (3.1) 


for a vibrational nucleus. The coefficients «,, are operators. For a deformed 
nucleus, as we have seen in the preceding section, the calculations are best 
performed in the body-fixed system, so that one write 


R= Ro(1 + V BY, 0) (3.2) 


where 9’ is the spherical angle in the body-fixed case. The coefficients B, are 
not operators. The next step is to express the resulting potential in the forms 
given by (2.19) and (2.27). For the case of the vibrating nucleus [see (3.1) ], this 
is accomplished by expanding the potential in a power series in >'a,,, Y,,. The 
matrix elements of Q, [(2.19) and (2.20)] will be proportional to the matrix 
elements of «,, between various vibrational states. For the deformed nucleus 
according to Tamura (65), the power series in }° 8, Y,) will not be adequate for 
large deformations, so that one must collect all the contributions to the 
coefficient of Y,, from higher powers of >), B, Yao. 
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o (b) 


FIG. 3.1. Neutron inelastic scattering cross sections for scattering to first 2* levels at 
incident energies 300 keV above the excitation threshold. [Konobeevskii, Musaelyan, 
Popov, and Surkova (82)]. [From McEllistrem (85). ] 


Let us now turn to one example of the use of coupled equations: namely, 
the study of nuclear reactions induced by neutrons incident on vibrational and 
deformed target nuclei [McEllistrem (85) ]. The strong deformation effects on 
inelastic neutron scattering are demonstrated by the strong peak in the Sm, Os, 
and Pt region shown in Fig. 3.1 [Konobeevskii, Musaelyan, Popov, and Surkova 
(82) ]. A similar result is reported by Glasgow and Foster (71), who found that 
the spherical optical model adjusted to fit the neutron total cross section for a 
wide range of target nuclei failed for the deformed muclei. Resolution of this 
difficulty required the coupled-channel analysis of the preceding section. In 
Fig. 3.2 a comparison is made between the experimental data for neutron 
scattering by ’°Se and ®°Se and two models, the spherical vibrator and the 
deformed potential model, in which the matrix elements are taken from Coulomb 
excitation. In Fig. 3.3 neutron scattering by ‘°*Pt is compared with the 
predictions of asymmetric rigid rotor model (ARM) of Davydov and Filippov 
[see deShalit and Feshbach (74, p. 484)] and the dynamic deformation models 
(PPQ) of Kumar (69, 85) or the interacting boson model (IBM) model of Arima 
and Iachello (75, 76, 78, 79) as given for this nucleus by Bijker, Dieprink, Scholten, 
and Spanhoff (80). A careful treatment of the contribution of the compound 
nuclear contribution was necessary because of the low neutron energy. In both 
examples, the central real potential and the surface absorbing potential were 
deformed. The spin-orbit potential was not deformed. A volume absorbing term 
was not included. To obtain the most accurate results, it was found necessary 
to include several of the levels that can couple to the state whose excitation is 
under study. 

In both of these examples we note that one obtains good agreement with the 
data for both magnitude and angular distributions. Second, it is possible to 
distinguish among various models. In the case of Fig. 3.2 one can conclude that 
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FIG. 3.2. Scattering cross sections for two Se isotopes. Dashed curves are for spherical 


vibrator calculations. Solid curves result from use of matrix elements deduced from 
Coulomb excitation measurements. (From McEllistrem (85). ] 


194+ (mn n’)'24Pt 


E,=2.9 Mev |o* 
I2+- — pra Jv: 3° 
--- ARM E.: 0.923 Mev 
8 ee e*,* \0° 
4 cei 
wo 
J724° ~ 
2 E,7 813 Mev a2 
E 0° 
e is 
4 S 
- Mew t 3 
= fe E.= 0.622 Mev 7 10 
> (IO 
- --- DAVIDOV 
60 ; 
= . 20 40 60 80 [00 [20 I40 
- Bern (deg) 
ol cm \deg 


20 40 60 80 100 3040 60 80 100 120 140 60 I40 I60 


p (b) 


(a) 


3. APPLICATIONS 521 
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FIG. 3.4. Shape elastic scattering cross sections at 2.5 MeV for neutron scattering by 
'°2Qs. Curves are for spherical one-channel (dashed) and for coupled-channel models 
fitted to the total cross section. [From McEllistrem (85). ] 


the spherical vibrator model does not describe the Se nuclei. In the Pt case 
(Fig. 3.3) one sees that the asymmetric rigid-rotor model is inferior to the 
dynamic deformation or the IBM model. (Note that the ordinates in these 
figures are the logarithm of the cross section indicated.) The latter models yield 
a y soft description of '?*Pt for the energy levels, transition probabilities, and 
inelastic neutron scattering which the rigid rotor of the ARM model cannot 
match. Another conclusion that can be drawn from Fig. 3.2 and other 
investigations is that within a few percent the quadrupole moment for the charge 
distribution and for the matter distribution are equal. More generally, values 
of the deformation parameters f, obtained from neutron scattering are in 
agreement with values obtained with other probes. 

The effects of deformation are also visible in the elastic scattering. Both the 
spherical potential and the coupled-channel potentials are adjusted so as to 
yield good agreement with the total cross section for neutrons, with energies 
between 0.25 and 4 MeV incident on '??Os. The angular distributions calculated 
with these two options are substantially different (see Fig. 3.4)—-with agreement 
with the data being obtained with the coupled-channel analysis. 


FIG. 3.3. (a) Measured and calculated inelastic cross sections for the first four excited 
levels. PPQ is the model of Kumar (69). ARM is the asymmetric rotator model of 
Davydov and Filippov (58). (b) Inelastic scattering cross sections for lowest three excited 
levels. The solid curves are for the IBA model. [From MeEllistrem (85). ] 
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4. COUPLED-CHANNEL BORN APPROXIMATION (CCBA) AND 
TRANSFER REACTIONS 


The examples of Section 3 demonstrate the strong coupling that a band of 
collective states exhibits in elastic and inelastic scattering, requiring the use of 
coupled channels. In a transfer reaction, one must take that coupling into 
account, as the transition between the target nucleus and the residual nucleus 
may be preceded by inelastic scattering to various members of the target nucleus 
band, and/or may be followed by inelastic scattering to members of residual 
nucleus collective band states. 
The DWA was based on a two-channel ansatz for stripping given by (VI.2.3): 


PY = V¢l[ud+ vy | (VI.2.3) 


In this equation, @ is the wave function of the residual nucleus, y the internal 
deuteron wave function, wy the ground-state wave function of the target nucleus, 
and u and v the channel wave functions for the proton and deuteron, respectively. 
The resultant DWA matrix element is given by (VI.2.46’): 


TOW) = UL b| VN bv) xh)> (VI.2.46’) 


where vg; is usually taken to be the deuteron optical single-channel wave 
function. (For the definition of the other.symbols, see Section VI.2.) To take 
the excited states of the target nucleus into account (we shall deal with this case 
only; the reader should be able to discuss the effect of including the excited 
states of the residual nucleus), one replaces (VI.2.3) as follows: 


PY = Sug + (Low )x] (4.1) 


The wave functions for the states of the target nucleus are given by w,. The 
corresponding deuteron—nucleus channel wave functions are given by v,. The 
analysis given in Section VI.2 beginning with (VI.2.3) is readily generalized. The 
major change is in the K matrix, which instead of being a 2 x 2 matrix is now 
an (n+ 1) x (n+ 1) matrix, where n equals the number of states of the target 
nucleus included in the sum in (4.1). The equations of Section VI.2 can be taken 
over completely if one replaces the v and V of that section by a semicolumnar 
matrix with elements v, and V,. The DWA approximation, now renamed CCBA, 
is obtained by neglecting the overlap integrals and the coupling to the proton 
channel. The result, replacing (VI.2.46’), is 


GON = = LUG, d|VDG(®, wx)» (4.2) 


where oe are solutions of the many-channel optical model Schrodinger equation 


describing elastic and inelastic scattering of the deuteron by the target nucleus. 
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FIG. 4.1. Data and calculations for '’*Yb(p,d)'’!Yb leading to the first two members 
of the ground band. The cross-section scale is the experimental one. The probable error 
for the absolute cross-section normalization is ~ 30%. The coupled-channel calculations 
have been normalized individually for each state to the data. [From Ascuitto, King, 
McVay, and S¢rensen (74). | 


These are just the coupled-channel equations of Section 2 of this chapter. A 
particular procedure for determining the reaction amplitude, known as the 
source term method has been developed by Ascuitto and Glendenning (69). For 
a review, see Ascuitto and Seglie (84). 

As may be expected, it is important to use the CCBA when the nuclei involved 
are deformed or vibrational. An example is given in Fig. 4.1, in which the DWA 
and CCBA predictions for pickup reaction '’?Yb(p, d) are compared with each 
other and with experiment. The improvement obtained using the CCBA is 
striking. 

The analysis sketched above, taking the effect of inelastic channels into 
account, can readily be extended to include a more general set of channels. The 
K matrix can be generalized as that the resulting coupled-channel equations 
would then take both antisymmetry and overlap into account. Neglecting the 
latter will then yield a CCBA approximation in the form given by (4.2). The 
nontrivial problem that remains is one of physics. What are the important 
channels? Or stated in terms of the multistep concept, what are the important 
intermediate states that need to be taken to account? 
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5. STATISTICAL DIRECT AND COMPOUND MULTISTEP REACTIONS! 


When the number of possible intermediate states becomes large, the solution 
of the resulting couple-channel equations becomes impractical and uninforma- 
tive. If the intermediate states do not have the strong interconnections, exhibited 
for example by the collective states, the detailed analysis provided by 
coupled-channel equations should be unnecessary. Under each or both of these 
circumstances, a method that will provide reasonably accurate predictions of 
the gross (macro) structure of the experimental cross section but will not be able 
to reproduce the finer details, the microstructure, is suggested. The development 
of such a formalism is the main subject of this section. A statistical method 
similar to one used in Section IV.7 will be employed. It will yield expressions 
for the average cross sections. Such an analysis will necessarily omit the 
cross sections arising out of special circumstances, such as those associated with 
isolated doorway states. In most cases these are to be added to the statistical 
ones we shall be concerned with now.! 

In this theory, the number of steps can be as large as is necessary. Under 
these circumstances, the genesis of the formation of the compound nucleus will 
be developed automatically. The theory provides a step-by-step description of 
this process and will thus include the possibility that it may be interrupted 
before the compound state is achieved, leading to the statistical multistep 
compound reaction. 

We begin by recalling the discussion in the introduction to this chapter, 
where it was shown that the various reaction types are closely correlated with 
the interaction time, which in turn is roughly measured by the.number of steps 
involved. The greater the number of steps, the greater the complexity of the 
wave functions. The wave function associated with the single-step direct reaction 
is the simplest and that describing the compound nucleus is the most complex. 
The multistep direct reaction may involve several steps. The multistep compound 
reaction will also involve several steps. For each of these, the process may be 
terminated by emission to the final state. The flux that survives goes on to form 
the compound nucleus. Thus the wave function for the multistep compound 
reaction has components from the steps leading to the compound nucleus plus 
the compound nuclear component. 

This discussion suggests that it would be advantageous to classify the states 
of the system in increasing order of complexity. An example employing the shell 
model is illustrated in Fig. 5.1. The incident channel consists of a nuclear 
projectile and a target nucleus represented schematically by nucleons in a 
potential well. As a result of the interaction between the incident nucleon and 
the target nucleus, one of the nucleons in the nucleus will gain energy while 
the projectile will lose energy. Two situations can occur: one set of states, in 
which none of the nucleons are in the continuum, is labeled Q space, and another 


'Feshbach, Kerman, and Koonin (80); Feshbach (73); Bonetti, Chadwick, Hodgson, Carlson and 
Hussein (91). 
+See, however, Bonetti et al. (91) Sec. 6. 
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FIG. 5.1. Schematic shell model example of increasing complexity. 


set, in which at least one nucleon is in the continuum is labeled P space. In Q 
space the interaction results in the formation of a two-particle/one-hole (2p—1h) 
state. Further interactions can result in 3p—2h states; 4p—3h states, and so on. 
These (the 1p, 2p—1h, 3p—2h, etc.) are a series of states of increasing complexity. 
In the case of the P space, the target nucleus, on interacting with the projectile, 
can be excited to a 1p—th state, and on further interactions with the projectile, 
be excited to a 1p—lh state, a 2p—2h state, and so on, again a series of states of 
increasing complexity. 

More generally, the Hilbert space of the problem can be broken up into 
orthogonal subspaces, each of which contains all the states of a given complexity. 
This partition is illustrated in Fig. 5.2. In terms of the example, the “box” P, 
contains the incident nucleon plus the unexcited target nucleus. The P, box 
contains all the 1p—ih excitations and one nucleon in the continuum. The P, 
box contains all the 2p—2h excitations, and so on. Ori the other hand, the Q, 
box contains all the 2p—1h excitations, the Q, the 3p—2h excitations, and so 
on. The chain ends at Q,. The rth stage is defined to be the one at which the 
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FIG. 5.2. Partition of Hilbert space into subspace of increasing complexity indicated by 
the subscript. 


system is “trapped” as described in the introduction to Section 5; that 
is, the ratio of probability of emission compared to the probability of developing 
more complex configurations is small. This component of the wave function 
therefore, lives, a relatively long time and “equilibrium” is established. It should 
be referred to as the compound nuclear component, while precompound or 
preequilibrium refers to the preceding (r — 1) stages. At low energies, one may 
expect that r will be small; that is, the compound nucleus is established after 
just a few interactions. 

To progress further, two principal assumptions are made. The first is the 
chaining hypothesis. It assumes that the interaction can change the complexity 
of the wave function by at most one unit. Thus the interaction can move the 
system from box P, to boxes P, and P, but not to one labeled P,. An identical 
condition holds for the boxes Q,, and for transitions from Q space to P’ space. 

One can distinguish two differing processes corresponding to the two chains, 
P’ and Q. In one, referred to as the statistical multistep compound reaction, the 
system is confined to the Q-space chain. A transition to the final state can occur 
at any stage along the chain in Q space by a transition to P space as indicated 
in Fig. 5.2 and then to the final state. Because of the chaining hypothesis, three 
stages in P space, P,, P,,.1, will be involved as the emission from a given stage. 
The final wave function is composed of contributions from all stages, as indicated 
in Fig. 5.2. At each stage there is a probability that the reaction terminates and 
a probability that it continues on to the next stage. When the latter probability 
is unity, complete equilibrium will. develop and the compound nuclear 
evaporation process will dominate. The chaining hypothesis is exact if the 
residual interaction acting in each chain is composed of two-body potentials. 
Note that the chaining hypothesis is the generalization of the doorway state 
hypothesis of Chapter III. That hypothesis asserted that there was a state or 
states through which the system had to pass before the compound nucleus is 
formed. As can be seen from Fig. 5.2, such states are contained in subspace Q. 
But now wave functions in subspace Q, act as doorways for the rest of the 
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chain. A statistical theory involving the primary doorways, those in Q,, is, in 
retrospect, contained in the paper by Block and Feshbach (63). 

The second process, indicated in Fig. 5.2, is one in which the system is 
confined to P’ space and is referred to as the statistical multistep direct process. 
The equations describing that reaction type are just the coupled equations, all 
of them, which was the main subject of the preceding sections of this chapter. 

The second principal assumption is the random phase approximation. This 
was discussed in Section IV.7. The principal result is as follows: Let 


u=)u, (5.1) 


Moreover, let the phase average [see Section IV.7, the equation below (IV.7.2) ] 
of u and u, be zero: 


uy=O0 Cu,» =9 (5.2) 


(If these conditions are not satisfied, consider u — <u> and u, — <u,>). Then the 
random phase approximation yields 


<\ul?> = dilual? (5.3) 


In applying the random phase approximation, one assumes that the phases of 
the components, u,, are random, and that each value of the phase occurs with 
equal probability. Therefore, the phase-averaged values yield the expectation 
value of u and |u|*. We recall the physics underlying the random phase 
hypothesis. It is that the wave functions are so complex that the matrix elements 
of the short-range interaction involving them are to a good approximation 
random variables. The consequence, according to (5.3), is the absence of any 
interference terms. 

This is, of course, not the case when the states involved are members of a 
collective band, a situation we described earlier in this chapter. In that event, 
for example, when the nuclei are deformed, one must expand the P subspace 
of Fig. 5.2 to include the solutions of the coupled equations as described in 
Section 2. The initial wave function for subspace P is then given by (2.17) or 
the adiabatic “elastic” wave function involving the u!(r) in (2.28). 

The random-phase approximation has an immediate consequence for the Q 
chain. Since all the states involved are bound, the appropriate quantum numbers 
are angular momentum and parity. The sum over n becomes a sum over these 
quantum numbers. Equation (5.3) tells us that terms with differing parity do 
not interfere. If the u, are transition matrix elements, |u|* will be proportional 
to the differential cross section and one can immediately draw the conclusion 
that the angular distribution for the statistical multistep compound reaction 
will be symmetric around 90°, an important result. [For a more detailed 
discussion, see the discussion following (IV.7.9). ] 
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In the case of the statistical multistep direct reaction, the quantum numbers 
involved include not only by the angular momentum and parity of the residual 
nucleus but also the momentum k of the system in the continuum state. The 
angular distribution is, as we shall see, quite similar to that of the single-step 
direct reaction, that is, peaked in the forward hemisphere. It will differ from 
the single-step angular distribution in not decreasing as rapidly as the single 
step as the backward hemisphere is approached. The substantially different 
behavior of the Q-chain and P-chain wave functions requires partitioning of 
the Hilbert space into the Q and P sectors. 


A. Statistical Multistep Direct Reactions 
We begin with A 

(E— A -)P¥ =90 (1.2) 
where H.,, is the multichannel optical model Hamiltonian. This equation was 
the starting point for the coupled-channel analysis discussed in Section 2. As 
in that case, one decomposes H,,, with a diagonal part, H“’, and a coupling 
interaction v with respect to an appropriate set of wave functions: 


H oce = H”) + D (5.4) 


In the example of inelastic scattering discussed in Section 2, that set is made 
up of the wave functions w, for the states of the target nucleus, so that 


|e = VW yl Hera <U,= YW Ha We 
= d, Wa >< Wal HeceW a >< Wp (5.5) 


In terms of H™) and », (1.2) can be rewritten as follows: 


PHO = 6 4 ——___ pg? 5.6) 
NA Sei | 
where ¢‘*? the incident wave satisfies 
(E— H® Jo, =0 (5.7) 


The Z matrix for transitions induced by v following from (5.6) is 


1 
F = OF PH) = on + (OP og 06)” ) (5.8) 
E — eee 
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where #'-) is a solution of (5.7) describing the final state and v,; is defined by 
vi = Ch, v6)" (5.9) 

The first term in (5.8) is the single-step amplitude. The multistep (more than 


one) is given by the second term. We shall refer to it as 7°”, where (msd) 
symbolizes multistep direct. Explicitly, 


Cae = eas (5.10) 
BL 
where 
2 1 
a = (4s Pp Paar a PatuPitt” ) (5.11) 
E _= A ers 


In this equation P, is a projection operator that projects onto the subspace P, 
of Fig. 5.2. These operators satisfy the orthogonality condition, 


P,P, = Pd, (5.12) 
In terms of these operators 
v=) 0,, v,,=P,vP, (5.13) 


Equation (5.11) makes use of this expansion as well as the chaining hypothesis,? 
which asserts that the interaction takes the system from its initial state to the 
subspace P,. The amplitude 7 A describes passage of the system from the initial 
state to the first-stage subspace projected by P,, followed by propagation until 
the pth stage is reached. At this point the transition to the final state occurs. 

The chaining hypothesis is now employed to factorize P,(E‘*) — H.,;)” *P,. 
In the appendix to this chapter it is shown that 


1 : 1 
—_——_—P, = Cuban Py RO 


P, (5.14) 


Hence 


a! — Gy n—1Gy-10p-1,p-2°** G2021 Gy (5.15) 
eff 


*There is no implied limitation since one can always define the subspace P, as containing those 
wave functions generated from ¢, by the action of v and orthogonalized with respect to v [see 
Feshbach, Kerman, and Koonin (80)]. 
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In these equations G, satisfies the recurrence relation 


1 
a (5.16) 
aes oe HY,” ~ Py t 1 Fut Put ty 
and 
1 
a= ae (5.17) 


M is chosen to be so large (M — oc) that G,,, , can be taken to be zero. This 

corresponds to the cutoff used in the coupled-channels analysis of Section 2 to 

obtain a finite number of equations. Here, however, no limit is placed on M. 
Inserting (5.15) into the expression (5.11) for 7 4 yields 


TF = = (oO? V 4. G Vy y—1 Gy — 101-2 °**02,1G 104,06) (5.18) 


Thus the system enters subspace P, via the interaction v,;, propagates in this 
space according to G,, makes a transition to subspace P,, and so on, eventually 
arriving at the P,, subspace and after propagation in that space makes a tran- 
sition to the final state. 

The multistep cross section is proportional to 


Gq (u)* G-(v) 
pe fi J fi 
TAY 


In virtue of the random-phase hypothesis, only the » = v terms survive. Hence 
(Hw GW) — (u) 
OL ah ae tale ae 
=25ep lv s4G we up— 1111021 G01 ;07, GEUT, UF 4, pOnvir py » 


(5.19) 


To proceed further, we make a spectral decomposition of G, using the 
eigenfunctions of G ‘ defined by 


h2 
(H.” + Die 1 G4 1Un+ Yaa a (4, + Mm Kua (5.20) 


where ¢,, and h*/2mk*, are the energies of the residual nucleus and the particle 
in the continuum, respectively. Then 


6-5 | = Via >We (5.21) 


(22)? E) — (h?/2m)k2 —€,, 
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where! 
- + 


As Austern and Vincent (74) pointed out, the terms in this expansion will 
fluctuate strongly. Their phase must be carefully taken into account to obtain 
a correct result. Since G, is well behaved, there must be considerable interference, 
resulting in substantial cancellations. The use of the random phase 
approximation under such circumstances would therefore lead to serious errors. 
Resolution of this difficulty [Feshbach (85, 86) ] exploits the fact that G, 1s well 
behaved. Therefore, one can energy-average G, without affecting its value 
appreciably. The result of the averaging yields the following replacements: 


PPsxD Wo (5.22) 


to be made within the interaction region. The functions ‘*? are eigenfunctions 
of a new Hamiltonian H,,;. The change from H_¢, is a consequence of the energy 
average. This energy is noted at this point because it emphasizes the character 
of G,. However, it should be noted than an energy average is required in any 
event by the developments that follow. 

We now substitute (5.21) into (5.19), making the replacements given by (5.22) 
in the matrix elements. To illustrate the resulting calculation, consider the terms 
in (5.19), which deal with G, and couples to states in P,: 


dk dk’ Z 
V1 G10, 07, Gf vt, = \oes Ons d, DyelK2, Kk, ) 
x : Di(K,, k;) 
= Seen 9 i 
E —(h?/2m)k? —e,,+in “ * 


1 


x 5*(k,, k’) —————__— 
ip Kis Ri) (h?/2m)k’2 — &, , —in 


Of Ak, »K,) (5.23) 


where 
V,q(K2,k,) = (x5, (k2)lox2'(K1)> (5.24) 


One now makes use of the random phase approximation, which asserts that 


*Let H.,, = Ho +0. Let ¢,, be an eigenfunction of Ho. Then 


1 
E“)_H 


eff 


yon a P oa + VO, 


and 


1 


po) = 
Vor ~ Pox t EO) — Ht 
e 


V"9 oa 


532 MULTISTEP REACTIONS 


the only surviving contribution to the sum over a and f comes from the a= B 
terms. We note again that this assumes that the matrix elements of v appearing 
in (5.23) and (5.19) are random variables with an average value of zero. The 
resulting sum over a involves an energy integral over ¢,,. This integral can be 
done presuming that the major contributions come from the singularities in the 
propagators. Then one may replace the matrix elements in (5.23) by energy 
averages taken in the neighborhood of the singularity. The integral over ¢,, 
becomes 


M(é,,,k,,k;,) 


=e eee ee a ee) ie 
| [E — (h? /2m)ki — 44 + in] LE — (h?/2m)k? —€,,— in) 
where p, is the density of states, y,. M is a product of the matrix elements 
DyqVgil;,0y,. Which we replace by a constant with respect to ¢,,, obtained by 


suitably energy averaging about the singularities in the denominator. One then 
obtains 


h? fies xe 2ni 
I~p,{ E———k2 \M( E—"-42,k,,k, )———™ (5.25) 
2m 2m (h?/2m)(k? — k'?) + 2in 


The last factor can be written as the sum of a principal values and 6-function. 
Equation (5.25) is now inserted into (5.23) and the integration over k, and k; 
performed. Assuming a slow variation of M with respect to k’, near k,, the 
principal-value part of the integral over k’, vanishes. When k’, differs appreciably 
from k,, the integrand is zero as a consequence of the random phase 
approximation as applied to the sum over «. Hence 


4nm h? h? 
I = p(B sk )M( B = Kis k i, JB = k’?) 


h? 2 
Thus 
dk, | dQ’, mk, 
UV, G07, Givy, = | An fy2 —p,(U, py Vy_(K2,k 1)0,:(k ,, k;) 
x U*(k;, k 1 92) oF, (k,Q5,k5) (5.26) 
where 
h? 5 
U,=E—-—k; (5.27) 
2m 


and the prime on the sum over « indicates that only those configurations in 
the subspace P, whose energy equals U, are to be included in the sum. The 
final step is to apply the random phase approximation to the sum: 
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eM- 


Vyg(K2, k, )0,(k, D k;)v7, (k;, kX) Way (ky Q; ? k) 


= 6(Q, — 21)¢8,1(k2,k,)10, (ky, k,)|707,(K,, k5)> (5.28) 


The bracketed expression is defined by this equation. The replacement of « by 
the numerical subscript serves to indicate that an average of the matrix element 
over the states in subspace P, must be taken. 

Substituting (5.28) into (5.26) yields 


ene: 
(2n)° 4h 


V21G 104,07, Gfvt, = | p(U,)<0,1(K, k, )|01(k,, k;)|70,,(k,, k,)> 


This result can be substituted in (5.19) and the analysis repeated with respect 
to the variables y,)’, k,, and so on, until one comes to the wth contribution, 
which connects to the final state. 

There is still one more averaging to be performed. The final state gp’? is a 
linear combination of contributions from each subspace. Experimentally, it is 
not generally possible to isolate a particular final state; rather, the energy average 
is measured. We must therefore take an energy average of the results obtained 
from (5.19), that is, over @!, ’. If one again assumes that the contribution from 
each subspace is random, and therefore employs the random _ phase 
approximation, the cross section becomes an incoherent sum of contributions 
from the subspaces connected to the pth by the interaction v. Because of the 
chaining hypothesis, this will include contributions from P,,, and P,_,. The 
average multistep differential cross section following from (5.19) can now be 
obtained. The single-step cross section must be added to the multistep 
contribution to obtain the complete answer. 

The multistep contribution denoted by the subscript msd is 


Be e = _y { dk, { dk, Ee As ts) 
dQ, dU, msd m=pnt1 (2x)? (2)? dQ, dU , 
L 


[eae], Praha) Poth) 
dQ, du, dQ, dU, dQ, dU, 


(5.29) 


where 


d°w, ,- i(k,, k, - 1) 


—" = 2n? o(k U,)|o(k,, k,_,)|? 5.30 
es n*p(k,)p,(U, lok, k, —4)12, (5.30) 


measures the probability that the system passes from the (v — 1)st stage to the 


534 MULTISTEP REACTIONS 


vth with the continuum particle momentum changing from k,_, to k,. The 
density of states of the continuum particle and the residual nucleus are given 
by p(k,) and p,(U,), respectively, where 


hi 
E=U,+—k, (5.31) 
m 


Finally, do ,,;/dQ, dU, is the average cross section for forming the first stage. It 
Is given by 


do;; 2mm 
a aa k U Dy; k ,k; 7 5.32 


Note that in these formulas the distorted wave for the continuum particle has 
been normalized to a plane wave of unit amplitude at infinity. 

The statistical multistep direct cross section, (5.29), for u steps is expressed 
as a convolution of the probabilities for each step to occur. Quantum mechanics 
enters only in the calculation of these probabilities, which involves a DWA-type 
matrix element v, whose magnitude squared is to be averaged over the possibly 
excited configuration. Energy is conserved at each step. 

Since each factor in (5.29) is forward peaked, one may expect the multistep 
angular distribution to be forward peaked but generally broader than that of 
the single step, reflecting the number of stages contributing significantly. 


Problem. Assume that each factor in (5.29) is a function of the momentum 
transfer, k, —k,_,, occurring at step. Evaluate the integral in (5.29), showing 
that it has the form 


[ere —ki) Il Ky, dy, 
1 


where 
d*w(k,, k,_,) 
vo v = el Ye(ky — ky — 1) : ; d : 
40.dU, Sly) dy 
Show from this result that the integral in (5.29) will have a broader angular 
distribution than that given by the individual step. 


B. Statistical Multistep Compound Reactions 


The separation of the Y matrix into a direct term and a fluctuating one with 
vanishing average value using the results of Kawai, Kerman, and McVoy (73) 
has been discussed in Section IV.8. The direct reactions described by the direct 
term have been the subject of the discussion in the chapter up to this point. 
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We turn now to a consideration of the fluctuating term, which has its origin 
in the Q-subspace chain of Fig. 5.2. Equation (IV.8.8) gives the 7 matrix for that 
case: 


1 
Ci = Caz Vorb”) (5.33) 


where 


1 
EO —H,, °° 


opt 


V pg is defined by (IV.8.6), Hog equals QHQ, and H,,, is the multichannel optical 
model Hamiltonian. We see that the effect of the P subspace is included in hgo 
through its dependence on H,, 

The analysis of 7¥ vee piven by (5.33) parallels completely that of T* 
following (5.11). First eae can write 7 Cis as a linear combination of draplitudes 
coming from each stage: 


es 


T= I (5.35) 
where 
1 
I = (NY se (+) 5.36 
(5 PQm Po hoo 0,P?; ; ( ) 
where 
Vm = PVQ,, 


and Q,, is the projection operator for subspace Q,,. As in (5.14), 


1 1 
——— 0, =G,V,,_,G,_, ———- 5.37 
Figg k”" k,k-1“k ay ae ( ) 
where 


fo 0,VQ,-; 
and 


1 
G, = — (5.38) 
E — My — Vices 1 Gee Vie 1,8 
[see (5.16) ]. 
Note that the sum over m in (5.35) terminates at m = r, so that G, =(E—h,,)7?. 
Equation (5.37) is now to be inserted in (5.36). One obtains 


m" mym-1 


G9 = {OV ng Vou m1 Gn ** Vai Gs Vip 6? (5.39) 
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[Compare with (5.11) ]. Recall that 


1 


0,.¥” - 0, Vi pd”? 


where the left-hand side gives the component in space Q, of the exact solution 
of the Schrodinger equation for the system. Using (5.37) yields 


0, = GV, 1 Q.- As ak (5.40) 
so that (5.39) can be written as follows: 
Bag = On Ve. GV One b> (5.41) 


We need to calculate the energy average of |.7")|’. Rapid variations in the 
energy dependence of 7 ve is assumed to originate in the propagators G,. From 
(5.38) we see that an implicit source of energy dependence is given by the term 
Viet 1Gn+1e+1,4- We shall now describe one set of circumstances (verifiable 
in a detailed calculation) under which the energy dependence of this term can 
be neglected. The inverse of G, , , will have eigenfunctions and eigenvalues given 
by 


Gee Wes ta ens aV et to (5.42) 


and 
Goa) Wea, = ery awe 1,a (5.43) 


Since G,,, is not generally Hermitian, the eigenvalue ¢,, , , will be complex: 


pHi (5.44) 


fetta — | ae Tt 5 


In terms of these eigenfunctions, 


1 as 
Wr = Vins 1 One. Ver tk =o Vint Ver ta? E- (Witt 
a k+1,a 


We see that the energy dependence of w,, will be smooth over the energy 
variation given by I’, ,, ,. For the purpose of energy averaging and employing 
the random phase approximation, it is necessary that many states W,, be 
continued in that interval, leading to the condition 


Prl p41 > 1 or l,,,>D, (5.45) 


k+1 


where p, is the density of levels in kth subspace, D, the energy spacing, and 
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I’,,, the average value of ,,,,. Under this condition, self-averaging takes 
place. The condition is equivalent to the statement that the Poincaré time for 
the kth stage.is large compared to the lifetime of the states in the (k + 1)st stage. 
Condition (5.45) can be checked by direct calculation. In the examples to be 
described, the condition is well satisfied. 

Assuming (5.45), it becomes possible to expand G,, in (5.41) in a spectral 
series so that 


=D OF VemY ma? =, VV Ona Vi (5.46) 


ema 


when é,,, Varies slowly with energy. 
Problem. Prove that the energy average of 7 ay IS Zero. 


To obtain the cross section we need to compute the energy average of 
Arr 
role 


FF? = THOM TP) LIT PIP? 
mm’ m 


where the random-phase approximation is used to obtain the last expression. 
Using (5.46) yields 


FWP = Liby Vemma? 5. ~ Vina m,m— 12m- 1 bk 
: 1 ~ 
a CF eres 
— Ene 


Again because of the random-phase approximation the double sum can be 
collapsed to a single sum since only the « = f terms survive. Therefore, 


1 7. 2 
\E 3 pal ¥meVmm—1.Om—1FE")| 
ma 


The energy average is taken assuming that only the variation of the energy 
denominator is important and that the energy variation of the matrix elements 
is slow, so that their magnitude squared can be replaced by an average value 
over the set wW,,,. The result is 


Fl ar Coy VemP mad \? 


ae Y= ata m,m =e fee » (5.47) 


m 


Where 
PY) = 2n¢ (6 Ven na >|?> (5.48) 
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is referred to as the escape width. One now uses (5.40) again on the remaining 
factor in (5.47), to obtain 


Pt Vaated Ouea et, OD 


Ze 
> e 
where 
| 2n 7 2 
ar = <1 Y ma Mmm — 10m — 1.67 | » (5.49) 


is referred to as the spreading width. The averages are over the states in the mth 
and (m — 1)st subspaces. Iterating, one obtains 


ee 1 ig 2x 


FR > = (5.50) 
(2x ae m k=1 T, D, 
where 
PY =22<|(WiVird}”>|?> (5.51) 
Therefore 
1 rw m—1 T} 2nT 
(| 7 |? = e| = [A (5.52) 
(2n \ bas I, k=1 Tl, D, 


It is convenient to normalize ¢{*) and ¢{ ’ so that the widths have the dimension 
of an energy and 7 is dimensionless. This is the case if the normalization is 
per unit energy. The cross section for a given channel with quantum numbers 
designated by y is given by 


(5.53) 


gins) = =| ’ Tm |e i(i) 
BP ee T,1 D, 
while the expression for the angular distribution is given by (5.55’). 

Equation (5.52) can be described as a product of factors with relatively simple 
meaning. The first (2xI"“?/D,) is the strength function measuring the probability 
of the system making the transition from the incident channel to the first 
subspace Q,. This is followed by a product that measures the attenuation because 
of emission en route to the mth channel and finally, the branching ratio for 
emission from the mth subspace. the total widths IT, are generallly not the sum 
of the escape and spreading widths [see Feshbach, Kerman, and Koonin (80) ] 
except in the case of weak coupling between the P and Q spaces. 

Finally, it 1s necessary to average do°)/dU over the final states since 
experimentally it is not possible to distinguish among them. The final wave 
function ¢'-? in (5.48) for PY is composed of contributions from all stages, P,,. 
However, Bee aise of the chaining hypothesis, the states in subspace Q,, can 
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make transitions only to P,,, P,,-;, and P,,,,. Assuming that the coupling 
among the various P, spaces is strong, the wave function ¢{) will be “well 
mixed”, so that to a good approximation the probability of the component of 
o> being in subspace of P,, is given by p!”(U)/p(U) when p/?” is the density 
of the states in subspace P, with channel quantum numbers symbolized by y, 
and p(U) is the total density of channels of the type y at the excitation energy U: 


p(U) =F pW) 
i 
With this assumption 


m+1 MU 
r= y. Pu () ) my) (5.54) 
" pem-1 p%|U) ™ 


where I is given by 


Pie = 201 Xp? Vem ma > |” > 


where x‘ is given by (5.22). The average is taken over the indices B and «. 
We can now average o*° over a small energy interval dU, where U is the 

excitation energy of the residual nucleus. The right-hand side of (5.53) is 

multiplied by p(U)dU and TY is replaced by its average value, 

p(U)T2)(U)/p(U). We thus finally obtain 

r mt+1 (y) U T” U m—-1 Tl! 9) LT? 

=1 u=m-1 | tees 1 lr, 1 

The channel parameters y are, for example, those used in Section 2: namely, 

channel spin S, critical angular momentum /, and total angular momentum J. 


The angular distribution is obtained in the standard way, with the result. 


do (—)e-> 


d (msc) 
dQdU — Lal + 1)(2i+ 1) 


ZIT; SL)Z(UIUVS; S'L)P,(cos 9) o (5.55’) 


where 


Z(lJIJ; SL) = (—)8*7**(IsJ || Y;, || ISJ) 


=Q(Q unless L is even 


Formula (5.55) appears to be similar to that used in the preequilibrium 
theories reviewed, for example, by Blann (72). It is not identical, as the latter 
refer to the angle integrated cross section and do not predict angular 
distributions. Because of the random-phase approximation, the statistical 
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multistep compound reaction cross section is symmetric about 90°. Note finally 
that (5.55) automatically contains the compound nuclear contribution to the 
cross section given by the rth term in (5.55). 

Because of the preliminary stages through which the system has to pass 
before arriving at the statistical compound state, the Bohr independence 
hypothesis and its consequence the statistical reaction theory (Hauser—Feshbach) 
must be modified. This is seen most readily if we return to (5.55) and examine 
just the compound nuclear term, the rth term: 


(Mr-1 TI (i) 
ee : Vy 2n0} 


5.56 
ae k? F 1 I, D, ( ) 


Since the Q, subspace is the last subspace in the chain, I, is equal to the escape 
width: 


r.=rt=yro (5.57) 


Cc 


where the sum is over all possible final states. Let the transmission factor T, 
be given by ° 


T= 4 Wg 
D, 
Then 
nan 1,T. 
gm J 5.58 
Sir k2 LT ( ) 
The factor T; is 
TL? r-1 T?: 
T; =2x— [| = (5.59) 
D, c=i I, 


Although (5.58) is similar to the Hauser—Feshbach expression, it can differ 
substantially because of the presence of the depletion factor, that is, 


Ga =Oyr [| — (5.60) 


Here o,,, is the Hauser—Feshbach expression. Moreover, since the depletion 
factor depends on the nature of the entrance channel, which determines the 
quantification of complexity and therefore the partition of Hilbert space in P 
and Q and of Q into Q_, the Bohr independence hypothesis is violated. 
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One interesting sum rule can be obtained from (5.53). Sum this cross section 
over all possible final states to obtain the total reaction cross section, a: 


to Tee lar? 
C=) oS —™!| []—* j—+- 5.61 
pee {M5 D, wn 
If now one makes the weak PQ coupling approximation 
r=ril+r 
(5.61) reduces to 
2nT) 
g=— (5.62) 
k> -D, 


Thus the total reaction cross section is proportional to the strength function 
for the formation of doorway states in subspace Q,. 


6. APPLICATIONS 


The results of Section 5 [Egs. (5.29) and (5.55) ] have been applied to the analysis 
of experiments in which the incident and emerging particles are nucleons, such 
as (p, p’), (n,n’), (p,n), (n, p), and (p,n). Projectile energies range from 14 to 65 
MeV, while a variety of target nuclei, including medium heavy as well as heavy 
nuclei, were used. There have been a few calculations carried out for >He- and 
*He-induced reactions [Bonetti, Colli-Milazzo, and Melanotte (81)]. Generaliza- 
tions have been developed (and explained) which are appropriate for the study 
of reactions with multiparticle final states [Feshbach (79); Ciangaru, Chang, et 
al. (84); Field, Bonetti, and Hodgson (85) ]. 

The calculations for nucleon induced reactions have been carried out by 
Colli-Milazzo, Bonetti, Hodgson, and their colleagues in more than a dozen 
papers [de Rosa, Inglima, et al. (78); Bonetti, Caninasio, Colli-Milazzo, and 
Hodgson (81); Bonetti, Colli-Milazzo, and Melanotte (81a, 81b, 83); Bonetti, 
Colli-Milazzo, et al. (80, 82a, 82b); Bonetti and Columbo (83); Avaldi et al. (80); 
Austin et al. (80), Field et al. (86) Holler et al. (85) ]. It is not possible to describe 
the details involved in these many analyses. We shall give some examples of 
the results obtained, together with the principal conclusions. 

The elements that enter into the calculation include the residual potential 
responsible for the transition between stages, the bound-state wave functions, 
and the wave functions for the particle in a continuum state. The choice is 
guided by the standard DWA results. In the more precise calculations, the 
residual interaction is taken to be a Yukawa potential. Distorted waves for the 
continuum and the bound-state wave function are obtained using a 
Woods-Saxon potential selected in accord with elastic scattering and single-step 
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DWA results available in the energy range and for the target of interest. Overall 
good agreement with experiment, illustrated below, was obtained with identical 
residual interactions employed in all cases: target nuclei, excitation energy and 
angle, and for both statistical multistep direct and compound reactions. That 
strength between unlike nucleons is taken to be 27 MeV with a range of 1 fm 
[Bonetti and Columbo (83), Bonetti, Colli-Milazzo, and Melanotte (81a)]. 
Rough calculations have also been made for the statistical multistep compound 
reaction with 6 function residual potential and constant bound-state wave 
functions. It turns out that the effect of these approximations on the energy 
spectra and angular distributions is small. 

In each situation it is necessary to choose a path in reaction space; that is, 
what are the stages in which the system can be found? For example, in the (p, n) 
statistical multistep direct case {Bonetti, Colli-Milazzo, and Melanotte (81a)], 
the first stage is generated by a charge exchange scattering with the formation 
of a proton—particle—neutron—hole in the target nucleus plus a neutron in the 
continuum. The more complex states, P,, involve np—nh states with a neutron 
in the continuum. Clearly, there are many other possibilities. For example, the 
charge exchange scattering could be postponed to a later stage. 

The sensitivity of the results to the various paths in reaction space has not 
been studied systematically. However, Bonetti, Colli-Milazzo, and Melanotte 
(Sla) found that for their several cases they need not distinguish between the 
neutrons and protons provided that an averaged interaction strength is used 
and except for the initial and final step. Chao, Hachenberg, and Hiifner (82) 
have emphasized the importance of the first step and suggest a relative 
insensitivity to the nature of the succeeding stages. 

The density of particle-hole states required in both SMC and SMD processes 
is given by the Ericson (60c) expression. We give a simple derivation of the 
result. One assumes a constant density g of single-particle states; that is, the 
probability that a particle has an energy between x and x + dx is g dx. Then 
the probability that p particles and h holes (N = p+ h=exciton number) have 
an excitation energy E is 


1 00 00 p h 
palE)= = | dx, dx, | dy,--dng?**3(E-Sx, Sy) (6.1) 
pih! Jo 0 1 1 


where we have assumed that g is a constant, an assumption which can be easily 
modified. Replacing the 6 function by its integral representation 


p h 1 0) 
(E-Sx-Ly)=3 | dk elME- xi - Lyi) 
1 


1 NJ -—o 


Equation (6.1) becomes 


ptey= 5 | ake™( |“ axe®)’( [aye®) 
= 2n pth! }_. : F 
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For the x and y integrals to be convergent, the path of the k integration must 
lie in the lower half of the complex k plane. One obtains 
1 gN 00 eikE 


(Np) = 9 
Pon(E) = > rn |. Gi 


Using the Cauchy integral formula yields the Ericson result, 


E N- 1 
Pon (E) = a — 1)! on 


To obtain the density of particle-hole states formed from single-particle states 
of a given J, one must multiply (6.2) by spin distribution function (IV.5.54), 
yielding 


g(gE)*-} 2J +1 
P(E, J) = pX(E)Ry = Ge 


—(J + 1/2)2/2Ne2 
pihi(N—1)!, /Rno3 N32 ve 


dQ 
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FIG. 6.1. Calculated differential cross sections for some typical transitions in *°Ca at 
45 MeV between shell model states corresponding to AL=1, showing their overall 
similarity. [From Bonetti, Camnasio et al. (81).] 
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In the shell-model basis, the states in stage n+ 1 differ from those in stage n 
by a particle-hole excitation; that is, N= 2, p=1, and h=1. 
The average of the square matrix elements is given by 


<|o(k;, k,)|? > = LOL+ 1)<0(k;, kp, L|* > R2(L) 


d’o(k;,k,) 7 2 do 
(| dU dQ L...) =2eer oe } veyracey( (32) 


in the case that the spin of the target is zero and if the spin of the nucleons is 
neglected (then J = L). The average over (dao/dQ), for various possible values of 
the particle-hole angular momenta is readily accomplished because of the 
similarity of the results for each of the possibilities. This is illustrated by Fig. 6.1. 
Some results that illustrate the degree of agreement with experiment will 
now be presented. Note that in all cases the log of the cross section is plotted. 
Figures 6.2 to 6.5 compare the results of a multistep direct calculation of the 
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‘ \ \ FIG. 6.2. Neutron energy spectrum for the 
\ \ \ reaction **°Sn(p,n),E,=45MeV 06,,, = 30°. 
‘ \ : The black dots are the experimental points; 
\ : \ the solid line the calculated results. The 
\ \ \ numerical labels correspond to the number of 
0 a N steps. [From Avaldi, Bonetti, and Colli- 
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FIG. 6.3. Neutron energy spectrum for the 
reaction **°Sn(p,n),E,=45MeV 4,,,=90° 
(see legend for Fig. 6.2). [From Avaldi, 10? 
Bonetti, and Colli-Milazzo (80). ] 


d’a/ldUd 2(mb/ Mev-sr) 


FIG. 6.4. Neutron energy spectrum for the 
reaction *?°Sn(p,n),E, =45 MeV 6,,, = 120° 
(see legend for Fig. 6.2). [From Avaldi, 
Bonetti, and Colli-Milazzo (80).] 
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FIG. 6.5. Neutron angular distribution for the reaction !?°Sn(p, n), E, =45 MeV. The 
solid lines are calculated results. [From Avaldi, Bonetti, and Colli-Milazzo (80).] 


Sn(p, n) cross sections for 45-MeV protons [Avaldi, Bonetti, and Colli-Milazzo 
(80) |. Good agreement is obtained. There is some deviation at low neutron 
energies, where there is a contribution from the multistep compound process 
not included in the calculation. We note that the single-step process gives 
accurate results only with a low excitation energy of the residual nucleus and 
in the forward direction. But as the excitation energy increases and/or the 
emission angle increases, the contribution of the two-step and then the three-step 
process becomes important. No more than three steps are required in the angular 
range beyond 150°. The calculated angular distribution shown in Fig. 6.5 
matches experiment throughout the angular range. Similar calculations have 
been performed for a (p,n) reaction, proton energy 45 MeV, for a number of 
nuclei [Bonetti, Colli-Milazzo, and Melanotte (81a) ] with similar success. The 
need to include contributions from the SMC process as the proton energy 
decreases is shown in Fig. 6.6. 
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12 10 ots 2 0 
FIG. 6.6. Neutron energy spectrum for the reaction '?°Sn[p, n) E, = 25 MeV, 0, = 110°; 
, total; ——-—, multi step direct, —-——- , multistep compound. [From 
Colli-Milazzo private communication quoted in Feshbach (86). ] 
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FIG. 6.7. Transmission probability (I), ,>/<Iy,> as function of J in the case of *°Ca(n, p) 
[From Bonetti, Colli-Milazzo, and Melanotte (83). | 
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FIG. 6.8. Level density of the various composite nuclei as a function of the stage N of the 
precompound chain: (1) 1°*Pd, (2) ?°Zr, (3) ©°Ni, (4) *1Ca, (5) 2°P, and (6) 78Si. [From 
Bonetti, Colli-Milazzo, and Melanotte (83). ] 


We turn next to some examples of the statistical multistep compound (SMC) 
reactions. “Equilibrium” sets in at about the fourth step, as indicated by Fig. 
6.7, where we see that by the third step the branching ratio to the fourth step 
is approximately 0.9. Note that the level density at the fourth stage is on the 
order of 10 times that at the third stage (see Fig. 6.8), so that the self-averaging 
condition of Tang Xuetian (81) is well satisfied. It is important in the SMC 
calculations to include only bound orbits, as emphasized by Bonetti, 
Colli-Milazzo, and Melanotte (83). Two examples are shown, In Fig. 6.9 a 
comparison is made between experiment and theory for the °!V(p,n)°'Cr 
reaction, for a proton energy of 22 MeV. We see the striking failure of the 
evaporation model and the good agreement that is obtained when the SMC 
theory, which takes into account the emission that occurs before the equilibra- 
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FIG. 6.9. Double differential spectrum for the reaction °*V(p,n) °*Cr, E, = 22 MeV,0 = 144°. 
Experimental points from Grimes, Anderson, et al. (71) are given by circles, the calculated 
evaporation spectrum by the squares, and the total statistical multistep compound by 
the crosses. [From Feshbach, Kerman, and Koonin (80).] 


tion (rth) stage, is reached. In Fig. 6.10 a comparison is made for the case of 
14-MeV neutrons incident on ?*Nb, including the (n,n’), (n,2n), and (n, pn) 
contributions. The dashed line gives the contribution from the rth stage (the 
evaporation component) for (n, n’), the dotted line for the (n, 2n) and (n, pn). 

The behavior of parameters of the SMD theory is shown in Table 6.1. In 
this table o is the spin cutoff parameter, 6a/nx* gives single-particle density g, 
V, is the strength of the Yukawa potential with a range of 1 fm [used for the 
residual (p — n) potential], V, is the strength averaged over the p—n andn—n 
interaction strengths, and finally, the ratio of the single-step cross section to 
the total is shown. Bonetti and Columbo (83) show that the strength of the 
potentials used in the SMC is consistent with that given by the table. 

The statistical multistep direct theory has also been employed to predict the 
inelastic scattering of 65-MeV polarized protons by >®Ni [Bonetti, Colli- 
Milazzo, et al. (82b) ]. Comparisons with the measurements of Sakai, Hosono, 
et al. (80) show excellent agreement with the angular distributions and 
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FIG. 6.10. (a) Energy spectrum of neutrons emitted at 30° and 150° from ?°Nb at an 
incident neutron energy of 14MeV. The experimental data of Salnikov, Lovchikova 
et al. (70,71) are compared with the statistical multistep compound calculations. 
(b) Energy spectrum of protons emitted at 150° from ?*Nb at an incident neutron energy of 
14 MeV. The experimental data of Grimes, Anderson, et al. (78) are compared to statistical 
multi step compound calculations. For both (a) and (b) the curves labeled with N show 
the contributions of the N-step process. The dashed and dotted lines give the 
contributions of r stage processes which for case (a) are (n,n’) and (n,2n) + (n, pn), 


respectively; for (b) they are (n, p) and (n,np), respectively. [From Field, Bonetti, and 
Hodgson (86). | 
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TABLE 6.1 | 
Target o a(=77/6g)(MeV~') V,(MeV) Vo(MeV)  a4/,,, 
48Ca(E,=45MeV) 1 14 27.5 15.5 0.55 
9°71 (E,=45 MeV) 1.4 10 27.5 17 0.55 
120$n(E,=25MeV) 1.8 16 275 16 0.82 
'29Sn(E,=35 MeV) 1.8 16 27.5 16 0.72 
*°8Pb(E, =45 MeV) 2.4 13 27 15 0.47 


Source: Bonetti and Colambo (83). 


analyzing power. Agreement with the latter is good only for relatively low 
excitation, U=10 and 14MeV but fails in the intermediate angular range 
45° <3 < 110° for U = 18 and 22 MeV. Presumably, the inclusion of the MSC 
process is needed for these large excitation energies. 

A number of conclusions can be drawn from this analysis: The division of 
the statistical reaction process into multistep direct and multistep compound 
components appears to be useful and important. The multistep direct process 
dominates at the higher projectile energies, while the multistep compound is 
important for large excitation energies of the residual nucleus as well as for 
lower projectile energies. At sufficently low energies the system is “trapped” on 
the first step so that there is no precompound emission. Therefore, at low 
energies, compound nucleus formation dominates. As the energy increases, the 
precompound emission (as given by the SMC theory) must be included, as the 
evaporation theory fails by orders of magnitude. At still higher projectile 
energies, the SMD process begins to be important and eventually is dominant, 
with the exception of cases in which the residual nucleus is highly excited and 
the emerging particle has a low energy. For these reactions the SMC process 
must be taken into account. Moreover one learns that the single-step direct 
process (DWA) is inadequate for proton energies lying between 25 and 65 MeV. 
It provides only 55% of the cross section for E, = 45 MeV. 


7. SUMMARY 


In this chapter we have discussed the influence of multistep processes on nuclear 
reactions. In Sections 2 and 3 we considered examples in which relatively few 
levels of the target and/or residual nucleus could be involved as intermediate 
steps in a multistep process. For these cases a coupled-channel description was 
employed. In Section 4 the influence of inelastic multistep processes on particle 
transfer reactions was considered. Here the coupled-channel Born approximation 
(CCBA) was used, in which the coupled-channel description was used to describe 
the mutual and final states and the transfer reaction was calculated as a 
single-step process. It was found that multi-step processes were important when 
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the states of the nuclei involved are collective (e.g., vibrational or rotational). 
When the number of states involved is large, we suggest the statistical theory 
developed in Section 5, with applications in Section 6. Many of the concepts 
used were developed by an earlier semiclassical theory based on pioneering 
papers by Griffin (66,67) and Weisskopf (60). This analysis is reviewed by Blann 
(75). For a comparison between the SMC theory and the semiclassical theory, 
see Holler, Kaminsky, et al. (85). Other theories of the MSC process are given 
by Agassi and Weidenmiller (75), Mantzouranis (76), and Friedman, McVoy, 
Hussein, and Mello (81). The latter authors develop formalisms that do not 
require the use of the chaining hypothesis but are more difficult to apply. Other 
theories for the SMD reaction have been proposed by Tamura, Udagawa, and 
Lenske (82), Agassi, Mantzouranis and Weidenmiller (75), and Mantzouranis 
(76). The first of these is limited to two-step processes, while the latter uses the 
Pauli master equation, involving, however, some ad hoc assumptions regarding 
the underlying nucleon—nucleon interaction. 

The theory presented in Section 5 has a wide range of applicability, far wider 
than as described in the applications described in Section 6. In particular, the 
application to heavy ion reactions has not yet been developed except for the 
light helium ions (see, however, Section VIII.6). It would also be useful in 
determining the nature of the background in giant resonance reactions, 
permitting a more accurate determination of the widths of the resonances. 


APPENDIX 
The propagator Y = (E‘*) — H™)~! is defined by 
(EM) — HG =1 (A.1) 
The quantity of interest is 4: 
G =P, GP, (A.2) 


Multiplying (A.1) from the left by P,, and from the right by P, leads to a set 
of coupled equations for Y,: 


(E— HG, = 044-19 e-1 + Ong 1 Fut (A.3) 
When p= M, 


(E = HY )Gm =UymM- 1Fu-i 
or 


Gu = Gylum-1F9 y-1 (A.4) 
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where 


Gy = (EO — HP)! 
Turn next to (A.3) with w= M — 1: 
(BH )G gg =U eG i a 
Substituting from (A.4) yields 
(BA 90s Ou ea) 9 ea = Oe 
Therefore, using recurrence relation (5.16) yields 
Grp) = Gy Py - 1m —-29 M-2 (A.5) 


One can now proceed stepwise to consider the equation satisfied by ,,_,. The 
solution will have the same form as (A.5): 


Gy —2 = Gy—2°m—2,m-39m-3 (A.6) 
One can now use mathematical induction to establish (5.14): 


G,=G,0,,-F,- (5.14) 


CHAPTER VIII 


HEAVY IONS 


1. INTRODUCTION! 


Heavy-ion physics is concerned with the reactions induced by nuclear projectiles 
whose mass number 4 is greater than or equal to 4. Nuclei ranging in mass 
number from the a-particle to the uranium nucleus have been accelerated to 
energies varying from a few MeV per nucleon (MeV/A) to many GeV/A. As 
this is being written, an accelerator at CERN is producing beams of /°O nuclei 
with an energy! of 200 GeV/A; at Brookhaven, beams of nuclei up to °*S with 
energies of approximately 15 GeV/A have become available. Experiments at the 
Bevelac at Berkeley have been performed with beams of mass number extending 
up to uranium and with energies extending up to 2.1 GeV/A. The capability of 
lower-energy machines is shown in Fig. 1.1. Of course, to make the story 
complete one would need to specify, as well, the currents that are available for 
each ion species and energy. It is not appropriate here to describe the various 
strategems employed to obtain these beams. Usually, they involve the use of 
several accelerators (two or three) operating in tandem. The plan in each case 
involves stripping the heavy-ion projectile of some or all of its atomic electrons 
by passing the heavy-ion beam through a stripper, generally a foil. The process 
increases in effectiveness with increasing beam energy. The resulting heavy ion 
will then have a large net charge, which permits its acceleration to very high 
energies using electromagnetic fields. The extraordinarily rich set of phenomena 
produced when a heavy ion collides with a nucleus has three fundamental 


*Bromley (84). 
'The energy of a 200GeV/A ion equals 0.32 ergs/A! 
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FIG. 1.1. Ion energy in MeV/nucleon as a function of the ion mass for a variety of 
facilities as of 1984. [From Bromley (84). ] 


sources: the strong electric field of the heavy ion, it large mass, and its com- 
positeness. 
The magnitude of the electric field at the surface of a nuclei is given by 


Ze ZMV Z : 


[| 


a very strong field that decreases like 1/r* with increasing distance R from the 
nuclear surface. The energy stored in the field outside of the nuclear surface is 


Z*e? Ze 


which yields an energy of 67.6 MeV for 7’Al and 1362 MeV for *°8Pb. 

As a consequence of the strong, long-range electric field, it becomes possible 
for the incident heavy ion to excite the target nucleus electromagnetically. This 
phenomenon, referred to as Coulomb excitation, has been most important in 
the determination of the energy spectrum of deformed nuclei, permitting 
excitations to very high spin values. An example is given in Fig. 1.2, obtained 
by 1165-MeV *°Th projectile incident upon Pb nuclei. 
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FIG. 1.2. Partial level scheme of 77?Th with the transitions seen in the Coulomb 
excitation by 7°8Pb. [From deBoer (84).] 
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The strong electric field can, in fact, disintegrate the target nucleus. At the 
high energies available at the Bevelac, one can approximately replace the 
incident projectile by a beam of photons (Weizsacker—Williams method) with 
the spectrum 


22 2 
MONT eee (<) ae (1.3) 
t he \v/ @ 


where the photon energy is hw. The photon can be absorbed by the target 
ejecting one or in some cases two nucleons. The cross section for the process 


is given by 
222 2 
722 e (<) [ues (1.4) 
— wt he \v @ 


where o, is the photoelectric cross section. Note that o is proportional to Z?. 
The experimental evidence for this process is illustrated in Fig. 1.3. Here the 
ratio of the cross section to that of ?Be is plotted for 18O beams with 1.7 GeV/A 
energy incident on a variety of nuclei up to uranium. Disintegration of the 18O 
beams is observed. The solid line gives the cross section generated by 
nonelectromagnetic interaction. [For this separation, see Friedlander and 
Heckman (85).] The deviation from the solid line increases approximately as 


Cross-section ratio 


FIG. 1.3. Beam-rapidity fragment production cross-section ratios (normalized to the °Be 
cross section for '°O at 1.7AGeV plotted versus mass number of the target. [From 
Friedlander and Heckman (84).] 
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Z*, in agreement with (1.4). There is some dependence on Z in o,. Detailed 
calculations using an improved Weizsacker—Williams photon spectrum yield 
quite good agreement with experiment. 

Because of the intense electric fields, it is possible for pair production to 
occur in the collision of heavy ions. The observed position energy spectrum is 
shown in Fig. 1.4 for several pairs of heavy ions for the indicated projectile 
energies. The narrow peak at 300keV has continued to escaped explanation. 

Because of its large mass, the angular momentum of a heavy ion with respect 
to the center of mass of the target nucleus can be very large. The angular 
momentum in units of h 1s classically given by 


A_A 
kR = 0.22 ree Easy Rem (1.5) 
Pp t 


where A, and A, are the projectile and target mass number, E the projectile 
energy in the center-of-mass system in MeV [=(A,/A,+ A,)E\.,], and R the 
sum of the target and projectile radii in fermis. If, for example, A, ~ *°Ca, the 
target is ‘°°Pd, and E,,, = 205 MeV, then kR = 153. Thus if these nuclei were 
to fuse, the resulting compound system could have a very large angular 
momentum. A proton at the same energy per nucleon would have a kR value 
of 2.6. 

When a compound system of high spin is produced, the spin is, from the 
discussion above, approximately perpendicular to the scattering plane. Neutrons 
will generally be evaporated, but being isotropic, these will not carry off angular 
momentum. The isotopes formed in this way may also decay by y emission. 
For example, in the reaction *8Ca ('°°Pd, 4n)!°*Dy, an isotope of Dysprosium 
is formed. Its y-decay has been measured. Figure 1.5 shows the gamma spectrum 
of the highest spin band. The number marking each line is the spin of the level 
in }°?Dy emitting the y-ray. This band is based on a prolate “superdeformation” 
described by Bohr and Mottelson (62). [See also the calculations of Dudek and 
Nazarewicz (85).] These authors showed that nucleons moving in an axially 
symmetric deformed oscillator well would have a closed shell for nucleon number 
86 when the ratio of w,, the harmonic frequency transverse to the symmetry 
axis, is twice w,, the harmonic frequency along that axis. The corresponding 
deformation 6 [see (VI.10.14) in deShalit and Feshbach (74)] is 3. 

Because of the large mass, the projectile has a very short wavelength. Using 


= 455 


(1.6) 
k A,A, Euey 


Kem = 


the Z for *8Ca is 0.067 fm with E,,, = 205 MeV. As a consequence, one can use 
the methods of physical optics, that is, one can use the trajectories, obtained 
by solving Newton’s equations of motion, as describing the path taken by the 
wavefront rays. By calculating the change in phase of each ray, one can construct 
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FIG. 1.5. Gamma-ray spectrum in the superdeformed band in '°*Dy following the 
108Pd(*8Ca, 4n)'>?Dy reaction at 205 MeV. [From Twin et al. (86).] 


the new equiphase wavefront, thus taking the effect of the interaction into 
account (see p. 103). 

The Newtonian trajectory of the projectile in the Coulomb field of force 
exerted by the target nucleus is of obvious importance below and in the neighbor- 
hood of the Coulomb barrier energy. That trajectory is a hyperbola in the 
scattering plane given by 


es ~Fan? 3] 1 —ese5 sin( 0-5) (1.7) 
r 7) 2 Z 2 


where r is the distance from the center of charge of the target nucleus and @ 
measures the angle made by the vector from the scatterer to a point on the 
trajectory with respect to the incident direction, as illustrated in Fig. 1.6. The 


trajectory 


scatterer 


FIG. 1.6. Coulomb trajectory. 
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angle 9 is the scattering angle and 7 is the Sommerfield parameter: 


_ 2,Z,e" 


1.8 
s (1.8) 


Note that r— oo when 9 = 9 and also at 6 = x. The distance of closest approach, 
d, is obtained by placing dr/d@ =0. This yields 6 = 2/2 + 9/2. Therefore, 


a= "(1 + ese (1.9) 
k 2 


while the impact parameter, b, is given by 


3 
b=" cot~ (1.10) 
kK 2 
Note that n/k = Z,Z,e7/hvk = Z,Z,(e7/hc)(hc/2E). Numerically, n/k = Z,Z,/ 
1.37E, where E is in MeV and n/k is in fermis. The straight-line asymptote to 
the hyperbolic trajectory is given by 
ycos3=xsin$+b (1.11) 


where x is the incident direction and y is perpendicular to x. Finally, the classical 
differential cross section is 


do _ b 
dQ sin9 


db 


7 (1.12) 


Using (1.10), one obtains the Rutherford cross section: 


n-(4) = (222) (1.13) 
dQ \2k/ sin*(9/2) \2puv?/ sin*(9/2) 


where yp is the reduced mass. The cross section drops rapidly with angle and 
can be quite large. For example, for 205-MeV *8Ca incident on 7°°Pb, da/dQ 
equals 56 csc* $9 (fm)*, which at $ = 30° becomes 0.896 barn. The grazing angle 
3,5 Which will play an important role in many of the discussions in this chapter, 
is given according to (1.9) by 


R=" +csc19,,) (1.14) 


where R is the sum of the radius of the projectile R, and the radius of the target 
R,. The trajectory corresponding to the scattering angle $,, just touches the 
surface of the target nucleus. 
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“— great circle plane 


FIG. 1.7. Properties of the grazing trajectory. 


As is clear from Fig. 1.6, the Coulomb field has an effect similar to that of 
a diverging lens [Frahn (66) |. The effective source for a point Coulomb field 
is a line source. However, when the nucleus is black, completely absorbing, 
which as we shall discuss later, is the case for most of the energy range of 
interest and for a wide variety of target and projectile nuclei, the grazing 
trajectory and the corresponding source point (x = — b,, csc @,,) are of special 
importance. This is because (see discussion on p. 414) the intensity beyond the 
target nucleus in the forward direction can be calculated as if the perimeter of 
the great circle perpendicular to the incident direction acts as a source. If the 
path difference between the grazing trajectory labeled (1) in Fig. 1.7 and the 
trajectory passing through the opposite side labeled (2) equals the wavelength 
A, the intensity pattern will be of the Fresnel type. If it is much less than 4 the 
intensity pattern is of the Fraunhofer type. We obtain the conditions 


p>1_ Fresnel, p<i1_ Fraunhofer (1.15) 


where 


9 
p = kb,, sin 9,, = 2n cos” i (1.16) 


Thus when the Sommerfield parameter y 1s large, the angular distribution will 
be of the Fresnel type. This will be the case if the nuclei involved are reasonably 
heavy. [Note: Frahn’s p is 5 that given in (1.16).] The angular distribution in 
the geometric optics limit is illustrated in Fig. 1.8. In the physical optics limit, 
diffraction oscillations will be present for 9<93,,, while for larger angles, the 
shadow region, $3 > 9,,, the cross section will decrease rapidly. 

An example of Fresnel scattering is shown in Fig. 1.9. The value of p for this 
case is 28. The angular region with the smooth and sharp decrease corresponds 


{ 
o/op 


FIG. 1.8. Angular distribution in the geometric 
= shadow >a optics limit. 


1. INTRODUCTION 563 


10 20 30 40 50 60 70 80 
8m, (deg) 


FIG. 1.9. Showing the sensitivity of the structure in the illuminated region of Fresnel 
scattering to the ratio of the strengths of the real (V) and imaginary (W) parts of the 
optical potential. In each case V = 40 MeV. [From Satchler (75). ] 


to the shadow cast by the target. Large-angle scattering corresponds to small 
values of the impact parameter. For these values the incident trajectory would 
strike the target and be absorbed. An example of Fraunhofer scattering is shown 
in Fig. 1.10. The value of p for this case is 3. 

When the nuclear interaction is taken into account, another interference 
phenomena becomes important. In Fig. 1.11 we show the trajectories in the 
presence of a real Woods—Saxon nuclear potential acting between the heavy 
ions in addition to the Coulomb interaction [Glendenning (75) ]. Trajectory g 
is the grazing trajectory. Trajectory 1 is a Coulomb trajectory, and trajectory 
3 shows the effect of the nuclear interaction. The scattering angle for trajectories 
1 and 3 are identical. If the interaction surface is free of absorption, one can 
expect fluctuations in the angular distribution. Figure 1.12, which given the 
angular distribution for the reaction °°Ni(!8O, !°O)°*Ni(g.s.), shows very large 
oscillations. Because this reaction involves the transfer of two neutrons, one 
can be certain that the nuclear interaction is involved. Baltz, Bond, Garrett, 
and Kahana (75) conclude that the absorption component of the optical 
potential consists of two parts. One is the interior volume potential, which drops 
off very sharply at the nuclear surface. The second is a surface derivative of a 
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FIG. 1.10. Appearance of Fraunhofer-type patterns in the elastic scattering of °Li at 


88 MeV. Optical-model fits using both Woods—Saxon and folded real potentials are 
shown. [From Fulmer, Satchler, et al. (81).] 
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FIG. 1.11. Four classical orbits described in the text [Glendenning (75). | 


co) 


o) 


Woods-Saxon potential, which is much weaker in the nuclear surface region 
but stronger in the nuclear interior. The stronger absorption in the nuclear 
interior attenuates its contribution to the reaction, which therefore originates 
in the surface. The interference phenomena described above occurs because of 
the near transparency of the surface region. 

The classical deflection angle © plays an important role in qualitative 
discussions. Its relation to the potential acting between the two nuclei can be 
obtained from the WKB expression for the phase shift 6, [see Morse and 
Feshbach (53, p. 1102) ]. 


oe) A A? 00 5 A2 
ro r ra r 


where k? = 2y/h*E, U = 2p/h?V, and 1 =1+4. The turning points rp and r, are 
zeros of the respective integrands. Differentiating with respect to A yields 


085 _ 


-1("S +i| "2 
oA ro Sk? —U — 2/2 Sy 2/2 — 2 /r? 


| 2 2 
ee | ee (+=£) 
r dt 


(1.18) 


Since 
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the first term in (1.18) is 


at ir( =) 
MJro  \r*F 


But the angular momentum Jh can be related to the deflection angle O: 
Ah = pr? 


so the integral becomes \2 d@. A similar result is obtained for the second term 
in (1.18). The net result is then 50,, where ©, is the total deflection angle, 
including the incoming and outgoing trajectories. Equation (1.18) becomes (the 
second integral yields just 2/2) 


1 1 
OOF a Gage (1.19) 


2° 2 J, fe -U— 2] 


The scattering angles $ and © are not identical, as is illustrated by the three 
trajectories in Fig. 1.12, with identical values of $. Bearing in mind that the 
sense of rotation is defined with respect to (r x k), the value of © equals $ for 
case (a) equals —9% for case (b), and equals (9—2z) for case (c). Case (a) 
corresponds to a repulsive potential; case (b) and case (c), increasingly stronger 
attractive potentials acting along the trajectories. 

Finally, we consider collisions in which the complex structure of the projectile 
and target enter in an essential fashion. The extraordinarily rich phenomena 
that are a consequence have been only partially explored and understood. In 
peripheral collisions (dz R), elastic scattering, Coulomb excitation, inelastic 
scattering, and transfer reactions are the dominant phenomena. There are 
sometimes referred to as elastic and quasi-elastic scattering. As the impact 
parameter decreases (d < R), deep inelastic scattering, in which much of the 
kinetic energy of the incident projectile is converted into internal energy occurs 
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FIG. 1.12. Scattering angle 9 for different trajectories. 
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FIG. 1.14. Contour plots at sequential times of the density in the center of mass 
integrated over the normal to the reaction plane for '°O+4°Ca Collision at the 
laboratory energy of 315 MeV. The initial angular momentum is 80 h. [From Negele (82).] 


so that the kinetic energy of the final nuclei derives mostly from the Coulomb 
repulsion. In this class of phenomena, which occurs for the most part with the 
heavier nuclei, the nuclei may undergo small changes in A and Z as several 
nucleons are interchanged while the angular distribution is strongly anisotropic. 
Finally, under suitable conditions the projectile can penetrate and a compound 
system is formed. This reaction is referred to as fusion reaction. If the compound 
system lives long enough to randomize completely, a compound nucleus in an 
excited state is the result. These two classes of reactions, deep inelastic and 
fusion, are illustrated in Figs 1.13 and 1.14, obtained by using the time-dependent 
Hartree-Fock method (to be discussed later). The first illustrates fusion. We 
see that the two nuclei join forming a very elongated nucleus, which then 
proceeds in three complete rotations being reduced in size as it does so. The 
second illustrates deep inelastic scattering. Again the elongated nucleus is 
formed. But after-rotating through roughly 90°, it breaks apart. An intermediate 
situation in which complete rotations occur but the system does not fuse is 
referred to as fast fission. 

These qualitative considerations are summarized in Fig. 1.15, in which the 
range in angular momentum /| (or impact parameter b) for which the various 
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FIG. 1.15. Various reaction types as a > 
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FIG. 1.16. Decomposition of the reaction cross sections as a function of the total mass 
number A,+ A, for the Ni-induced reactions on the even-A Sn isotopes around 
E sm = 220 MeV. Shaded bars indicate values for the total fusion cross sections; fully 
shaded bars give the values for the total quasi-elastic transfer cross sections. [From van 
den Berg, Henning, et al. (88). | 


processes discussed above are dominant is indicated. The crosshatched areas 
involve a mix of the two neighboring types. The possible value of the partial 
cross section a(/) is bounded by the geometrical cross section 27%71. For the 
low angular momenta, compound nucleus formation and more generally 
fusion dominate, to be succeeded at higher angular momenta by deep inelastic 
scattering. This is followed by quasi-elastic scattering, that is, peripheral (one- 
step) reactions, and finally, for impact parameters greater than the interaction 
radius by elastic scattering and Coulomb excitation. Of course, these divisions 
are not sharp. Indeed, according to Rehm, Van denBerg, et al. (85), their 
experimental results indicate that the quasi-elastic processes gradually make 
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the transition to deep inelastic as single-particle transfers are replaced by 
multistep processes. 

It is possible to establish a connection with the concepts employed in the 
discussion of the statistical multistep reactions discussed in Chapter VII (see 
Section 5 and Fig. 1.1). Note that the interaction time increases, as indicated, 
from large to small / values, the formation of the compound nucleus involving 
the longest interaction time. The quasi-elastic processes are identical with the 
single-step direct reaction, the deep inelastic has all the properties expected of 
the statistical multistep direction reaction, while fusion generally is an example 
of the statistical multistep compound reaction. 

Of course, all values of / will contribute in a given reaction. In Fig. 1.16 we 
give an example of the relative magnitudes of each contribution for the reactions 
induced by °° ©*Ni incident on the various Sn isotones. The energy of the °° Ni 
beam is 330 MeV, while the °*Ni beam has energies 341 and 380 MeV. These 
energies correspond to center-of-mass energies roughly 30 MeV greater than 
the barrier energy. The proportions of each contribution will vary with the 
experimental situation. 


2. FUSION 


Let us now consider each of these regions in more detail. We begin with fusion. 
The discussion will be made in terms of macroscopic variables. The microscopic 
description is the subject of Sections 6 to 8. The macroscopic variables describe 
the relatively slow motions of the system. The microscopic description is 
concerned with the motion of the individual nucleons, which is relatively rapid. 
One obvious macroscopic variable is the distance R between the centers of 
mass of the colliding nuclei. Another variable that measures the deformation 
will be defined later. Models using only the R variable are referred to as 
one-dimensional models. The potential energy of the colliding nuclei illustrated 
in Fig. 2.1 is taken as a linear combination of a central Woods—Saxon potential, 
the Coulomb potential, and the centrifugal potential. Note the minimum or 
“pocket,” which decreases in depth as the orbital angular momentum / (and 
therefore the impact parameter) increases, until finally at /=/, the minimum. 
disappears. The depth of the pocket as well as |, decreases as the product Z,Z, 
for the interacting nuclei increases. For an impact parameter below I,/k and a 
given energy, there will be a finite probability that the system will be trapped 
in the minimum for a time sufficiently long for the two nuclei to fuse completely 
and form a compound nucleus. That probability increases with the depth and 
width of minimum. In detail this is accomplished through mutual excitation, 
particle and cluster transfer, and by interpenetration. These processes occur 
not only in the pocket but more generally as the nuclei approach each other, 
with the result that some of the kinetic energy of the system is converted into 


‘Interpretation and transfer of large clusters are not distinguishable. 
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R 


FIG. 2.1. For the system '®O + 17°Sn, the sum of the nuclear, Coulomb, and centrifugal 
potentials are shown for the indicated values of the angular momentum I. The horizontal 
line marks E,,, = 87 MeV. The turning points for various I's are indicated by dots. [From 
Glendenning (75). | 


internal energy. Thus by the time the barrier region is reached, the kinetic 
energy may already be reduced, facilitating the formation of the compound 
nucleus even when the initial orbital angular momentum exceeds /,. The con- 
version of kinetic into internal energy with the consequent slowing of the nuclei 
can be described classically and macroscopically in terms of the action of a 
frictional force. Friction is invoked in classical models of the nucleus—nucleus 
collision. 

Instead of the transfer of clusters from one nucleus to the other occurring 
in the potential minimum, it is clearly possible for them to be emitted before 
the compound nucleus is formed. The mass number of the final compound 
nucleus will then be less than the sum of mass numbers of the two colliding 
nuclei. Moreover, its momentum will be less than the momentum of the incident 
projectile, since some momentum is carried off by the emitted cluster, which 
can, for example, be an a-particle or heavier nuclear system. This process is 
referred to as incomplete fusion. This process is an example of a precompound 
or the multistep compound reaction discussed in Chapter VII, in which the 
road to complete fusion is interrupted by the emission of a cluster. It differs 
from the discussion in Chapter VII in that the remaining fragment can still go 
on to fuse. 

The clusters carry off angular momentum. This is important because the 
compound nucleus may not be able to support the large angular momentum 
acquired in its formation. One such bound is provided by the Yrast line [see 
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FIG. 2.2. Fusion data from }*C + '*C > ?*Mg as obtained by Kovar, Gessamen, et al. 
(79) (diamonds) and Namboodiri, Chulick, and Natowitz (76) (triangles). The solid line 
and circles are a result of an Yrast line calculation for **Mg by Miilhans, Miller, 
Neegagard, and Mosel (81) [From Mosel (84). ] 


Fig. 2.2 and Vandenbosch and Lazzarini (81)]. If the excitation energy and 
angular momentum fall to the right of the Yrast line, a compound nucleus will 
not be formed. If the angular momentum and energy carried by the emitted 
cluster or clusters are sufficient to move the original values of E and J to the 
left of the Yrast line, a compound nucleus can be formed. A second limitation 
has been discussed by Cohen, Plasil, and Swiatecki (74). The issue is the stability 
of a charged rotating nonviscous liquid drop. A rigid moment of inertia is 
assumed and the energy calculated for a variety of shapes. Their results are 
shows in Fig. 2.3. According to these calculations, the limiting angular 
momentum is about 100h for a nucleus with A = 130. However, for both lighter 
and heavier nuclei, the limiting values are considerably less. Again we see that 
the precompound emission of clusters may be required if a compound nucleus 
is to be formed. | 

A particular example of a precompound process is referred to as fast fission. 
Of course, the compound nucleus formed by fusion may fission. Fast fission 
occurs before that compound nucleus is formed. In terms of the behavior shown 
in Figs 1.13 and 1.14 in fast fission, complete rotations do occur, but instead 
of fusing, the system breaks apart. According to Gregoire, Ng6, et al. (82), during 
the rotation and as a consequence of the exchange of energy, momentum and 
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FIG. 2.3. The curve |, is the angular momentum at which the fission barrier of a 


beta-stable nucleus with mass number 4 is predicted to vanish. [From Cohen, Plasil, 
and Swiatecki (74). ] 


mass, the system equilibrates and a different radial dependence of the potential 
V(R) develops. If this potential does not have a sufficiently deep minimum, 
fusion will not occur; fission will. The various possible situations according to 
Gregoire, Ngo et al. (82) are illustrated in Fig. 2.4. 

This last discussion brings the importance of time scales to our attention. 
The relaxation time t, for the motion of the nucleons to be randomized and 
equilibrium established is generally much smaller (expect at small excitation 
energies) than the relaxation time for collective motion to disappear. The third 
time, T,,,, Of significance is the time it takes the system to penetrate to the 
potential minimum. If t,,, is shorter than t,, the system will arrive in the 
potential minimum before equilibrium is established. The compound nucleus 
will then be formed as described earlier. However, if t,,, >,, equilibrium will 
develop before the potential minimum is attained. As a consequence, a new 
interaction V(R) will operate. Fast fission or deep inelastic scattering may then 
occur. 

The simple one-dimensional interaction, V(R), does not take into account 
the role of deformation. From the point of view of the compound nucleus, the 
two nuclei, at their point of contact, for example, form a highly deformed system. 
The passage from that situation to the deformation characteristic of the 
compound nucleus follows from the nature of the dependence of the potential 
energy upon the deformation as well as upon R. This is shown in Fig. 2.5. Nix 
and Sierk (77) [see also Moller and Nix (76) and Krappe, Nix, and Sierk (79) ] 
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FIG. 2.4. Conditions for fast fission and compound nucleus formation. The quantity /,, 
is the value of the angular momentum at which the fission barrier vanishes. [From 
Gregoire, Ng6, et al. (82).] 
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FIG. 2.5. Potential energy surface for *?°U as a function of two shape parameters, r and 
o. Whereas r directly describe the distances between the centers of mass of the two 
interacting nuclei, o is a measure for the deformation of the two. The ground state of 
*2°U is normalized to zero energy; the numbers at the contours give the energies relative 


to it in MeV. The contact point of two spherical touching ‘'°Pd nuclei lies at r ~ 1.6, 
o = 0.71. [From Nix and Sierk (77). ] 
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FIG. 2.6. Locations of the binary macroscopic zero angular-momentum fission saddle 
points in the r—o plane for selected nuclear systems. These systems can be formed in 
symmetric collisions of two neutron-rich B-stable nuclei. [From Nix and Sierk (77). ] 


calculate the Coulomb and nuclear energy for a variety of shapes of the 
interacting nuclei. The diffusivity of the nuclear surface, as well as the finite 
range of the nuclear force (central only), is taken into account. No single-particle 
effects are included. Dissipation is neglected. The collision is head on, that is, 
!=0. The collising nuclei are identical. The deformation is measured by the 
elongation, a, defined as 2[ <Z? > — <Z?], where Z is along the symmetry axis. 
The factor of 2 takes the elongation of both nuclei into account. Two points 
in Fig. 2.5 are important. One is the value of o and R at which the two nuclei 
are in contact. The other is the fission saddle point. As one deforms the spherical 
compound nucleus, the potential energy increases arriving eventually at a 
maximum, the fission saddle point. If the nucleus has enough energy to pass 
over or penetrate the barrier, fission will occur. If the contact point occurs to 
the left of the fission saddle point, compound nucleus formation will occur. This 
is generally the case for light nuclei. If, on the other hand, it occurs to the right, 
it must have enough energy to pass over the barrier to form a compound 
nucleus, as will be required for the heavier nuclei. The extra amount of energy 
beyond the barrier is known as extra push [see also Swiatecki (82) |. The /=0 
situation for a variety of identical colliding nuclei is shown in Fig. 2.6. Clearly, 
systems whose total mass number beyond about A= 220 will have a low 
probability of forming a spherical compound nucleus since the fission saddle 
point for heavier compound nuclei lies far to the left of the contact point. The 
effect of angular momentum (collisions with a finite value of the impact 
parameter) and of the energy of the colliding systems is shown in Fig. 2.7, where 
again the interacting nuclei are both ‘’°Pd but the energy is now 20 MeV above 
the barrier energy for !=0. The fission saddle points for each value of | are 
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FIG. 2.7. Dynamical trajectories in the r—o plane for the reaction 1!°Pd + !1°Pd > ?2?°U 
at a bombarding energy in the center-of-mass system that is 20 MeV above the maximum 
in the one-dimensional zero-angular-momentum interaction barrier. The dashed curve 
gives the trajectory for the critical angular momentum /, = 45. [From Nix and Sierk 


(77).] 


indicated by the solid dots. The various lines leading from the contact point 
indicate the paths of the system on the R-o plane. For all |< 45, the fission 
saddle points lie to the right of the trajectory, so that it becomes possible to 
form the compound nucleus. On the other hand, for / > 45, an extra push beyond 
20 MeV will be necessary. 

Swiatecki (82) has derived a simple algebraic expression for the extra push 
energy E,. The final expression, including adjustment of constants through 
comparison with experiment, is given by Bjornholm (82) as 


E,, = 200(x, — 0.7)? MeV 


Uf Z? 
= (7G) 
A eff A crit 


@ 7 AZZ, (2) 
A Jee (41 Aa)'9(A89 + AB)” Mey 


where 


where 
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Decay chains 
in 76 MeV 19F 4+ 27a) 


4N, 3Nla 2N2a 1N2a, 3a 


FIG. 2.8. The most likely chains in the 
reaction 76 MeV ‘°F + 27Al are shown for 
differing angular momenta of the com- 
pound nucleus *°Ti. Heavy arrows are for 
a-particle emission, thin ones are for 0 10 20 30 40 
nucleon emission. [From Stokstad (85).] Angular momentum 


2 Fy 2 
(4) =509) 1-1.7e(“2 #82212 fa 22) 
A crit A, +A, 


(A,A2)*9(A{? + AQ?) 


2, = 0.0105 
A, +A, 


(2.1) 


and 


f =0.75 + 0.05 


Fusion cross sections are determined by observing the products of the decay 
of the compound nucleus formed by the reaction. Usually, the compound nucleus 
will be highly excited and generally will therefore decay before they are detected. 
For light nuclei, nucleon and «-particle emission is compete. For high angular 
momentum states, a-particle emission is favored (see Fig. 2.8). y-Ray emission 
becomes important near and below the threshold for particle emission. Fission 
is not significant for the light nuclei. For medium-weight nuclei, fission will 
compete with neutron emission, especially for high-angular-momentum states, 
while charged particle decay will be less important because of the Coulomb 
barrier. For heavy nuclei only fission and neutron emission compete. A statistical 
model calculation showing the competition between neutron and y-ray 
deexcitation for '°*Er formed by a beam of *°Ar incident on ‘7“Sn is illustrated 
in Fig. 2.9. We see that the emission of four neutrons followed by y-ray emission 
is the most probable decay chain. By observing the residues, one can verify the 
assumption behind the calculation leading to Fig. 2.9. 

A considerable help in this endeavor is obtained by observing the multiplicity 
<M,> of the emitted y-rays. These are related to the average nuclear angular 
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FIG. 2.9. Statistical model predictions for the decay of the '°*Er compound system 
formed at an excitation energy of 54 MeV with 147-MeV *°Ar ions incident on ***Sn. The 
assumed population of the '°*Er compound system is given as a function of angular 
momentum in the top portion of the figure. The calculated populations o(l, E*) are 
indicated as a function of the excitation energy and angular momentum for the system 
after the emission of 1-5 neutrons. The shaded region of 3n—5n population shows the 
portion in which gamma-ray emission competes. The entry populations for the 3n—4n 
evaporation residues are indicated as a function of angular momentum and excitation 
energy at the bottom and to the left side of the figure. The predicted entry line is shown 
for each y-ray emitting region [Tjén, Espe, et al. (79) ]. [From Stokstad (85). ] 
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momentum | by the empirical formula 
1=2(M, —4) (2.2) 


As is evident from this last discussion, the statistical theory of nuclear 
reactions (Section IV.7) plays an important role in the analysis of heavy ion 
reactions. This is especially the case when one measures the number of nuclei 
of a given type produced in the reaction. For fusion reactions, since each such 
nucleus is a consequence of the reaction, one obtains a direct determination of 
the number of reactions that have occurred. One must add to this cross section, 
referred to as ogp (ER = evaporation residues), the cross section that results in 
fission, O¢,, to obtain the total cross section. However, both the deep inelastic 
and quasi-elastic can contribute to the observed results, especially for the light, 
nearly symmetric, colliding nuclei. Statistical theory may be used to separate 
the fusion and fission contributions. For heavier nuclei and higher energies, 
incomplete fusion may contribute particularly for the larger angular momenta. 
One would then find that the statistical theory would underestimate the number 
of «-particles, for example, produced. In the case of fissioning nuclei it is possible 
to determine the total momentum carried off by the fission fragments. Compared 
to the critical momentum, one can determine the missing momentum carried 
off before the system fissioned. Note that neutron emission from the compound 
nucleus will generally be spherical and therefore not contribute to the linear 
momentum balance. 

The characteristic symmetry about 90° of reactions involving the formation 
of the compound nucleus (see Section IV.7) can be used to separate fusion from 
quasi-elastic and deep inelastic reactions. Applying directly the results of the 
statistical theory leads to comparisons with experiment that are quite good. 
Figure 2.10, which gives the experimental and statistical angular distributions 
in the reaction *7C (‘*N,°Li)?°Ne, is a typical example. A simple classical 
consideration [Ericson (60a); Ericson and Strutinski (58)] shows that under 
circumstances to be described below the angular distribution obeys a 1/sin9$ 
low. One assumes that the spin of the residual nucleus and emitted particle are 
small with the consequence that the orbital angular momentum of the emitted 
particle that is perpendicular to the final momentum must align itself with the 
angular momentum of the compound nucleus (Fig. 2.11): Moreover, assume 
that the spin of the compound nucleus, I, acquired from the collision is also 
orbital and therefore in a plane perpendicular to the original direction. The 
angular distribution is then proportional to the Dirac delta function 6(k yD. 
To obtain the observed angular distribution, we must average over the possible 
orientations I: 


do 1 {(? 


Phe J 
ow — stk Nas = 5 | 


z 1 
d(J sin 9co dod = ———_—_ 2.3 
10 mJ, : (I sin 9cos d) dp - (2.3) 


mI sin 9 


completing the proof. Of course, this result fails near $= 0 and z. The critical 
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FIG. 2.10. Absolute Hauser—Feshbach statistical model calculations compared with 
experimental angular distributions for low-lying states in *°Ne populated by the 
'2C(/4N, °Li) 27°Ne reaction at E,,,=36MeV (Hanson, Stokstad, et al. (74)]. [From 
Stokstad (85). ] 


FIG. 2.11. Diagram for classical calculation of the 
angular distribution. 


angle according to Ericson is j,/J, where j, is the spin of the emitted particle. 
Examples of the fit to this distribution are shown in Figs 2.12 and 2.13. Generally, 
comparison with experiment shows that the 1/sin $ distribution provides a good 
fit near 90°, but fails as one approaches the forward and backward directions. 

In summary, the statistical theory of nuclear reactions can be used to (1) 
distinguish fusion from other reaction modes, (2) determine the spin of the 
giving the yield of the particles emitted and their multiplicites. Fusion yields 
are also correctly given provided that one takes the density of final states to 


2. FUSION 581 


126 (169, @)24mMq 
E , (24mg) =13.5-17.5 MeV 


100 a 
> a I/sin 6 
~ 
we, E=49.5 MeV 
~@ 


~8_ 6 
~ <= ® 
— 


* | 
100 es 


(mb/sr) 


da/dw 


OF 20° 40° 60° 80° 


FIG. 2.12. Total «-particle angular distributions for E, = 13.5 — 17.5 MeV in **Mg for 
incident energies of 48, 49, and 49.5 MeV. The dashed lines are least-squares fits to the 
function 1/sin@ [Greenwood, Katori, et al. (72) ]. [From Stokstad (85). ] 


be the density of states of the compound nucleus at the fission saddle point 
[see Stokstad (85, pp. 115, 121, et seq.)]. In most cases the number of possible 
reaction paths is not small and even the statistical theory calculations become 
quite complex. As a consequence, several statistical model computer codes have 
been developed. These are listed to Stokstad (85, p. 125). Their use is discussed 
in the accompanying text. An important simplification has been recently 
obtained by Friedman and Lynch (83), who consider the time evolution of the 
evaporating systems. Their procedure should prove to be very useful. 

Typical complete fusion cross sections are shown in Fig. 2.14. We note that 
in each of these cases the cross section falls on two straight lines. For low 
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FIG. 2.13. The center-of-mass angular distributions of fragments from the reaction 
107,109 Ag + ?°Ne at E,,, = 175 and 252 MeV. For fragment atomic numbers of Z > 15 
curves drawn through the data correspond to da/dQ ~ (sin@,,,)"'. [From Babinet, 


Moretto, et al. (76). ] 


energies, below the intersection of the two lines, referred to as region I, the 
fusion cross section dc, equals the reaction cross section og, while for larger 
energies, region II dcp « dg. The one-dimensional radial model provides a simple 
explanation. In the low-energy region domain, the reaction, and therefore the 


fusion cross section, is given by 
T 
k* 1=0 


where T, are the transmission coefficients. One can calculate these from the 
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system *°Ca + *°Ca; (b) heavy system *°Ar+'?'Sb. [From Lefort and Ng6 (78).] (c) 


Fusion cross sections for ‘°O + 77Al compared with the formula of Glas and Mosel. 
[From Hodgson (78). ] 


optical model. A rough analytic approximation is obtained using the sharp 
cutoff model, in which 


1 forl<L 
T=} s (2.4) 
0 forl>L 
Then 


nm = 1 1 
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FIG. 2.14. (Continued) 


Equation (2.4) corresponds to the assumption that for all I’s less than or equal 
to L, a minimum in the potential V(R) exists which is of sufficient strength to 
trap the system for a long enough time for the interacting nuclei to fuse. For 
R> L, this is no longer possible. The value of L is given approximately by the 
effective wave number k, at R,z multiplied by Rz, where V(R) has its maximum. 
This recipe is verified by an optical model calculation. Thus 


V 1/2 
L=k,R,= KR = ) (2.6) 
E 
so that 
V 
Cop = xR3( = 2) (2.7) 


in agreement with experiment. By comparing with experiment, one can 
determine R, and V;,. 

In region II, that is, at greater energies, the collision does not necessarily 
lead to fusion. The potential does not have a minimum of sufficient strength 
to trap the system. However, fusion can occur some fraction of the time if a 
sufficient interchange of mass and energy between the two nuclei has occurred: 
macroscopically, if friction has slowed the system down enough. This 
slowing-down process is more effective as R decreases, and for a sufficiently 
small R, R.-, will lead to fusion. One can calculate the probability of this 
occurring by assuming that for r>R,, the wave function for the system 
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consisting of the colliding nuclei in this ground state is zero because of the 
probability of excitation and mass transfer. Using the WKB method for 
penetration through a parabolic barrier [Glas and Mosel (74, 75); Wong (72, 73), 
one obtains 


oO 1 + e2ME-Va)/heo 


h 
OcF = — R} n (2.8) 


1 4 e2tlE—Va-(Rc/Ra)(E-Va)I/ho 


where haw measures the width of the barrier and V¢ 1s the potential at R,. For 


high energies, 
Rey R.\ 


V 


one obtains 


in agreement with experiment. At low energies, 


ho TUL VB ao Vp 
ce = 5 Rgln[l + e20e Ym" joonr(1-7) 


in agreement with (2.7). The quantity V. is negative for Fig. 2.14a, while for 
Fig. 2.14b and c, V¢ is positive. Empirically, 


Ro=r(At3? + Ay3) re =1+0.07 fm (2.10) 


where A, and A, are the mass numbers of the interacting nuclei. Of course, 
one can compute dc, directly from the optical model with appropriate boundary 
conditions at Re. 

There are substantial disagreements of (2.8) with experiment which are 
exhibited when the cross sections for heavy-ion fusion reactions leading to the 
same compound nucleus are compared. One would not expect to the fusion 
cross sections '*N + +7C and '°O + !°B to differ greatly, but they do. It is also 
surprising that the cross section for reaction ‘*N + '7C differs substantially 
from that of reaction 1°N + '7C. This has led to the development of an alter- 
native explanation of the cross sections for region II based on Yrast line 
considerations discussed above [ Harar (78); Matsuse, Arima and Lee (82) ]. The 
critical value, L, is now given by the maximum value L, which is permitted by 
the Yrast line. For larger values of L, states of the compound nucleus do not 
exist. The value of L is given by the equation 


LL +1), 


E+Q=h? 
e 2S 


AQ (2.11) 
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where ¥ is the Yrast moment of inertia. AQ is the band head energy [Harar 
(78) ]. Substituting in (2.5), one obtains 


vor= A (1 12%) (2.12) 
U E 


where yp is reduced mass. An example of the efficacy of this equation is provided 
by the comparison of the two reactions '*N + /7C and !°O + /°B, which lead 
to the same compound nucleus !°Al. These two reactions give very different 
cross sections. However, the relation between E* = E+Q and L determined 
empirically for these two reactions 1s identical. One can go further and compare 
the theoretical and empirical .. One finds that the empirical values of L are 
consistently smaller than the values predicted by calculations of the Yrast line. 
Vandenbosch (79) and Vandenbosch and Lazzarini (81) make the reasonable 
suggestion that the compound nucleus formation will occur only if there is a 
sufficient density of levels, which would move the predicted value of L away 
from the Yrast line to smaller values of L. According to Mosel (84), the question 
of whether it is the density of compound nuclear levels or the density of doorway 
states leading to compound nucleus formation has not been resolved. 
Investigation of the fusion cross Section at higher energies reveal another 
straight-line dependence on 1/E, as illustrated in Fig. 2.15. This is referred to 
as region III. Matsuse, Arima, and Lee (82) propose a description in which the 
cross section for region I is given by (2.7), region II by the Yrast limit, (2.12), 
and region III by (2.9), where we recall that r, is the distance at which the two 
colliding nuclei lose their identity and become the compound nucleus. This 
distance can be determined according to Matsuse et al. from the equation giving 
the mean-square radius of the compound nucleus mass number A in terms of 
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FIG. 2.15. Fusion cross-section excitation function Experiment (¢) compared with 
theory of Matsuse et al. [From Matsuse, Arima, and Lee (82).] 
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FIG. 2.16. Excitation functions for complete fusion of °?Ni+ °8Ni, °&Ni+ °*Ni, and 
©4Ni + ©*Ni. Smooth curves give WKB predictions. [From Beckerman (85). ] 


the mean-square radii of the colliding nuclei, A, and A,. 


A,A, 


Ar?) 4=Az<17 4, + A207 4a, + y 


Ce, 


For further details the reader is referred to their paper. 

We conclude this section on fusion with a brief mention of the recently 
discovered phenomenon. of subbarrier fusion [Steadman (85)], which is 
illustrated by Fig. 2.16. The center-of-mass energies are far below the Coulomb 
barrier energy for two touching spherical nuclei. One would there expect that 
the Coulomb interaction would dominate this reaction and that therefore one 
should be able to calculate the cross section with some confidence. However, 
calculations made with the one-dimensional radial model given approximately 
by the solid lines fall far below the experimental values. Nearly all the various 
explanations for these major discrepancies can be understood as examples of 
coupled-channel calculations, which take into account the vibration of the 
nuclear surfaces. As one may expect, the coupling to low-lying collective states 
is of major importance. This 1s illustrated by Fig. 2.17. 

Henning, Wolfs et al. (87) have emphasized the importance of nuclear transfer 
for the observed fusion enhancement. This is based on experiments using *®?%O 
and °®Ni beams incident on Sn isotopes in which a strong correlation between 
the transfer cross section and fusion enhancement is seen. They suggest that 
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the neutron transfer opens a doorway through which the system can proceed 
to fusion. These reactions are of great importance in astrophysics, where they 
play an important role in energy production and element formation [Barnes 


(85) ]. 

3. DEEP INELASTIC SCATTERING! 

As has been illustrated in Fig. 1.15, in deep inelastic collisions, the two interacting 
nuclei are thought to be in contact for a relatively long time, during which the 


combined system rotates through a finite fraction of a complete revolution 


*Schréder and Huizenga (84); Lefort and Ngé (78). 
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FIG. 3.1. In-plane angular correlation of fragments from the reaction 7°?Bi+ ®*Kr at 
600MeV, where the light fragment of mass A was measured at 6, = 48.5°. The average 
emission angles expected from two-body kinematics are indicated by arrows. The curves 


represent an evaporation calculation [Wolf and Roche (76).] [From Schroder and 
Huizenga (84). | 


before separating into two final fragments. The fact that the reaction is essentially 
binary is demonstrated by Fig. 3.1, where the angular correlation of the 
fragments is shown for differing values of the mass number of the lighter 
fragments. The average emission angles of the heavier fragment, calculated by 
assuming two-body kinematics, is indicated by arrows. The agreement with the 
maxima of the correlation distributions is excellent. The distributions are a 
consequence of evaporation of the fragments, so that the original values of A 
must be determined from statistical reaction theory. On the average, the 
evaporated particles are emitted isotropically, so that the average provides a 
good measure of the direction of the fragment upon separation from the lighter 
fragment. The binary character of deep inelastic scattering helps to distinguish 
the deep inelastic collision from a fusion reaction that is followed by fission. 
The latter is generally symmetric (i.e., the fusion leads to two nearly identical 
fragments). If the collision under consideration is between two nuclei with 
significantly differing atomic and mass numbers, the deep inelastic process will 
lead most probably to two final nuclei with substantially the same value of A 
and Z and not to two nearly identical nuclei. 

In general, fusion is improbable for heavier elements (see Fig. 3.2). For these 
elements the strength of the Coulomb potential is so great that even with the 
addition of an attractive nuclear potential, no “pocket” in the total potential 
is formed. Hence no fusion. For this reason, we shall choose the illustrations 
of various phenomena associated with deep inelastic scattering to be discussed 
below, from collision between nuclei the product of whose charges (Z,Z,) 1s 
greater than roughly 3000. 
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FIG. 3.2. Ratio of reaction to fusion cross section for several reactions involving heavy 
targets. [Vandenbosch (79); From Mosel (84).] 
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FIG. 3.3. Total kinetic energy distribution do/dE of final fragments produced in the 
reaction *°°Bi + '*°Xe at three bombarding energies. The energies were calculated from 
the measured projectile-like fragments assuming two-body kinematics. The energy spectra 
are integrated over all fragments and reaction angles. The arrow (V,) indicates the 


entrance channel Coulomb interaction energy at the strong-absorption radius. [From 
Huizenga and Birkelund (82).] 
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Another characteristic of deep inelastic collision is the wide range of energies 
that can be lost from the kinetic energy of relative motion to internal degrees 
of freedom. This feature distinguishes it from the quasi-elastic scattering, in 
which the binary final state is retained but the loss of energy is relatively small. 
In Fig. 3.3 the cross section for a final kinetic energy E produced by the collision 
of 39°Pb with [3°Xe is shown for three differing initial kinetic energies. These 
cross sections are obtained after integration over all angles and summing over 
all fragments. Near the initial energy we see a strong quasi-elastic peak. At a 
lower final energy there is a broad maximum in the distribution corresponding 
to an energy loss ranging from 170 MeV for the lowest initial energy to 370 MeV 
for the greatest critical energy. The distributions are very broad. Energy 
losses as high as 600 MeV for an incident energy of 861 MeV have been recorded. 

The dependence of the total kinetic energy cross sections on the atomic 
number of the lighter fragment is shown in Fig. 3.4. Quasi-elastic peaks are 
seen for the Z of the fragment equal to the atomic number of the projectile 
52°Xe and nearby <Z) = 57. However, the quasi-elastic peak disappears quite 
rapidly as <Z> differs from 54. In these cases the energy distribution follows 
a bell-shaped curve. The widths of the distribution as well as the maximum 
value of the cross section decreases with increasing <Z» beyond <Z) = 54. 

Two differing types of angular distributions can be seen in deep inelastic 
collisions. The strong focusing distribution that prevails in the collisions of the 
very heavy nuclei after integration over energy and fragmentation type is 
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FIG. 3.4. Double-differential cross section d?a/ 
dZdE for the reaction *°°Bi+13°Xe at E,.= 
1130 MeV integrated over 20° < 0,,, < 80° [Schréder, 
Birkelund, etal. (78)]. [From Schroder and 300 400 500 600 700 
Huizenga (84). ] Total kinetic energy (MeV) 
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FIG. 3.5. Laboratory angular distributions for the *°°Bi+'°°Xe reaction at three 
energies. The centre-of-mass energies above the Coulomb barrier are 1.75, 3.14, and 5.29 
MeV/nucleon, respectively. [From Schroder and Huizenga (84). ] 


illustrated in Fig. 3.5. The reaction products fall within a narrow angle peaked 
roughly at the grazing angle. The strong focusing is also exhibited by the 
Wilczynski plot of Fig. 3.6, where a contour plot of d?a/dQ d(TKE) in the 
TKE-9,,, plane is shown (TKE=total kinetic energy). The ridge of the 
maximum cross section stays at a constant angle with increasing kinetic energy 
loss, but eventually as in the orbiting case, the rate of energy loss with angle 
slows down appreciably. The width of the angular distribution increases as the 
energy loss increases. 

The angular distribution for each fragment integrated over the final fragment 
energies is shown in Fig. 3.7. The strong focusing effect at the grazing angle is 
visible for the fragments whose atomic number is near that of the projectile 
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FIG. 3.6. Wilczyrnski plot for '*7Xe + ?°°Bi at E,,,=9 MeV. [From Negele (82).] 


Z = 54. For changes from 54 of six units or larger the angular distributions 
broaden considerable. 

The second type of angular distribution is a consequnce of the orbiting 
process. It occurs for the lighter systems and higher energies. A typical 
Wilczynski plot for the orbiting process is shown in Fig. 3.8. The colliding 
nuclei are ‘Ar and 7°*Th. Along the maximum cross-section ridge, the angle 
at first decreases rapidly, as the energy loss increases, approaching zero, and 
then increases quite slowly for further losses in energy. This last branch has been 
interpreted by Wilczynski (73) as negative angle reactions. His reasoning is 
illustrated by Fig. 3.9. Deep inelastic collisions are supposed to occur for those 
values of / (or impact parameters) that lie between J, and /,. For! </,.,, fusion 
dominates, while for !>J/,, quasi-elastic processes are the principal reaction 
channels. The trajectories near |, will be Coulomb dominated, but as one moves 
away from J,, the nuclear interaction will become more important, there will 
be an energy loss as a consequence, and the trajectory will be bent toward zero 
degrees and eventually beyond it to negative angles. Detectors do not distinguish 
between negative and positive angles, so that as the reaction angle passes zero, 
the cross sections as shown in the Wilczynski plot will be recorded as positive. 
We also see that the negative angle branch 1s closely associated with large 
energy loss. 

The two types of angular distribution, orbital and angular focusing, are 
examples of extreme situations, angular focusing dominating for collisions 
between heavy nuclear and lower energies. The transition from one type to 
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FIG. 3.9. Illustration of the orbiting phenomenon in damped nuclear reactions. 
Trajectories for a band of | waves between I|,,,, and the critical angular momentum |,,,, 
for fusion are depicted at the bottom. The associated cross section pattern is displayed 
at the top as a contour diagram plotted vs. final fragment energy E and deflection angle 
6. Negative reaction angles correspond to rotation of the intermediate system through 
the beam direction (6 = 0°). [From J. Wilczynsk: (73). ] 


another has been found to depend empirically [Galin (76); Moretto and Schmitt 
(76) | on the Sommerfield parameter evaluated at the Coulomb barrier: 


i eA] (3.1) 
h 2(E on _ Vous) 


FIG. 3.7. Center-of-mass angular distributions of the light fragments from the damped 
reaction ?°°Bi+ '3°Xe at E,,,=940MeV as a function of Z. The experimental 
double-differential cross sections are multiplied by the factors listed on the right before 
plotting. [From Wilcke, Birkelund, et al. (80).] 

FIG. 3.8. Contour diagram of d*o/dEd@ for the reaction 73?Th(*°Ar,K) at 
Eyapb = 388 MeV. The circles indicate the predicted correlation between scattering angle 


and final energy for different values of the angular momentum ranging from | = 180 to 
250. [From Lefort and Ngé (78). ] 
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Empirically, orbiting dominates for y’ < 150, while angular focusing dominates 
in the range 250 <n’ < 400. For 7’ = 500 angular focusing is accompanied by 
a noticeable tail at larger angles. 

As we shall see, correlations among many of the observables are observed. 
Some insight into these can be obtained from the dependence of observables 
on the interaction time, t, that is, the time during which the colliding nuclei 
interact before separating. One expects that + will be smallest for the largest 
values of the impact parameter (or /) and will increase as | decreases. This 
suggests two characteristic times, corresponding to two different dynamical 
situations. One time, T,, is the time required to achieve a approximate saturation 
value of the energy loss, achieved in this case for /! = 300. For larger interaction 
times corresponding to smaller values of /, the energy loss increases very slowly 
with decreasing |. In the first phase, the conversion of kinetic into internal 
energy is generated by the flow of matter, nucleons, or clusters of nucleons from 
one nucleus to the other and/or the excitation of giant resonances as the surface 
regions of each interact. 

A rough estimate of the time involved can be deduced from experiment by the 
following argument. In the laboratory frame, assume that the target nucleus is 
excited by the flow of nucleons from the projectile while the projectile 1s slowed 
down by the flow of nucleons from the target. The energy carried by each 
nucleon entering the target is E/A,, where E is the incident energy of the 
projectile. A rough estimate of the total energy transferred to the target is 
obtained by assuming thermal equilibrium between the projectile and target. 
That energy is (A,/A, + A,) AE, where AE is the total energy loss. Thus the 
number of nucleons transferred to the target is 


_ AA, AE 
A, +A, E 


The time it takes each nucleon to transfer is given approximately by the distance 
traversed, on the order of the surface thickness s divided by the Fermi velocity. 
Thus the time 1, for the first phase is 


, _ns_ A,A, s AE 
vp A, +A, 0p E 


Turning to our example, for | = 300, AE = 169 MeV, E = 940 MeV, s ~ 2 fm, and 
vp/c ~ 0.27, we obtain 3.6 x 10° 27s and n ~ 15. This crude result appears to be 
of the correct order of magnitude as obtained from calculations using 
macroscopic and microscopic models. 

The second phase must involve low-lying modes of excitation. The models 
Suggest that their major effect is the slowing down of the rotational motion. 
The mechanism is analogous to the slowing-down action of the tides. The 
rotational states are thus the modes excited. The time involves is given by the 
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uncertainty principle by 


BSS 


AE 


where AE is of the order of 160 keV, so that t, ~ 10° 2°s, a much longer time 
than that occupied by the first phase. 

The results above are characteristic of very heavy systems. For lighter ones 
the second phase is replaced by fusion, which does not occur for the heavier 
systems, as discussed earlier. 

These considerations become explicit and quantitative in the macroscopic 
friction model of Gross and Kalinowski (78). Two variables are used, the distance 
r between the centers and @ the angle made by r with the incident direction. 
The Newtonian equations of motion are then 


d dV 
— (pur) — pro? +— + K,*F =0 (3.2) 
dt dr 

and 


d ; 
in ®) + K,r?¢@=0 (3.3) 


The quantity p is the reduced mass, while K,, the radial friction coefficient, and 
K,, the tangential one, are both functions of r. The function V, the potential, 
nuclear plus Coulomb, is taken to be a function of r only. These are the most 
general parity-conserving equations with friction forces linearly dependent on 
f and @. Gross and Kalinowski take point Coulomb potentials and the folding 
potential, 


Vio") = [vac —¥'])p2(r’) dr’ 


where V, is a real Woods—Saxon potential describing the interaction of a nucleon 
in nucleus designated by the subscript 2, with the nucleus designated by the 
subscript 1 integrated over nucleus 2. The function V in (3.2) is Vy + Z,Ze7/r, 
where Vy =3(V,, + V,,). The function p, is taken from electron scattering. Thus 
Gross and Kalinowski: (78) use. 


= Po _ Vo 
= 1 + ef ~Rpi/ap os 1 + ef ~Redap 
Po = 0.17 fm~ ? Vo= — 50 MeV 
Rp = 1.12-0.864~'/? fm Rolo (3.4) 


Ap = 0.54 fm a, = 0.65 fm 


598 HEAVY IONS 


‘ 
ow 


30 r(tm] 


WAS 


40a, re 232Th 
E(lab)=379MeV 


K0=4,K9=0.01 


FIG. 3.10. Trajectories given by the friction model for various values of |. The last 
contribution to the fusion cross section is | = 122; the first to the deep inelastic cross 


section is / = 124.) [From Gross and Kalinowski (78). ] 
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FIG. 3.11. Contour diagram of df /ds d@ (ub/Mev-rad) versus scattering angle 0,,, and E.,, 
of K ions. The dashed line contains the effects of deformation. [From Gross and 


Kalinowski (78). | 
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FIG. 3.12. Angular distribution as a function of total kinetic energy for the 7°°Bi + 13°Xe 
reaction at E,,, = 940 MeV. Each energy bin is 26 MeV wide and is integrated over Z 
of the light fragments. The centroid energy of each bin is given at each curve. The solid 
lines are drawn through the data points. [From Wilcke,Birkelund, et al. (80). ] 


For the friction coefficients, these authors use the following: 
K, = K°(WVyx)” K,=K (VV)? (3.5) 


These friction coefficients are most important in the surface region. The constants 
K? and K@ are taken from fits to experiment to be 4 x 10~7° and 107 *° s/MeV, 
respectively. The tangential friction is therefore much weaker than the radial 
one as might expect. 
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The time constant for the decay of the tangential motion as obtained from 
(3.3) is of the order of 4/K,, where K, is the ratio of the averages <K,r’> and 


<r, >. Estimating VV as |V9|/4a, where a ~ dp + a, = 1.19 fm, one obtains 
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FIG. 3.13. Z_ distributions of fragments from the reaction ?°°Bi+'!*°Xe at 
E\ap = 940 MeV are plotted as a function of final total kinetic energy indicated at the 
curves. Energy bins are MeV wide. Solid curves represent Gaussian fits to the data (open 
circles). The distribution 558 MeV corresponds to elastically scattered Xe ions and 
illustrates the experimental resolution. The arrow (FF) indicates contamination of the 
data by events from sequential fission of target-like reaction fragments. [From Wilcke, 
Birkelund, et al. (80).] 
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which is close to the estimate made above. Gross and Kalinowski have given 
some results using (3.2), (3.3), and (3.10) which do (with one further adjustment!) 
reproduce the observed date to the extent that their model permits. In Fig. 3.10, 
the trajectories for the reaction *°Ar + *°*Th, laboratory energy of 379 MeV, 
are shown. The trajectories for angular momentum | > 124 contribute to the 
deep inelastic cross section, which those for | < 122 to the fusion cross section. 
The process pictured is then of the orbiting type. The resulting path (the solid 
line) on the Wilcynski plot is shown in Fig. 3.11. This theory thus does not give 
the full details of the Wilcynski plot but only the path followed by the ridge. 
The solid line gives a qualitative match to the data. It does not yield enough 
energy loss. These authors surmise that this may be caused by an additional 
energy loss because of an additional degree of freedom (deformation?) not taken 
into account by (3.4) and (3.5). Be that as it may, they effectively increase the 
energy loss by increasing the magnitude of the nuclear potential from the 
distance of closest approach outward, that is, during the final half of the collision 
[see Siwek— Wilczynski and Wilczynski (76) ]. Under this assumption one obtains 
the dashed line, now giving an excellent fit. Using the same constants, scaling 
the nuclear radii as A‘/?, a good fit is obtained by Gross and Kalinowski for 
several cases. 
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FIG. 3.14. The FWHM of Z distributions d°o/dQdEdZ for the indicated final kinetic 
energies is plotted versus center-of-mass reaction angle, for projectile-like fragments from 
the reaction *°°Bi + 13°Xe at E,,, =940 MeV. The horizontal lines represent the fits to 
the angle-integrated Z distributions d?a/dZ dE. [From Wilcke, Birkelund, et al. (80).] 
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FIG. 3.15. Correlation between variance o% of the Z distribution and total kinetic energy 
loss E,,,,; = —Q for projectile-like fragments from the reaction 7°°Bi+ !3°Xe at three 
laboratory bombarding energies E,. The curves drawn through the data points are 
fits. [From Huizenga and Birkelund (82). ] 


We learn from this discussion that particularly during the first phase of the 
reaction, kinetic energy loss increases as the interaction time increases. Therefore, 
one may use kinetic energy loss as a measure of interaction time. This permits 
the understanding of the direct experimental measures of various correlations. 
For example, we see from Fig. 3.12 the broadening of the angular distribution 
as the kinetic energy loss and therefore time increases. Similarly, one can expect 
a broadening of the distribution in atomic number Z of the nuclear reaction 
products as given in Fig. 3.13. The full width at half-maximum of the 
distributions on Z is independent of the reaction angle but does increase 
significantly as the kinetic energy loss increases, as shown by Fig. 3.14. These 
widths increase more rapidly with energy loss for increasing laboratory energy 
(see Fig. 2.15). 


4. QUASI-ELASTIC SCATTERING? 
We turn next to quasi-elastic scattering, which prevails for large values of the 
orbital angular momentum, /, according to Fig. 1.15. In this regime, the 


interaction time is relatively small, and direct processes that occur in the surface 


t Arima and Kubono (84). 


4. QUASI-ELASTIC SCATTERING 603 


region dominate. These include inelastic excitation of each or both nuclei, as 
well as particle transfer. The processes involved are quite similar to that 
described for light ions in Chapter VII. Both are surface reactions but probe 
different parts of nuclear surface. There is one significant difference, in that 
heavy ions upon collision can exchange large amounts of mass, linear, and 
angular momentum. This exchange may be accomplished in one step, a cluster 
being transferred as a whole. Or in the other limit, the mass may be transferred 
sequentially, that 1s, one nucleon at a time. The sequential process involves a 
longer interaction time and is thus a precursor of deep inelastic scattering. 
Generally, these large mass and momentum transfers will excite multiparticle— 
hole states with high spin. 

Conservation rules limit the allowable changes in linear and angular 
momentum of each nucleus. Brink (72), (77) has derived approximate classical 
conditions expressing these limitations. Brink assumes that the nucleus A, is 
moving with velocity v past the target nucleus A,. The cluster of mass M to 
be transferred from A, to A, has an internal energy in A, and in A,, equal to 
€, and é,, respectively. The interaction time is therefore given by 
h/(e, +4Mv* —«,). The corresponding length is hv/(e, + Mv? —e,) and thus 
the momentum of the cluster leaving A; 1s 


1 
hk, = —(€, + 5 Mv? — E>) 
v 
The momentum of the cluster in A, can be obtained by symmetry, that is, by 


going to the coordinate system in which A, is moving and 4A, is at rest. Then 
the momentum of the cluster in A, is 


1 
hk, == —(€, + 4 Mv? = E;) 
(0) 


The minus sign in front of the expression on the right-hand side is needed since 
we wish to compute the momentum of the cluster entering rather than leaving 
A,. The reaction proceeds most effectively if the angular momentum leaving 
A, matches the angular momentum of the cluster h/, at the surface of A,, that is, 


R 
A,=k,R, => (7Mv? + Q) (4.1) 


where 


Q=£,-—£&) 


Similarly, the momentum and the angular momentum h/, at the surface of A, 
should agree: 


R 
A, = —k,R,= Pea Mv? — Q). (4.2) 
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The minus sign(—k,R,) takes account of the fact that the rotation in A, is 
opposite to that in A,. 

Eliminating Q between (4.1) and (4.2) yields 


Ay da _ My 


we) = 4.3 
Taking the difference, one obtains 
1 Mo 
i saa aS +R )O tS Ra) (4.4) 


Equations (4.3) and (4.4) are the Brink (72,77) kinematic conditions as usually 
quoted in the literature. Equation (4.3) expresses the conservation of linear 
momentum, while the conservation of angular momentum yields (4.4). These 
results hold for the transfer of neutral clusters. If the cluster is charged, one 
must include the change in the Coulomb energies in calculating ¢, — ¢,. The 
net effect is to replace Q in (4.4) by Qer-: 


_ (ZZ, = Z 1;Z))e? 


; (4.5) 


Og =Q 


where Z, and Z, are the atomic numbers of the two nuclei, the subscripts i 
and f referring to their initial and final states, respectively, and d is the distance 
of closest approach. For other derivations, see Kahana and Baltz (77) and 
Ichimura, Takoda, Tamaya, and Nagatami (81); see also Bertsch and Schaeffer 
(77). 

For a given initial spin 4, one can determine the optimum value, /,,,, of 
[=|A, —A,| and the optimum value of Q, Q,,,, from (4.3) and (4.4) or (4.1) and 
(4.2). The cross section is largest when / and Q equal or are close to /,,, and 
Q.p:. The range in / and Q around /,,, and Q,,, over which the cross section will be 
appreciable is referred to as the ! window and the Q window. The width of these 
windows, more precisely the windows associated with (4.1) and (4.2), is given 
according to Brink (77) by (y,R,)"/? for (4.1) and (y,R,)'” for (4.2), where y? = 
(2M/h’)\e;|. Thus the larger the separation energies |¢,|, the wider the | window 
corresponding to a more localized interaction region, while a narrow | window 
corresponds to a less localized interaction region. 

The angular distribution of the reaction products reflect the width of the | 
window. When the | window is large, the angular range in which the reaction 
products are found is characteristically narrow. The angular distribution is then 
“bell shaped” around the grazing angle, as illustrated by Fig. 4.1. 

On the other hand, when the | window is narrow, the angular distribution 
shows a diffraction pattern as illustrated by Fig. 4.2. As the figure shows, the 
diffraction distribution appears as the energy of the projectile is raised. This 
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FIG. 4.1. Typical bell-shaped distributions for transfer reactions with heavy ions at 
energies close to the Coulomb barrier. The curves are from DWA calculations with two 


different optical potentials. The transitions are labeled by the hole state excited in 7°’Pb. 
[From Ford, Toch, et al. (74). ] 
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FIG. 4.2. Example of the evolution from a bell- 
0.1 0 20 40 60 shaped distribution to the appearance of diffraction 
structure as the energy is raised. [From Kahana and 

Bem, (deg) Baltz (77).] 


behavior is expected since the penetration of the projectile increases with 
increasing energy so that the spatial region over which the interaction occurs 
increases. 

In the case of a multiparticle transfer, M will be generally be large and the 
final state ¢, will be highly excited so that Q will be negative. It thus becomes 
favorable for 1, to be small and 4, to be large according to (4.1) and (4.2). 
Transfer of large mass clusters will therefore predominately populate high-spin 
states. 
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In analogy with the use of stripping and pickup reactions to gain information 
with regard to single-particle states, one might hope to use cluster transfer 
reactions to explore the state of clusters within nuclei; or stated more precisely, 
the nature of n-particle correlations, where n is the number of particles in the 
cluster. Such a hope is not universally realized, since the cluster transfer must 
be observed in the presence of competing (and interfering!) mechanisms such 
as sequential transfer reactions, in which the n particles are transferred one by 
one. This is demonstrated by Fig. 4.3, where one can compare the importance 
of the single-step transfer of the two neutrons (DWA) with their transfer one 
neutron at a time. 

However, when there is a good match between the correlations that exist in 
the final state of the residual nucleus and those of the transferred cluster, the 
spectroscopic factor and the cross section will be relatively large. This is the 
case for the (t, p) reaction on the tin isotopes. The cluster transferred consists 
of two neutrons in the *S, state, the dominant component of the two-neutron 
amplitude in °H. But this is exactly the nature of the neutron correlations in 
the superconducting ground state of the tin isotopes enforced in that case by 
the pairing interaction. These form a superfluid band analogous to the rotational 
band in deformed nuclei. The ground state-to-ground state transition therefore 
has a favorable probability. [See Broglia, Hansen, and Riedel (73) for a review 
of this process.] It is found [Scott, Harvey, et al. (77)] that in that case the 
cross section for cluster transfer is more than an order of magnitude larger than 
the sequential transfer. A similar phenomenon may be expected for the 
appropriate reaction with heavy ions. One example is *?°Sn(‘8O,'°O)Sn, 
illustrated in Fig. 4.4. 

The experimental and theoretical understanding of one-to-many particle 
transfers in heavy-ion reactions is summarized by Arima and Kubono (84), to 
which the reader is referred. For this volume it will suffice to present some 
salient features. As in the case of light-ion-induced reactions, the angular 
distributions, particularly the position of the first peak, depends on the orbital 
angular momentum, /, transferred. This is illustrated in Fig. 4.5 for the case of 
an a-cluster transfer, **Fe(°Li,d)°°Ni and >°®Ni(°Li,d)®*Zn. In contrast to the 
(d, p) reaction, the (p,«) and (a, p) reactions are markedly sensitive to the total 
angular momentum transferred (see Fig. 4.6). The important effect of the finite 
size of the projectile is illustrated by Fig. 4.7. For a thorough study of the 
finite-size effect in the (t, p) reaction, see Bayman (70,71). In that case Bayman 
shows that a substantial increase, often more than an order of magnitude, of 
the absolute value of the cross section results. In his case he found that the 
finite range effects do not change the angular distributions from that obtained 
from zero-range DWA. This conclusion is important because generally the 
zero-range DWA yields a cross section that is far smaller than the experimental 
one. There are other effects that go in the same direction. Because the theoretical 
results depend on the values of the wave functions involved in the surface region, 
there is a great sensitivity to the accuracy of these wave functions in that narrow 
region. The harmonic oscillator wave functions often used are grossly inadequate 
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FIG. 4.3. Analysis of two-nucleon transfer reactions, including simultaneous and 
sequential transfer and using realistic overlap functions in exact finite-range DWA 
calculations. (a) Two-neutron transfer. Curves 1 and 2 are for simultaneous transfer 
using simple and realistic nuclear wave functions, respectively, while curve 3 is the 
sequential transfer. Curve 4 1s for the coherent sum of the two processes. The theoretical 
curves have not been renormalized to fit the data. (b) Two-proton transfer. Also calculated 
with realistic wave functions and including simultaneous plus sequential transfer. 
Although the angular distributions are the same as the measured ones, only the magnitude 
of the transition to the excited °°Ti state is in agreement. The calculated cross sections 
for the ground-state transitions are too small by factors of N3 = 10(*4Ti) and 30.4 (°°Ti). 
[From Feng, Udagawa, et al, (76). ] 
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FIG. 4.4. Contrasting the direct—indirect interferences for pickup and stripping of two 
neutrons in a heavy-ion reaction at about 100 MeV, exciting the 2° vibrational states 
of the residual nuclei. Except for a small change in energy, the ground-state transitions 
are the inverses of each other, but the 2* states are in different nuclei. [From Scott, 
Harvey, et al. (75).] 


since their decrease in the surface region is Gaussian rather than exponential. 
To obtain better agreement, it then becomes necessary to take linear 
combinations of many harmonic oscillator wave functions, as Tonozuka and 
Arima (79) found. The inadequacy of these wave functions is more severe in 
the case of heavy-ion compared to light-ion projectiles because the cross section 
is more sensitive to the wave functions for larger values of the radial variable. 

The examples discussed above consider the excitation of discrete levels close 
to and including the ground state of the residual nucleus. The excitation levels 
in the continuum has also been observed, for example, *°Ca(?°Ne,'!°O)**Ti 
[Frolich, Shimoda, et al. (79)], in which the 1°O spectrum is observed. 
Interestingly, the direct «-cluster transfer process is generally accompanied by 
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FIG. 4.5. Angular distributions of (a) the °*Fe(°Li,d)°®Ni reaction and (b) the 
>8Ni(°Li, d)°*Zn reaction of several transferred angular momenta at 28 MeV. The lines 
are the DWA calculations. [From Fulbright, Strohbusch, et al. (75).] 
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with spin-orbit potentials. [From Yamazaki, Kondo, and Yamato (63); Lee, Marinov, 
et al. (65). ] 
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FIG. 4.7. Distortion of the Q window for a two-nucleon transfer when the no-recoil 
approximation is made. Calculated peak cross sections at 42° for / = 0 and 2 transactions 
as a function of Q. [From Feng, Udagawa, et al. (76). ] 


the fragmentation of the incident projectile 7° Ne. The reader should recall that 
essentially the same process is responsible for incomplete fusion. The excitation 
of continuum levels involves large energy transfers from the incident kinetic 
energy to internal energy. In fact, one can regard the quasi-elastic domain as 
one in which the elementary transfer processes, which are in part responsible 
for fusion and deep inelastic scattering, are revealed. Because of the long 
interaction time for the latter reaction types, it 1s possible to repeat the 
elementary transfers several times, leading one way or another to large mass 
and energy transfers [see Rehm, vanden Berg, et al. (78) ]. Truly massive transfers 
are often involved, but sequential transfers one particle or cluster at a time are 
equally important. At energies near the Coulomb barrier, the single neutron 
transfer is found to be a major part of the reaction cross section. For example, 
in the collision of-°®Ni with °°Ni and °*Ni and E,,, ~ 100 MeV, one finds 
[Rehm, Wolfs, et al. (85) ] that the cross section of one and two neutron transfers 
is one-third of the reaction cross section and is larger than the fusion cross 
section. 

The DWA approximation, in this heavy-ion context, does not differ 
conceptually from that discussed in Chapter VI on the (d, p) and (p, d) reaction. 
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Of course, it is far more complicated both geometrically and numerically, so 
that the use of modern computers is essential. Improvements on the DWA can 
be obtained with simple generations of the methods described in Chapter VI. 
The inclusion of the effects of the Pauli principle, of overlap and the reduction 
to coupled channels, are accomplished by exploiting the properties of a 
generalized K matrix. That matrix, described by (VI. 2.17), has a rank equal to 
the number of channels explicitly included. In the (d,p) case it was two, 
corresponding to the deuteron and proton channels. In the case of heavy ions 
one may need to include a greater number of exit channels. This is certainly 
the case when sequential transfer 1s important. Once the K matrix 1s determined, 
the next step is to determine its eigenvalues, especially those whose value is 1. 
One must eliminate the corresponding eigenstates, by projection or by the use 
of the orthogonality condition method of Saito. In any event, one then obtains 
the coupled-channel equations, which include rigorously the Pauli principle and 
overlap effects. For more details, see. the paper by H. Horiuchi (77). 

An alternative approach makes the semiclassical time-dependent approxima- 
tion for the motion of the heavy ions. At each position in the orbit there is a 
transition probability that a reaction will occur. This is calculated quantum 
mechanically. This method was used very successfully by Alder, Bohr, et al. 
(56) in calculating the electromagnetic excitation of nuclei by charged particles. 
Its adaptation to the nuclear excitation in heavy-ion collisions has been 
developed by Broglia and Winther (72) and Broglia, Landowne, et al. (74). A 
similar procedure was developed by Bertsch and Schaeffer (77). 
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Resonances in the collision of heavy ions were first observed by Almavist, 
Bromley and Kuehner, and (60). The heavy ions involved were ‘?C and the 
center-of-mass energy was about 6MeV, very close to the Coulomb barrier 
energy. The observations included scattering and reaction channels. Since that. 
time, further resonances have been discovered in the '7C + '*C system, as well 
as in the ‘7C + '°O system, and more recently in the 78Si + 78Si system [Betts 
et al. (81)]. However, no such structure was observed for *°Ca + *°Ca. Some 
examples are given in the following figures. Figure 5.1 gives the total y-radiation 
yields (divided by the Coulomb transmission factor, which removes most of the 
energy dependence). Note the large number of peaks and the fact that spin and 
parity have been assigned to many. Figure 5.2 shows resonances in the '*C + '°O 
system, which appear in the inelastic scattering. Another example is provided 
by the radiative capture of !7C by 1°O shown in Fig. 5.3. In Fig. 5.4 the 90° 
elastic *®Si + 78Si scattering is shown, while in Fig. 5.5 a high-resolution study 
of the scattering is recorded. The data exhibit two kinds of structure. There are 


*Erb and Bromley (84). 
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FIG. 5.1. Nuclear structure factors derived from the total y-radiation yields of the 
12C + 12C interaction. The nuclear structure factor is defined by 
Eo(E) KR 

10 L~ 72 2 

S' (2L+ tT; Fy (KR) + G;(KR) 

L=0 
where R = 1.4(12'/° + 12/3) and F, and G, are the regular and irregular Coulomb wave 
functions, respectively. [From Erb and Bromley (84). ] 


broad envelopes with a width on the order of 150 keV and an energy separation 
of the order of a few hundred keV. 

Most systems do not resonate. Or stated more carefully, the resonance 
amplitudes, if they exist, are not sufficiently strong to be observable. As an 
example, see Fig. 5.6, giving the total y-radiation in the neighborhood of the 
Coulomb barrier of '©O + !°O. One sees very little structure, which hardly 
compares with violent fluctuations, which appear in Fig. 5.1 for 17C + '7C. 

In analyzing the experimental data, two problems must be solved. In one, 
the issue is distinguishing the resonance peaks from the Ericson random 
fluctuations. In the other, how can the spin and parity of the resonances be 
determined? Turning to the first of these, one can obtain an estimate of the 
magnitude of the Ericson fluctuations using the statistical theory of nuclear 
reactions. If the peak under study has a width much larger than predicted by 
the statistical theory and/or if its magnitude is much greater, it is probably a 
resonance. Another indication is obtained by comparing reactions involving 
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FIG. 5.2. !©O(37) in elastic yields. [From Malmin, Harris, and Paul (78).] 


the same compound nucleus. If peaks appear in one channel and not in the 
Other, one is certainly not dealing with Ericson fluctuations. As an example, 
see the comparison of !7C('°O,«)?*Mg and '*N('*N,a)?*Mg in Fig. 5.7. The 
cross section for the first reaction has structure, the second does not. Second, 
if one sums the cross sections for differing channels, the statistical fluctuations 
will tend to average out so that peaks in the summed cross section are probably 
resonances. Finally, if one can establish a correlation among the peaks in the 
various channel cross sections, a resonance of the system is indicated. One must 
be careful since the energy of a peak may shift from one channel to the next 
by the order of a width because of interference with a nonresonant amplitude. 
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FIG. 5.3. Excitation functions for the radiative capture of '2C by ‘°O. The elastic 
scattering data are from Spinka and Winkler (74). The dashed lines are drawn to guide 
the eye. [From Collins and Sandorfi (82). ] 


An example of this analysis is shown in Figs. 5.8 and 5.9. In Fig. 5.8 the cross 
sections to different levels of 7?°Ne formed by the reaction '*C(‘*C, a)?°Ne are 
plotted together with their sum. The shown shows several peaks. The anomalies 
at 7.71, 9.84, and 10.59 MeV are studied [Erb et al. (77)]. The widths of the 
7.71- and 9.84-MeV peaks are one to two orders of magnitude greater than 
that given by a Hauser—Feshbach calculation. The 10.59-MeV peak turns out 
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FIG. 5.4. Excitation function for 78Si + ?®Si elastic scattering at 0,,, = 90°. [From Erb 
and Bromley (84). | 


FIG. 5.5. High-resolution cross-section of 
the summed elastic and inelastic excitation | 
function for the 28Si + ?°Si system. [From 53 54 55 56 57 5B 59 60 
Betts, Dicenzo, and Peterson (81). | Eom (MeV) 


not to have an unusual strength, so that it is probably a fluctuation and not a 
resonance. Figure 5.9 gives the angular distribution of the a-particles for the 
7.71- and 9.84-MeV peaks. We see that these beautifully follow | P,(cos $|* and 
|P3(cos 9)|? distributions suggesting the spin of 4 in the 7.71-MeV resonance 
and 8 for the 9.84 resonance. 

This description provides one method for determining the spin of a resonance. 
It is by itself not enough but should be augmented by a study of the energy 
dependence of the angular distribution. This is illustrated by Fig. 5.10, where 
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FIG. 5.6. Nuclear structure factors for the '°O + !°O interaction (see Fig. 5.1). [From 
Erb and Bromley (84). ] 


one sees the comparatively featureless angular distributions interrupted by 
strong oscillatory behavior at, for example, energies 7.71 and 9.84 meV. 

Another general procedure is to attempt a phase shift analysis of the elastic 
scattering. As long as the number of nuclear partial waves is low, this 1s a 
practical method. A closely related method involves fitting the energy-averaged 
cross section by an optical model. To obtain the intermediate structure, one adds 
Breit—Wigner contributions to the optical model phase shifts. An example of 
the first of these two methods 1s given in Fig. 5.11. Note that the magnitude of 
the S matrix, 7,, has deep minima at the resonant energies of 6.65 MeV in the 
L =2 partial wave and 6.85 MeV in the L = 4 partial wave, thus identifying the 
spin of these resonances. Similar analyses have been made at higher energies 
by Cosman et al. (82). From the Breit—Wigner fit one can get an estimate of 
the ratio I’,,/I’. For the L = 2 case this turns out to be 0.29, while for the L = 4 
case it is 0.09. Both values are much larger than the statistical estimates of these 
partial width ratios. 

These analyses provide a list of isolated resonant states. Overlapping states 
have been discussed, but disentangling these has not proved practical, especially 
for states of high spin. Our first question is: What are the nature of these 
resonant states? Our second is: What is the mechanism that produces these 
resonances? And as a corollary: What conditions need to be met? 
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FIG. 5.7. Alpha particle spectra from the '°O('?C,a)?*Mg and '*N('4N,«)?*Mg 
reactions. [From Bromley (78). | 


With regard to the first question, it is clear that these states are doorway 
states. Their widths (~ 100 keV) are much smaller than the width of structures 
(e.g., shape resonances) generated by an optical model on the order of 2.5 MeV. 
On the other hand, these widths are too large to be compound nuclear widths. 
Indeed, if very high resolution measurements are made [Bromley (78)], one 
finds the Ericson fluctuation structure (see also Fig. 5.5). 

We can refer to Section III.4 for a discussion of doorway states. The 
expression for the transition amplitude for a reaction proceeding through an 
isolated doorway resonance, (III.4.16), is appropriate here. It is 


Xe | AppWa><Wal A ppx;””> (1114.16) 
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FIG. 5.8. Angle integrated cross sections as functions of the energy for the 
120(12C, w)?°Ne* reaction populating low-lying levels of ?°Ne.[From Erb et al. (77).] 


The average is over the fine structure. Hyp and H pp are the operators connecting 
the entrance channel or exit channel wave functions y{*) and x‘) with the 
doorway wave function y,. 7” is the transition for the prompt, nonresonant 
amplitude, while I"! is the escape width: 


Tl=22) Kx | App >? 
? 


which gives the probability that the doorway state will decay into an exit 
channel, x‘~). The spreading width, Tj, gives the probability that the doorway 
state will decay into the more complex states. For elastic scattering and a 
particular partial wave, the S matrix <S,,> can be obtained directly from 
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FIG. 5.9. The '?C('*C, «)?°Ne angular distribution compared to the Legendre functions 
|P,(cos 6)|?, not normalized: (a) E,,,=7.71 MeV (L=4); (b) E,,,=9.84 MeV (L= 8). 


[From Erb et al. (77).] 
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FIG. 5.10. Evolution of the 7?°Ne ground- 
state angular distributions as a function of 
bombarding energy. The heavy curves 
signify angular distributions at energies of 
maxima in the total yields that are 
particularly well fitted by pure |P,(cos6)|? 0 20 40 #60 #480 100. 120 
shapes. [From Erb and Bromley (84). ] Boe. 
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FIG. 5.11. Phase-shift parameters S = ,e'°" deduced from the phase-shift analysis of 
“*C + 1°C elastic scattering. [From Korotky, Erb, Willett, and Bromley (79).] 


(III.4.16). One obtains 


ois(E — E.) +40 }—-T)) 


Sj = $$ 
al (E—E,) +305 +T) 


(I11.4.18) 


where 6 is the phase associated with the prompt (potential) scattering. Note 
that the magnitude of <S,,> squared is 


on 4t (E—E,) +400! -T)) 
(EE) +3(03+T jy 
We see that this magnitude has a minimum at E = E, as observed (see Fig. 5.11). 
We turn now to the second question, the nature of the doorway states and 
the mechanism that generates them. In the '*C + /?C case, it is possible to 
establish a qualitative understanding. Toward that end, examine Fig. 5.12, where 
we have plotted the energy of the observed resonance versus J(J + 1) [Feshbach 
(76, 77) ]. Look also at a plot of the excitation energy centroids of the levels of 
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FIG. 5.13. Average energy of levels in 7*Mg excited in the '*C+!?C versus J(J + 1). 
{From Feshbach (78). ] 
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a given J given in Fig. 5.13. The line labeled the “Yale potential” is obtained 
by Arima et al. (72) by determining the values of the orbital angular momentum 
Land energies at which the potential devised by Reilly et al. (73) to fit the elastic 
12C + 12C scattering generates a pole in the S matrix. These values of L will 
not differ especially from the grazing L. That potential is a central potential 
composed of Woods—Saxon forms for both the real and imaginary parts (see 
Chapter V). The parameters are V=14 MeV, R=6.18fm, a=0.35rm, 
W=04+01E, R,=641fm, and a,;=0.35fm. The shallow depth, and 
especially the weak imaginary terms, are required to obtain the rather large 
oscillations of the observed angular distributions (see Fig. 5.14). 

The experimental fact that the centroids are a linear function of J(J + 1) is 
noteworthy (see Fig. 5.13). The fact that this straight line follows from the Yale 
potential suggests the following model [Feshbach (76) ]. At special values of the 
energy there will be an optical model resonance ( a peak would be sufficient) 
in a given partial wave, say L. The energy width of these peaks is on the order 
of a few MeV, and a corresponding lifetime of a few times 10~ 7% s. During this 
time, the system will couple with other partitions of the }*C + '*C system. This 
could include inelastic excitations of either or both **C to such levels as the 
2*, 4.43-MeV level or the 0*, 7.63-MevV level. It could include such reaction 
channels as 7°Ne +a or ®Be + '°O, involving various excited states of these 
nuclei. This coupling will convert some of the initial kinetic energy of the system 
into internal energy of excitation, making possible the formation of quasi-bound 
states. Generally, the coupling will tend to fragment the optical model resonance 
(or shape maximum) into a number of resonances of a smaller width as observed 
[ Fletcher, Foy, et al. (76) ]. These are the doorway states, which couple to even 
more complex states. Interestingly, the sum of the widths for the doorway state 
resonance of a given L is on the order of the width of the optical potential 
resonance. This qualitative description leaves problems for the theorists and 
experimentalists. For the latter 1t requires experiments that will determine which 
of the various excitations are involved and with what amplitudes. Theoretically, 
it is necessary to solve the coupled Schrodinger equations implied by the 
description above and to find the conditions under which isolated doorway 
state resonances will be developed. 

However, some qualitative conditions follow from (III.4.16). Obviously, I‘, 
that is, the probability of coupling to more complex modes, cannot be too large, 
for then the resonant amplitude will be much reduced. This width depends 
multiplicatively on the density of the more complex states and the coupling 
matrix element. Table 5.1 gives the level density in the compound nucleus relative 
to ‘*C + /*C at the Coulomb barrier energy [Hanson, Stokstad, et al. (74)]. 

We have only tabulated those cases with the lowest relative level density, 
except for the ‘*N++**N case, which shows the large effect of the entrance 
channel. The condition of low relative level density is not a sufficient condition, 
as the absence of resonances in the ?Be + !7C reaction suggests. It is proposed 
as a necessary condition. It is, in addition, necessary that the matrix elements 
coupling the doorway state to more complex states also be small. In the 
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TABLE 5.1 
Reaction Compound System £, Coulomb Barrier, Relative Level Density 
(MeV) 
CH AC 24M g 20.6 1 
°Be + 17C 1Nle 21.7 3.3 
1204 1°O 28Si 25.2 3.8 
14N] + 14N 28Si 35.8 110 
ga Oo tas © *°Mg 22.9 7.1 
NB + MC 23Na 23.8 11 
es Oe aa © 2°Mg 25.7 13 
OBR + 1C 2?2Na 23.0 15 


*2C + !2C case this is likely, since both nuclei are deformed, so that the combined 
system may not have good overlap with many of the ?*Mg levels present at 
20.6 MeV, an example of shape isomerism. This leads to the prediction that 
resonances are more likely to be observable when the colliding nuclei are 
deformed. In the case of °Be + /7C, the relatively easy polarizability of °Be 
because of the valence neutron makes it likely that the coupling matrix elements 
will be relatively large as will be I‘. 

Another condition requires that the resonant energy E, fall within the width 
of the shape resonance. The shape resonance maximizes the value of the matrix 
element <¢;|Hppy‘*)> since y‘*? has its maximum value in the interaction 
region. When the coupling between the entrance channel wave function and 
the intermediate channels is strong, there may very well be a correspondingly 
strong energy shift, which may move E, outside the range in energies in which 
yi") is large. One should also note that the transition matrix element to the 
final state Cx |A ppWa» must be sufficiently large so that the particular final 
state show the resonance. As a corollary, the cross section to not all final states 
will have an observable resonance. 

Finally, note that an important parameter is the angular momentum range 
over which the incident channel wave function is relatively large. In the case 
of '7C + /7C this angular momentum window is narrow. This may not be the 
case for other systems. If so, one may well find resonances with differing values 
of L within a given energy interval. This is the case for the 17C + 1°O system, 
where the angular momentum window is on the order of 3 to 4 units. See 
Fletcher and Frawley (81) and Braun—Munzinger (81). 

It appears that !2C + '2C is a unique system in that the conditions discussed 
above for isolated resonances to be observable seem to be satisfied. The 
‘*C + '°O system is not as clear cut, as there is much controversy with regard 
to spin assignments. 

The relatively large '*C + ‘*C elastic widths reported above imply that the 
12C +12C amplitude, in which both 1*C’s are in their ground states, is a 
significant part of the entire wave function; or in other words, the probability 
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of finding the system in that incident channel is substantial. It is for this reason 
that Bromley et al. properly refer to these states as the states of a nuclear 
molecule. The existence of components of the wave function in which one or 
both of the 17C’s is excited to the 2*, 4.43-MeV level has been detected by 
Cormier, Applegate et al. (77) and Cormier, Jackenski et al. (78), for example 
by measuring the 4.43-MeV radiation and the correlation of its magnitude with 
the resonance structure. This demonstrates that the wave function of the system 
is a combination of the elastic channel with channels in which one or both 
carbon nuclei are excited and presumably other channels, such as 7°Ne + « and 
SBe + '°O. 

The spherical potential (labeled “Yale”) is an oversimplification. In the first 
place the carbon nuclei in their ground state are oblate. As a consequence, their 
interaction will depend on the relation orientation of their symmetry axes. 
Second, as we see next, the Pauli principle plays an essential role. 

Harvey (75) has given an intuitive and instructive demonstration of the 
importance of the Pauli principle, and at the same time has shown that the 
intermediate state is deformed. It is in fact “superdeformed.” As illustrated in 
Fig. 5.15, the nucleus C in its ground state, according to the harmonic oscillator 
model, consists of four nucleons on the 1s shell and eight on the 1p shell. The 
figure shows the nucleon configuration for the two colliding '7C nuclei. 
Assuming that the nuclei approach along the z axis with their axes of symmetry 
perpendicular to that axis, only the value of n, is presumed to change. For 
example, four of the nucleons in the 1s state in the incident carbons will go 
into 1s state in **Mg*, which precludes its being filled by nucleons in the (001) 
state in '*C. These must go to the (002) and (003) state. There is no way of 
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FIG. 5.15. Formation of excited states of **Mg by 1*C + !7C collision. Symmetry axes 
are parallel. [From Harvey (75); Rae (87). ] 


628 HEAVY IONS 


ea’ 


00 3 0 0 3 
020 --—_ O02 0 
ho = 1 | O 
2. OO.) —=—— 200 
0ltf 7°": Ol | 
1o; —t, | ol 
002 —+t—. >. 002 
4 nee Sk 4 
010 —+—----- ox22-,--—+— 01 0 
100 - eee ws S35 4 +4 1 O | 
001 ——-.__ ~—t+4- 9001 
000 4 si oe oe Pe ea, 000 
eye 2444 q!9) 2,29 bee a 


+O -@ 


Qo* 76r¢ 6 CD 


FIG. 5.16. Formation of excited states of 7*Mg by !7C + !?C collision. Symmetry axes 
are orthogonal. [From Harvey (75). ] 


filling the (010) state in 7*Mg. The result is a four particle-four-hole state, 
substantially deformed. 

On the other hand, if the axes of the two carbon nuclei are orthogonal as in 
Fig. 5.16, then as shown in the figure the ground state of 7*Mg can be populated. 
A collision with this orientation of the symmetry axes cannot produce the 
resonant states we have been discussing but rather, would produce the states 
of the ground-state band. 

Remarkably, this picture has been verified by experiment [Konnerth, 
Durnweber et al. (85)]. These authors studied the spin orientations in the 
reaction 1*C + !*C—>!7C(2*) + /2C(2*) by measuring the directions of both 
4.439-MeV y-ray emitted by each !7C(2*) in coincidence with each mutually 
inelastic scattering event. Taking the axis of quantization perpendicular to the 
scattering plane and integrating over the azimuth, it becomes possible to 
decompose the cross section for the reaction into components Gjm,)1m,- Here m; 
is the projection of the spin of the quadrupole radiation and therefore of the 
spin of the emitting '7C* on the quantization axis. The results are shown in 
Fig. 5.17. The resonance examined are two of those observed by Cormier, 
Applegate et al. (77) and Cormier, Jackenski, et al. (78) at E,,, = 25.6 and 
31.5 MeV. We see very strong maxima in the o,, cross section, implying that, 
for the most part, the spins of the two emitting nuclei are parallel while they 
rotate about each other with the appropriate angular momentum. This result 
confirms Harvey’s picture presented in Figs. 5.15 and 5.16. 

It 1s necessary to go beyond Harvey’s considerations, to obtain a more 
quantitative and clearer understanding. Several models have been studied. 
Leander and Larsson (75) and Larsson et al. (76) calculated the potential energy 
surface for N = Z nuclei using essentially the Nilsson—Strutinsky procedure. 
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FIG. 5.17. Decomposition of the cross section 
for mutually inelastic '7C+'?C_ scattering 
into the contributions from different m-substate 
combinations. The particle-inclusive cross sec- 
tion o (scaled up by a factor of 3 in the upper 
panel, large dots) and the contributions 6|m,| |m,| 
(the sum of which yields G) are integrated over 
the angular range 45°<6,,,<90°. The total 
integrated cross section o (small dots, upper 
panel) is taken from Cormier, Applegate, et al. 
(77). The target thickness corresponds to an 
average over E,,,=100 to 170KeV. [From 
Konnerth, Dunnweber, et al. (85).] EL m(MeV) 
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Chandra and Mosel (78) used the two-center model, while Rae (87) and Rae 
and Marsh (85) employ the cranked-cluster model. The results are quite 
consistent. 

Leander and Larsson’s results are summarized in Table 5.2 and an example 
of (7*Mg) of the potential energy surface is shown in Fig. 5.18. The table lists 
the minima together with the ratios of the harmonic oscillator parameters @,: 
w,: w,. For many of the minima these are ratios of whole numbers and would 
be expected to give rise to superdeformed bands. The ground state of 7*Mg 
and the next minimum (¢ = 1.0, y = 0, ¢, = 0.3) correspond to prolate spheroid 
shapes; the next three are oblate (¢ = 1.23, y = 6°), triaxial (e = 1.26, y = 42°), 
and “chain” (¢ = 1.25, y = 0). The corresponding density contours as obtained 
by Rae and Marsh [Rae (87)] are shown in Fig. 5.19. We see that the chain 
consists of 6a clusters in a row; the oblate is given by (d) while the triaxial (g) 
appears to be two-carbon nuclei aligned perpendicular to the line joining their 
centers. The prolate configuration (e) appears to be of the w—*®°O-« form. The 
triaxial minimum corresponds, then, to the resonances observed by Cormier, 
Applegate, et al. (77) and Cormier, Jackenski, et al. (78). With respect to the 
resonances at lower energies there is some debate. Rae (87) believes these to be 
generated by the prolate configuration, while Cosman (81) and Ledoux, 
Ordonez, et al. (84) assign all the resonances to the triaxial minimum. According 
to Rae, the Cormier resonances have spins of 16, 18, and 20, starting a new band, 
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TABLE 5.2 Properties of the Minima in the Potential Energy Surfaces for the 


Doubly Even N—Z Nuclei’ 


? 
(deg) Configuration 


Energy (MeV) 


Nucleus’ ¢é E35 &4 W,:@y:@, Min. Barr. 
12C 0.83 0 0.20 60 (1)~* 2:1:1 0 
111 O 0.24 O (4)~ 8(2)* | 1 14 
0 0.00 0 0.00 0 1:1:1 0 
104 0 0.24 43 (1)~4(2)* 402-1 9 16 
12 O 0.24 O (1)~ 8(2)*(3)* 4:4:1 9 20 
*°Ne 0.40 0 —0.10 0 (2)* 22204 0 
117 O 0.24 50 (1)~4(2)8 8:3:2 9 14 
125 0 0.24 0 (1)~ 8(2)4(3)* 5:5:1 13 21 
(4)* 
*4Mg 0.45 0 0.08 20 (2)8 4:3:2 0 
10 860.3 0.20 0 (2)*(3)* (6) 12.5 
1.23 0° 0.24 60 (1)~4(2)!? Salat 8 14.5 
126 0 0.24 42 (1)~4(2)8(3)* 271 10 14.5 
125 0 0.08 O (1)~ 8(2)*(3)* 6:6:1 20 25 
(4)*(5)* 
28Si 0.49 0 —0.06 60 (2)'2 ore wall 0 
0.45 0 0.16 0 (2)! 32352 1 3.5 
10 03 0.20 QO (2)*(3)*(4)* 13 15.5 
1.35 0 0.24 60 (1)~ 4(2)'7(3)4 13 17.5 
1.32 0 0.24 35 (1) 4(2)8(3)* 6:3:1 19 20 
(4)* 
22S 0.21 0 0.08 20 (2)78 5:4:3 0 
0.68 0 0.08 QO (2)~17(3)* 22k 0.1 4.5 
142 0 0.24 54 (1)~4(2)~ 17(3)8 10:3:2 16 18 
10 03 0.20 QO (2)8(3)*(4)* 16 17 
130 0O 0.24 30 (1) 4(2)8(3)8(4)* 21 23 
3°Ar 0.29 0 0.16 60 (2)°4 S2232 0 
0.74 0 0.16 7 (2)~ 17(3)8 9 11 
145 0 0.24 55 (1)7 4(2)7 17(3)? 27 21D 
1.33 O 0.24 47 (1)7~4(2)7 *2(3)8(4)* 27 27.5 
ANCA 0.00 0O 0.00 0 1:1:1 0 
0.45 0 0.16. 50 (2)~4(3)* 7:5:4 9 10.5 
0.84 0 0.08 5 (2)~ *2(3)%(4)* 17 18 
150 0 0.24 60 (1)°4(2)7 !7(3)?° 34 36.5 
bag) 6 0.18 0 0.00 0 (3)* S232 0 
0.52 0 0.16 38 (2)~ 4(3)8 3 5.5 
0.86 0 0.16 O (2)~12(3)32(4)4 11 15 
1.50 0O 0.24 60 (1)~ 4(2)7 '7(3)1°(4)* 29 31.5 


“The deformation parameters ¢, €3, &4, y are defined in the legend to Fig. 5.18. The last 
two columns contain the energy and minimum barrier height relative to the ground-state 
minimum. 

> 633 = 0.05. 

Source: Leander and Larsson (75). 
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Potential energy (MeV) LE j 


tor 2bMg 


Q 


by the deformed nuclear potential: 


V = shop’ [1 + 2¢,P,(cos 6,) — 3ecos yP(cos 6,) 
+ sesin y/$n(¥22(6,, 0) + Y2-2(6, $0) 
+ 2e3P,(cos 0,) + 2833,/20(¥33(0, ,) — Y3-3(0,, 4,)) 
+ 2e,P,(cos 6,) + 2€5P.(cos 0,) ] 
— Kho [2I,-s + pl? — <I?>)]. 


The potential energy in the (¢, y) plane, including the macroscopic energy, was calculated 
for each value of (¢, y) and then minimized with respect to ¢,. For the (e,¢3) plane y =0. 
For definitions of p,0,, and @,, see the original reference. [From Leander and Larsson 


(75).] 
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€(€4) 


FIG. 5.19. Potential energy surface for **Mg ( see Fig. 5.19) together with density 


contours for the stable cluster configurations. [From Rae and Marsh as described by 
Rae (87). | 


while Cosman and Ledoux et al. would have spins of 14, 16, and 18, joining in 
with the lower-energy band. 

In any event it is evident that deformation must be taken explicitly into 
account before the '*C + !2C resonances will be understood. However, at the 
present time a calculation of the reaction cross sections for the excitation of 
the resonances taking deformation into account has not been made. 

The various theoretical approaches to the problem of heavy-ion resonances, 
particularly in the '1*C+/!2C and !*C+1!°O cases, fit the rubric described 
earlier. The intermediate states that couple to the incident channel is taken 
to be '*C(g.s.) + !'2C(2*) by Imanishi (68, 69). Konda, Abe, and Matsuse (79) 
include the excitation of both 17C’s to the 2* state. Similar studies have been 
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made by Schied, Greiner, and Lemmer (70) and their colleagues [Greiner and 
Scheid (71)); Fink et al. (72); Park et al. (74) ]. The «-particle model of Michaud 
and Vogt (69,72) can be considered as equivalent to involving intermediate 
states, in which the '7C nuclei are excited to the 7.67-MeV 0* level. The 
calculations made are of the coupled-channel variety. A simplified version has 
been presented by Abe (78). However, these calculations do not take into account 
the deformation effects alluded to above. 

Other models have been proposed by Cindro (78a), Cindro and Greiner (83), 
and lIachello (81). Cindro assumes that the resonance energies are given by the 
spectrum of the rotational and vibrational excitations of a quadrupole. Iachello 
assumes that the spectrum is that of a three-dimensional vibrator. His 
four-parameter expression for the resonances fits the observed spectrum quite 
clearly [Erb and Bromley, (81) ], but an underlying microscopic justification is 
still lacking. The prolate spheroidal configuration (e) of the cluster model 
according to Rae and Marsh (85), would provide such a justification. Additional 
supporting evidence is provided by time-dependent Hartree-Fock (TDHF) 
calculations [Strayer, Cusson, et al. (84); Umar, Strayer, et al. (85); Umar and 
Strayer (86) ]. See also Satpathy et al. (86) and critical remarks by Kato and 
Abe (87). 
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The remaining sections of this chapter are devoted to theory, with emphasis 
on the deep inelastic process. It is not possible to review here all of the many 
theoretical models that have been proposed for the description of this process. 
In this regard not even the Bromley volumes are complete. The semiclassical 
method is the subject of a book by Broglia and Winther (1981). The master 
equation, which has been used, for example, by Agassi, Ko, and Wiedenmuller 
(77, 79), is reviewed by Dietrich (85). The hydrodynamic model, advanced by 
W. Greiner and his colleagues, is discussed by Maruhn (85) in the same set of 
lectures. A transport theory that takes into account the coupling between the 
collective and intrinsic degrees of freedom because of two-body collisions has 
been developed by Norenberg (85) [see also Ayik and Norenberg (82) and 
Cassing and Norenberg (83) ]. He refers to this description as “dissipative 
adiabatic dynamics.” Hofmann and Siemens (76, 77) have investigated a linear 
response theory. The internuclear cascade has been exploited by Fraenkel and 
his colleagues [Chen et al. (68); Yariv and Fraenkel (79, 81) ] and by Cugnon (82). 
This procedure is briefly discussed in Chapter IX. There are many others, other 
names to be associated with the above as well as other approaches. In this 
chapter we discuss the application of the classical transport equation of Uehling 
and Uhlenbeck, by Aichelin and Bertsch [(85) ], Aichelin [(86)] as well as the 
time-dependent Hartree-Fock (TDHF) methods [Negele (82)], but not the 
adiabatic time-dependent Hartree-Fock method of Villars (77) and Moya de 
Guerra and Villars (77). This choice is idiosyncratic, based in part on a prejudice 
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for theories that do not assume thermal equilibrium, based in part on the 
availability of examples of quantitative applications. 

All of these theories require extensive numerical calculations, making it 
difficult to establish an intuitional understanding of the dynamics for a wide 
set of parameters. For that reason we first establish some qualitative features 
making use of the theory of multistep direct reactions described in Chapter VII, 
which is appropriate for the study of deep inelastic processes. Note that the 
application of that theory uses the cross section for the single-step process, 
which is obtained from the understanding of the quasi-elastic cross sections. 
The double differential cross section for the statistical multistep direct process 
is given by (VII.5.29) and repeated below: 


ae | — y |e dk, | Seals Re |f Sette sa) 
dQ, dU y Imsa am J(2n)>  J(2n)?| dQ, dU, dQ, dU, 


| aaah) | ee | (6.1) 
dQ, dU, dQ, dU, 


The cross section for a single-step process is to added. The sum is over a which 
indicates the number of steps that is followed by transition to the final states 
designated by «+ 1 and k,. The momenta hk, are the relative momenta of the 
two interacting nuclei, while the subscript a includes the internal quantum 
numbers and energies of the states of the two nuclei. Note that the deep inelastic 
process is a two-body reaction, so that k, refers to the relative momentum of 
the two final nuclei. U, is then the total excitation energy given by 


h2 
Ea (6.2) 


where p is the reduced mass. It is necessary to include the independent variables 
describing the exchange of charge and mass. Following Greiner these are taken 
to be 


P (6.3) 


where the subscripts t and p refer to the target and projectile, respectively. The 
one-step transition probabilities are dependent on the variables yn“ and yn” and 


a 


yn, and n™ , where the subscript « denotes the stage. The differential transition 
probability is given by (VII.5.30) 


dw, i(k, Nas k,- Ma- 1) 


dU, dQ, = 2n7 p(k,)o(U,) |o(k N03 Ky—15e—1) fg 


(Z) 
a 


where the dependence on 7“ and ny is indicated by n,. Finally, changes in 
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deformation of each of the nuclei in the transition from stage to stage may 
occur so that deformation parameters should also be included as independent 
variables in (6.4). 

Equation (6.1) provides a framework for the calculation of the cross section. 
The physics has yet to be inserted, namely the nature of each of the intermediate 
stages. There are many possibilities for a heavy-ion reaction and a method for 
a rapid exploration has not been developed; presumably, some simulation using 
a Monte Carlo evaluation could be used. One therefore turns to an approximate 
method that will yield an expression whose form can be compared with 
experiment, yielding some overall information on the intermediate stages 
involved. 

For reasons of clarity we shall suppress, for the time being, the dependence 
on yn) and n™. Define the transfer function Y,(k,) as follows: 


2 
Y(k,) = dk, (Fe dWaa-1 4 Wz, @ Wii (6.4) 
(2x)° (2x)? dQ,dU, dQ,dU, dQ, dU, 
The cross section is then given by 
ae eet) sans dk, d’w,, ¥.(k,) 
dQ,dU yp |nca ~ 12K, (2x)? dU, 10, als 
d7o(k,,;, *o(k,_,,k 
-E\5 ‘| ok o( v+i1 k,) d o( v-1 ) (6.4’) 
(27) dQrdU,  |a yon, AAU y Ike, 
The transfer function Y, satisfies the equation 
dk k,, k,_ 
Yi(k,) = | Brat Erna iKobdy a) (6.5) 


(2n)° dQ, dU, 


The assumption is now made that the change in momentum in the transition 
from stage v—1 to stage v is small. One may therefore expand Y,_ ,(k,_,) in 
terms of Y,_,(k,) as follows: 


Y,-1(k,_,) os Y, _ ,(k,) + (k,_, = k,) VY. =p aa 7L(k,_, _ k,) VIPY,_, 


v 


Inserting this equation in (6.5) yields 


Y,(k,) = W2(k,) ¥, — 1(k,) + WiCk,) VY, _ :(k,) + = sam abVaVpYy—1(K,) (6.6) 


where 


co) = (AK 1 Fy lk - 1) 


6.7a 
(2x)? dQ, dU, oa) 
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dk d*w.._.(k,,k._,) 
Wi) = wel... —k, 2 We 6.7b 
. | (n> | mre dQ, dU, 2) 


and 


dk d? k,,k 
Way = | 1k —k,),(k,_, kyo te) 6 79) 


| 22) dQ, dU, 


The subscripts a and b refer to Cartesian components. We simplify (6.6) by 
introducing the quantity 


f=T1W%) w= yo, fo=t (68) 
1 Foe 1 
and the new dependent variable Z, 
Y 
Z,=— (6.9) 
ie 
Equation. (6.6) becomes 
1 


1 
WZ, = Z << '4) - ——[W"-W(f,_,Z,_,)]+ ye WaoVeaVol f,-1Z,—3) 
I 554 2fy-1 ab 


(6.10) 


We replace the discrete variable v by continuous variables t such that At = 1/W°. 
Then the left-hand side of (6.10) is given by AZ/At, which is approximated by 
0Z/dt. Note that 


a 


wr (6.11) 


t= 


It is clearly a variable that measures the number of stages and can be conveniently 
thought of as the interaction time.‘ It is a function of v and k, among other 
variables. One eliminates v on the right side of (6.10) by solving (6.11) for v in 
terms of t and k. The equation for Z becomes 


CZ l 1 
oe jl™ ‘V(fZ)+43waV.VifZ)] (6.12) 


*If W® is independent of a,t = v/Wo. If as is more realistic, W? =e" W, Wr = (e?*) — tye? — 1. 
Solving for v, v = 1/yIn[(1 — Wt)e”” + Wr], which approaches v = 1/yIn Wr for large y and Wr — 1 
for small y. 
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where 


w,(t,k)=W(k,) ete. (6.13) 


We have thus obtained a momentum Fokker—Planck diffusion equation for 
Z in a very general form. To make further progress, assume that 


Wap — OapW 


and that f depends only on t. This is accomplished by replacing k in f by k.,. 
See (6.15). Then (6.12) becomes 


VA 
ao Wa VZ + WW°Z, (6.14) 


z 


Further simplification is obtained by assuming that w is independent of k. 
Equation (6.14) can be solved in a closed form when w, is a constant vector 
or proportional to a unit vector tangent to the unit sphere in k space. We shall 
follow an approximate procedure that reproduces correctly the solutions for 
the above assumptions for w,, but is capable of dealing with a more general 
form for this vector. 

We assume that 


3/2 
21k.) =( e~ (L/2ew\(k— ke)? (6.15) 


2TWT 


where k, is a function of t reducing to ky at t=0. Note that Z(k, t) > 0(k — ko) 
as t—0. Here ky is taken to be k; the incident k for the collision of light nuclei. 
For heavy nuclei when the collision is Coulomb dominated, Ky is taken to be 
equal in magnitude to k; but with the direction given by the grazing Coulomb 
orbit at the point of grazing. To determine k, we calculate 


ék) = | kZ(k, t)dk (6.16) 


Equation (6.14) will then yield a differential equation for k,. 
We assume the following form for w, linear in k 


Wi = We t+ Wako x k) + +wpk (6.17) 


where wc is a constant vector independent of k. Multiplying (6.14) by k 
and integrating yields 


dk. 
dt 


= — [we + (kp x k,)wp + wok, ] (6.18) 
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These equations can be integrated subject to the condition k,(0) = ky. Let the 
direction along k, to be designated by the 0 subscript. One obtains 


(ko = ky e772 —Melogy _ g-war (6.19) 


Wp 


and 


1 a as : 
(k,) 1 = {Ko X (Ko x We) [wo(l — cos@gte””?") + @gSin@gte ”?*] 
Wp R 


+ (ky Xx W-)[Wr(l —cosmpgte ”?)—wpsinwrte “?*]} (6.19a) 


Here (k,) , is the component of k, in the plane perpendicular to ky. The sinusoidal 
terms describe a damped rotation in the (k,), plane with a radius given by 


We1/,/ wi, + w;. For large t 


k_),; —> 
( Dl pha a 5 
D R 


[(Ko x (Ko x Wo))Wp + (ko x Wo)Wp] (6.20) 


The component of k, in the k, direction decreases because of the damping of 
the k, term. It is also affected by the 0 component of w,, subtracting or adding 
according to whether wep Is positive or negative; wp is a magnitude and therefore 
positive. Asymptotically 


_ Wodo 


Wp 


(ko? (6.21) 


The value of k?, which is proportional to the average kinetic energy is given 
by the sum (k,)* + (k,)g, where 


: 2 
id - z w 
(k,) =— 5 (1 — 2 cos ware” ”* + e7 2m) __, Ch 


(6.22) 
(kJ = ee << Woo, = evo | ay WCo 


Wp 2 Wi 

Returning to (6.15) for Z(k,t) we see that as t increases, Z broadens while 
its center moves from the direction ky to k, given by (6.19). For the motion of 
k, one can “predict” the solid center lines in Fig. 3.6 (if Wc, wr and Wp are 
known or fitted, if not) where E would be obtained from (6.22) and the deviation 
from the original k, direction from the equation 


tan($—6,)= (Ke) 4 (6.23) 


(K.)o 
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where 9, is the direction of Ky. Note that k, and the energy approach constant 
asymptotic values, as indicated by Fig. 3.6. Subsequently the energy loss is 
dominated by excitation of low-lying modes which are described on page 596 
as a process that involves long interaction times and a smaller rate of energy 
loss. This would require a different set of values of Wc, Wr, and wp as obtained 
for example from (6.7). 

The function Y(k,t) is now obtained from (6.9). Making the reasonable 
approximation that W° is independent of « (we have already assumed that it 
is independent of k), f, is given by (W,)’. Converting from v to t dependence, 
we parametrize f, by 


Sy=foe ™ (6.24) 
since t is proportional to v. With Y(k, t) known, the cross section can be obtained 


by summing over v according to (6.4). The sum over v is replaced by an 
integration over Tt: 


EW ae 


Hence 


d*a Anu | | 
=—_ W, | Ydt=W, \(s.., +5,_,) Yi (ky. t)d 
Peale ik, 0 o \(sy44 + 5,4) Yilky, 7) 


~ 2Wos | Y(k,,t) dc (6.25a) 


where we have assumed that 


k, d?o(k, ,.5k,) 


~ (27)? d(k, —k 6.25b 
ae (2n)*S(ky —ky)s, (6.256) 


kyv+1=ky 


To obtain these equations we have assumed that the angular distribution is 
sharply pointed in the direction of k, and that the energy is not substantially 
changed. Finally, it is assumed that s, varies slowly with v and can be replaced 
by an average S. 

We now consider the integral. 


is dt —yt— tw)(k — k,)? 
1= [Yas fol (2neot)3/2 * ye AN yee ) (6.26) 


As an example of the results which follow from this analysis we taken wz = 0. 
Then 


k= ky — ("E+ hy Ji —e Dt) WrR=O0 (6.27) 


Wp 
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Furthermore, assume that wpt < 1. The conditions under which this inequality 
will hold will be determined in what follows. Then 
k,~k)+k,t (6.28) 
ky = — (We + kpwp) 
With this approximation, the integral can be done exactly. However, to identify 
the important value of t and so be able to assess the range of validity of the 
result, we shall use the method of steepest descents. Toward that end one places 
the derivative of the exponent in (6.26) equal to zero. Solving for t, one finds that 
_ (ky —k)? 
ki + 2yw 


2 


(6.29) 


We thus see that wpt will be small if |k, — k| is sufficiently small. For small we 
the condition is 


[ko —k| 


0 


<« | (6.30) 


Wpt ~ 


This condition restricts the region of applicability to the forward quadrant but 
does not strongly restrict the difference between k, and k. 
The steepest descent result for the integral, (6.26) yields 


fo 


i(ky- eo __! . 
./2(2nw) [ky —k| 


1 
xP——[Ky|ko— kl +ky(ko—K)] (6.31) 


where K? = ki + 2yw. The cross section is from (6.25) 


2 
asi = 2W,5I(k,). (6.32) 
dQ, dU hina 


The peak of the angular distribution will occur at the minimum of the 
bracketed expression in (6.31). Let # be the angle between ky and k and let the 
minimum occur at &% Assuming 2 to be small, one finds that 


ki |ko —k|sin 


= (6.33) 
kok, +k,|ky —kl|cos wy 


sin ¢= 


where w is the angle between ky and the component of k, in the (k, k,) plane. 
For G near the angular distribution is Gaussian. 

The energy spectrum at each angle can also be determined from (6.31). 
Generally, one finds that as the angle increases the rate of exponential decrease 
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of the cross section increases. [One can always obtain an exponential decay with 
E for any function e-/) for small E, — E as long as f'(E,) is positive as it is 
in this case.] This is identical to the exponential decrease obtained in the 
statistical theory [see (1.4.5) to (1.4.7)]. One thus finds the statement in the 
experimental literature that the “temperature” decreases with increasing angle. 
However, as we see from the calculation one cannot conclude that the system 
has approached a thermal equilibrium. For that conclusion to be correct the 
angular distribution must be spherical corresponding to an angle-independent 
temperature. 

There are other variables, besides the momentum k, such as mass and charge 
asymmetry [see (6.3) ], and deformation parameters, which can change with 
each stage of the multistep process. The discussion given above presumes a 
known path in reaction space or an averaging over the various possibilities. 
However, this is not adequate when, for example, we wish to calculate the 
charge and mass distributions of the final fragment. In the analysis to be 
presented below, we develop a Fokker—Planck equation which explicitly 
contains the effects of the mass asymmetry 7“). Analogous equations can readily 
be obtained for variations in charge asymmetry or other parameters. 

One must first make explicit the dependence of d?w/dQ dU on as follows: 


d*w(k,, k a= ) _ Pw(Kas Ne» k,- 04 =i) a 
On ee ia aa (634) 


giving the probability that the system will undergo a transition from a 


momentum between k,_, and k,_, +dk,_, and a mass parameter between 


nf” and 7, +dy, tok, and n\”, respectively. Equation (6.1) is replaced 


by 
Doky ns kin) _ dk, go | alba | 
dQ, dU , dy = et (2n)° dQ, dU 5 dn 
x x 01,0 — 1 (k,, n, k, - ne | E Wo i(k, ,15°, kin a 
dQ, dU, dn dQ, dU, dn? 
d*o (ky, n{".k; nad 
x | ——_b - 6.35 
dQ, dU ; dn pee 
One now introduces the function Y,(k,,7\) [see (6.4)]: 
dk, dy dk _ dew 
Y(k,, n\) oo a re | ‘ - dn,- 1 a 
(27) (27) dQ, dU, dn: 
Se 7 8 Oa (6.36) 


dQ, dU, dnS? dQ, dU, dn 
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The differential cross section in terms of Y, is 


d°o(k ny, kin”) n', kin) _ eb) o_o mn d>w,, 647 
aad (6.37) 


dQ, dU , dn ko a dU , dO, dy dU ,dQ,,dy') 
The function Y, satisfies the equation 


d°w Woe i(k, 4 »k,_ Fre eae 


dU, dQ, dn Y,_,(k,_1,992,) (6.38) 


dk | 
v( ny )= \% (27 3 ny 1 


The assumption is made that the change in momentum and 7 in the transition 


from stage v—1 to stage v is small. One may therefore expand Y,_,(k,_,.1\”, 


in terms of Y,_,(k,,7‘“’) as follows: 


OY, _ 
V (kudos = Tne i(k,, 9) + (k,_ 1 —k ) VY, —1 gl Nt nm”) én a 


ae (k,_, —k,):- V+, —n\)— Ny 
2 ve and | 94 


Inserting this equation into (6.38) yields 
Y(k,.4) = WOY, _ (ky? 


(A) 


= 
ae 5 W 9°", V,¥,—1(k,, 1”) 


oY. 1 07 Y 
(11), v-1 * yy(02) v-1 
+ W‘ v( Sas oe 5 w* Bye? (6.39) 


where the coefficients W are generalizations of (6.7). Reducing this equation 
follows the procedure described after (6.7). The function Z, is introduced as 
before by 


za =I] WOK, 1) 
ty ° 


Finally, the interaction time variable t by 
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One finally obtains 


az i afZ) 1 
aa (10). Z (01) = (20) 
Ae f(t, k, nA) | (f ) + Ww én + 9) 3 Wob V.V,(fZ) 
rong Al) | yon 2) ‘ia 
on 2 On? 


We again make the assumption that f is independent of k and 7% so that (6.40) 
becomes 


OZ OZ 1 


= wi). V7 4 wll) = 4 w2OV_V Z 
OT on 2 d = ° 
oZ 1 07Z 


+ whD.y— 4 = (02) 
én” 2 én” 


(6.41) 
One can now follow the procedure described after (6.13). We shall leave the 
discussion to the reader, the coupling between the k and 7) dependence being 
the new feature of interest. 

We shall content ourselves with integrating both sides of (6.41) with respect 
to k. Assuming that all the coefficients are independent of k [compare with 
(6.17) |, let 


cn!) = |Z dh (6.42) 


Then 


oe _ (on ot a or a*¢ 


6.43 
Ot én 2 67) On 


This equation can be integrated. Let 


yn =) 4+ weOe v=T 
Then 
 , yon on 1 yon OE 
ot’ an Gn’ 2 624 
or 
- 1 (02) at 


ot 2 671 
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The solution has the one-dimensional form [see (6.15) ] 


1 1/2 ‘ 
C(n), t)=(- eEL/2rw)] [fA + wO Mt — nf A0(0)]? (6.44) 
2nw?)¢ 


where 74)(0) is the initial value of n‘“). The mass asymmetry is in this 


approximation a Gaussian whose center changes linearly with t and whose 
width changes like 11/”. 

Returning to (6.37) for the cross section, and once again utilizing (6.24) and 
(6.25a), one obtains 


Bo(k,,n, k,n) Arp fpSWO) (% dren 2 M/2ewOP ENA + WOVE — WA)? 

| ype Ta a | cer 
dQ, dQ, dni h*k; 0 (2xw**)t) 

The integral can be performed, yielding 


3 sy(oo0 
{at d°o(k snp, kins) 4,/2npfy sw” 
S409 _417).dot A #2b Inna 

SK 7 1/wlO2)[ V2 ywlO2) + (WOT)? | nf) — nf A0(0)] + wD (nS — nA)(0)] 


(6.45) 


The distribution is no longer symmetric about n‘“ = n{;, falling off less rapidly 


for n <n(0) when w” is positive, and vice versa when it is negative. 


7. THE LORENTZ, BOLTZMANN, UHLENBECK, AND UEHLING (LBUU) 
METHOD?! 


This method for treating heavy-ion collisions is based on a classical 
(nonquantum) method, describing the motion of A particles, employed in kinetic 
theory [Huang (87) ]. The Hamiltonian determining the many-body motion is 
taken to be 


H=», Pe vin) +), o(r,—4;l) (7.1) 
i=1| 2m i<j 


The potential V is the mean potential and vis the residual two-body potential. 
One asks for the distribution function f(r,,r,,...,°43P,,P.°"‘p,,t), the 
number density for finding particle 1 at r, with a momentum p,, particle 2 at 
r, with momentum p,, and so on, at a time t. The one-particle distribution 
f,(¥\;p,) defined as the number density at a time t for finding a particle at r, 


*Huang (87). 
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with momentum p, is given by 


fits; Pit)= [ar dp, dr, dp3--- f(t,,02,13,---,045P1,P2,P3>---»Past) (7.2) 
The number density at a time for finding s particles atr,,r.,...,r, with momenta 
P1,P2,--->Ds Is 


_(A-D)! 
~ (A—s)! 


f(t y <8 55 Px + Ps 2) dr, ,°°dr dp... ---dpy f(t 843 Pi Pas 8) 


(7.3) 


The normalization of f is given by 


far dr, dp, ---dpy f(y +45 Pi °° Past) = {ar ap, fitisPist}=A = (7.4) 
The probability density p is obtained from the number density by division by A: 
1 
Py hs Pie Past) = FEL 945 Py P45 C) (7.5) 


The space defined by the vectors r,---r,;p,---p, is referred to as phase space. 
Its dimension is 6A. We will denote a vector with components r, ---p, by C, so 
that (7.4) reads 


[acreo=4 


Since p is a probability density, the average value of any function O(€) in phase 
space 1s given by 


<O(6)> = | oqo 


Because the number of particles is conserved as a function of time, the density 
must satisfy the equation of continuity: 


6 
5, t div(py,) =0 (7.6) 


where v, is the velocity in phase space with components f,f2,...,p4. The 
divergence is taken in the 6A-dimensional space. Using this equation and 
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Hamilton’s equation, Liouville’s theorem, 


dp 
—=0 7.7 
7 (7.7) 


can be obtained. The proof follows. First note that 


dp op 
a ales Vv 
dt dt : 
From (7.6) we have 
0 
—~P _Vp-v, + pdiv Vr (7.8) 
ot 
where 
div v, = 2 [(V,);t; + (V,)i Pil 
But 
r= (V,)f p; ieee (V,): 
so that 


divv,=0 (7.9) 


The flow in phase space is like that of an incompressible fluid. Inserting this 
equation into (7.8) and the result in the equation for dp/dt yields (7.7). 

The Liouville theorem is the fundamental equation of kinetic theory. We 
shall return to it later. For the present we shall consider directly the equation 
satisfied by f,. Recall that f,(r, p)drdp is the number of particles in drdp at r 
and p. The function f, changes with time because (1) as a consequence of their 
velocity, particles leave the volume dr; (2) the particles are acted on by the mean 
field forces (— VV;) changing their momenta; and (3) particles collide with each 
other as induced by X(v|r; — r;}). 

If there are no collisions, the points in a volume element dpdr will simply 
move into another volume element located at r+ vdt and p—(V,V)dt. The 
change in f, in a time dt will be written (0f,/0t),,,,. Therefore, 


; 
Fie + vdt,p—(V,V)dt,t + dt) = f,(r, p,t) + () dt 
coll 


or 


Of; (4) 
—+v‘V.f,-—V,V-V = | — 7.10 
aL v'V.S; oA ce ae ( ) 
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We assume that only binary collisions are important. The effects of a collision 
will depend on the number of pairs in a volume element dr with momenta p, 


and p, in the volume dp, dp,. Let this be F(r, p,, p,,t)drdp, dp,. The number 
of particles leaving drdp, per unit time because of collisions is 


dr dp, | | F(r, Pi, P2,t) dw(p', P> ; PiP2) 4p. dp, (7.11) 


Here dw is the probability per unit time that a pair of particles with momenta 
p; and p, will, upon collision, acquire momenta p;, and p’,. Since we are interested 
only in the total number of particles leaving dr dp,, we integrate over p, and p’,. 
The value of p;, is given by energy and momentum conservation. The value of 
dw 1s 


2n ° / f / / 
dw(p}, P>>P1, P2)= =, JOle NF (py —>Pp,,P2 > p')|? dQ (7.12) 


where j; is the magnitude of the incident current density, |v, —v,| and 7 is 
the transition matrix. Inserting (7.12) into (7.11) yields 


do 
dr dp, | [re P1,P2,¢)|¥, — V2 | 70) Pi, P2—>P2) dp, dQ’ = (7.13 a) 


Similarly, the number entering volume element dr dp, because of collisions is 


do 
— (Pp, > Pi.P, > p,)dp,dQ = (7.13) 


drdp, | | Fee.e,p2.0y, eller 


Using detailed balance gives 


7 (Pi: > Py, P2 > P|? = 17 (P, > Pi Py > Pd) I? 


One may rewrite (7.13b) as follows: 
/ / do / 
dr dp, | [re P,,P>.f)|Vi — Vo qa 402 dQ (7.14) 


Combining (7.13a) and (7.13b) yields 


0 do 
(4) = | {ee dQ! |v, — v,| —[F(r, p;,, P,t) — F(t, pi, P2st)] (7.15) 
ot coll dQ 


To obtain the Lorentz—Boltzmann equation, one further approximation is made. 
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It is assumed that the probability of particle 1 being at r with momentum p 
does not depend on the position or momentum of particle 2. Hence 


F(r, Pi, P2, t) ~ fi (, Pi, t) fy (r, Pr; t) (7.15') 


Introducing this assumption into (7.15), one can now complete (7.10). One finds 
that 


0 do 
on +vV.f,-V.V-V,, fy = | dp. dQ, — VI S2— fifa (7.18 


where f’, is f,(r,p,,¢), and so on. The values of p, and p‘, on the right side of 
this equation are given by conservation of energy and momentum applied to 
the binary collision. Equation (7.16) is referred to as. the Lorentz—Boltzmann 
equation. Because of assumption (7.15’), one expects it to be most useful for 
dilute systems. To improve upon (7.16) it is necessary to consider correlations, 
and therefore f, of (7.3), s=2 for correlations, and more generally, f, for 
higher-order correlations. As we shall show, f, coupled only to f,,,, that 1s, 
f, to f,, f, to f,. This is a consequence of the assumption that the particle 
interaction potentials [see (7.1) ] are two-body. This system of equations is called 
the BBGKY (Bogoliubov, Born, Green, Kirkwood, Yvon) hierarchy. We shail 
follow Huang (87) in developing these equations. 
One begins with the Liouville theorem, (7.7): 


dp 
—-+y,V,=0 7.7 
On! 4 


In component form, 
ve V, = S [t;V,,p + p; V,,] 


- - L(V,,A)-V,, _ (V,,H)-V,,1p 


Introducing H as given by (7.1), one obtains 


Op 


+h,p =0 (7.17) 
Ot 


where 


h,= 5| Pv, a IF — ¥ V,,v(|r;— HD LWy.| 


ixj 


Ps (7.18) 
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Here 
§S=Pvi4R, F = —V,V (7.19) 
m 


t 


and 


| 


Py=KiV,,+KiV,, 9 Ky = — Veli — 31) (7.20) 


The distribution function f, then satisfies 


Oss A : 
Ot =| — or alte bare Ct = (A e s)! fa, hap (7.21) 


deo = dr, ar, , ‘dy aD, + 1 dp," dp, 


where 


We now break up h, into terms that depend on ¢, to ¢, and those that depend 
on ¢.,, to ¢,: 


2 ee 1 Ps A 2 1 A - Ss A ie 
h,= S:+=—)) Pit » ars » Pige > » Pi 
i=1 prey i=st+1 Di je 4a i=1 j=st+l1 
This can be rewritten as 
h,=h,+h,_,+ \ y P;; (7.22) 
i=1 j=s+1 
Note that 
| dl... ,h4-,p =0 (7.23) 


since h involves momentum-dependent gradient operators linearly while K;, 
depends only on spatial coordinates. Equation (7.22) would not be correct if 
the two-body potential were velocity dependent. 

Inserting (7.22) into (7.21) yields 


ae A! s A 
ethtnmaealtenk 2 Pip 


i=1j=st+l1 
= +3 (feted ga ae Pass [a C42? 


— | fata dp,.( > oe (7.24) 
i=1 


Substituting for P. ,, from (7.20), one finally obtains the BBGKY hierarchy: 


0 s 
vi +h. f= =| fate ér.s( » KsosVodors | (7.25) 
i=1 


650 HEAVY IONS 


For example, 


O a 
a ce hif; Ss | {ar dp.K..°V,,f2 (7.26a) 
Of 


Ot “t hats a | Jas dp3(Ki3°V,44 + K,3°V,)f3 (7.26) 


To obtain the Lorentz—Boltzmann equation (7.16), one truncates (7.25) by 
placing f, and ¢ f,/dt = 0. Finally, one assumes that /f,(r,p,r.p,) can be written 
as f,(¥,,p,)f2(r2, p2) thereby dropping two-body correlations. 

The solutions of the Lorentz—Boltzmann satisfy conditions that follow from 
conservation laws such as conservation of mass, momentum, and energy satisfied 
in the two-body collision. Following Huang, let y(r, p) be such a conserved 
quantity, that is, 


x(r, py) + x(F, P2) = x(F, P,) + x, Py) (7.27) 


We can now show that 


J= | (4) x(r, p) dp = 0 (7.28) 


ot coll 


We use expression (7.11), bearing in mind the symmetries satisfied by F and 
dw. 

Equation (7.28), including now explicitly the conservation of energy and 
momentum, 1s 


J= | dp; dp2 dp, dp, o(E, + E, — E', — E,)0(p; + P2 — Py — Pa) 
x W(P),P5, Pi, Po) LF (Er, Py, Po, t) — F(r, Pi, Po t) 1X(F Pi) 
Now we note that J is unchanged if under the integral spin we exchange p, 
and p, or p, and p;, together with the exchange of p, and p’, or if one exchanges 


p, and p,, together with p, and p‘. This result is a consequence of the symmetry 
of both w and F. Performing the exchanges and adding the results yields 


— | dp, dp, dp, dp, (E, + E, — E, — E,)0(p; + P2 — Pi — P2) 


x w(p), p>, Pi, P2) LF (r, Pi p> t) _ F(r, Pi, P2> t) ] 
x [x(t Pi) + x(r, Po) — Xr, Pi) — XCF, PD) J 


Hence because of conservation condition (7.27), J =0, proving (7.28). 
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As a consequence of this equation, one obtains from the Lorentz—Boltzmann 
equation the equation 


[put p| hy Poh sp Ls | <9 (7.29) 
im OX; OD; 
where 
F,=—V,U 


We now rewrite this equation so that no derivatives act on f, under the integral 


sign. Thus 
Pi Pi OZ 
0= 5 fdpxf +S -|an® 1fi— 5 | an( mal 
0 
zy EF [ap ows) -LF,|d {a 0( <r (7.30) 
OD; Op; 
Integrating the fourth term on the right yields zero. We introduce the definitions 


apafy _ | ap 
(A= it jf, Af 


="p 
m 
Note that n, the number of particle density, is a function of r and t. Equation 


(7.30) becomes 


= £m) +, an) = 6me-Ven) — (2 BPVax (7.31) 
Ot m 


The functions n and F can be removed from inside the brackets since they do 
not depend on p. 
For conservation of mass, y = m, (7.31) becomes the equation of continuity: 


= + V,-(nu) = 0 (7.32) 


where 
u=<v» (7.33) 


For conservation of momentum, y = mv, 


0 1 
= —(nv) + Vinci» ——nF (7.34) 
Ot m 
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where the dot product in the second term is with the v that immediately follows the 
dot. We now replace <vv> as follows: 


<vvy» = <(v —u)(v—u)> + uu 


Substituting in (7.26) and using (7.24), one obtains 


0 1 
n| Se (u-Vyu |= Lak + V-nciy —a)(y—a)> (7.35) 
Ot m 
The pressure tensor P;; is defined by 
P;,;=mn<(v; — u)(v; —u,)> (7.36) 
so that 
0 1 lo « 
n| + (ju |= "nk + Ly. P (7.37) 
Ot m m 
where 
par OP... 
VP=y_—~ 
d Ox; 


Problem. Prove that this quantity is conserved in a two-body collision. 


Finally, we exploit the conservation of energy by letting y=4$|v —ul|*. The 
analysis is straightforward. The result is 


(eee Gog (7.38) 
at gens 
where 
ij 
and 
1/ou, Ou, 

A;;== a ite : 7.40 
: (= a) om 


T is the temperature in energy units: 
T = 3<\v—ul>? 
The vector q measures the heat flux: 


q=5n<(v—u)|v—ul’> (7.41) 
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The exploitation of (7.32), (7.37), and (7.38) requires evaluation of the average 
values indicated by the bracket and therefore knowledge of f;. If, for example, 
one assumes local thermal equilibrium, so that f, is given locally by the Maxwell 
distribution, 


n 


mg (m/2T)(v— 0)? 
~d 372° 
(2xmT) 


fi 


one obtains the equations describing nonviscous hydrodynamics. If f, is 
improved by a first-order term, one obtains the Navier-Stokes equation for 
viscous flow [see Huang (87 ]. Therefore, the equations of hydrodynamics are 
an approximation to the Lorentz—Boltzmann equation obtained by averaging 
that equation over an assumed distribution function. 


A. Quantum Transport! 


The discussion above is classical so that the question of quantum effects naturally 
surfaces. Of course, the exact evaluation of the quantum effects requires the 
solution of the quantum-mechanical many-body problem. What would be useful 
would be a statement of the quantum problem, which is similar in form to the 
Lorentz—Boltzmann equation. The analog to the one-particle distribution 
function is given by one-particle Wigner function (30) defined by 


1 
fw(t,k, t) = (=) [atoe*oue — 3¥o, W(t + 380, t) (7.42) 
7 
or 
Ly 1 1 
fwi(t,k, t) = (5) [aro ein (r —=¥o,r +<=Fo, ) (7.43) 
21 2 2 


Integrating fy, with respect to k yields 


| Jwir, k, t) dk = p(r, t) (7.44) 


Taking moments, one finds that 
Ly as 
| fwl(t,k, t)k dk = (==) | dk | droiVoe7 oya(t - 72, 7G +B, ) 


= ea) | dk | droet¥n( = vo(v*w)] 


‘Carruthers and Zachariasen (83); Zachariasen (85). 
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= (3a) Jae farce] —3(ve("—Fae)u(r+50)) 
tM (r- Ft) +50) | 


| f(t, k, t) © dk = j(r,t) (7.45) 
m 


Or 


Finally, 
p? 
| fir(t,k,t) > dk = K(r,t) (7.46) 


where K(r,t) 1s the kinetic energy density. [The reader should verify (7.46). ] 
These results, (7.44), (7.45), and (7.46), are identical to those that can be obtained 
using the classical distribution function. But the Wigner distribution is not a 
probability distribution, as is the case for the classical distribution. This follows 
because fy is not positive definite. Because of the close similarity to the 
Boltzmann distribution function, it is not surprising that f, satisfies a 
Lorentz—Boltzmann type of equation. To demonstrate this, evaluate 0 f,/¢t 
using the Schrodinger equation: 


* 
in OY — my and — ih = Hy 
assuming H to be Hermitian. One obtains 


fe) foe m{ vey foray 


Replace H by — (h?/2m)V* + V, where V” operates on the dependence on the 
spatial coordinates r — $ro andr + 3ro. The result, after some simple algebra, is 


ci B P.v,fW= — Al arow*| V(r i *)- V(r -%) wenn (7.47) 
ae 2 2 
In the limit where V is assumed to be smooth, so that 
ro ro. 
(r+ 2 ~ Vin +2-WV 
(7.47) becomes 


ow 4B P vefW-VV-V,>fW=0 (7.48) 
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identical with the Lorentz—Boltzmann equation (7.15) when the collision term 
(Of /0t).,. 18 zero. Equation (7.48) is known as the Vlasov equation. 

This treatment can be generalized to the many-body problem, employing an 
A-particle Wigner distribution function [see Zachariasen (85) ] 


tip (Ki; r,,k,,r.,...,k,4,14,¢) 
1 3A | 
= (~-) {ar vee fae, exp( — idk;-r}) P*(r, —5r},.--5 84-390) 
Tt 


‘Pr, +r. Na tare) (7.49) 


One can, in analogy with the procedure used to derive the BBGKY hierarchy, 
define reduced distribution functions f‘) by 


9 =n) | dts far, {aoa [ar (7.50) 


Applying the Schrodinger equation to (7.49), one finds a set of equations in 
which f* is coupled to f%*, the quantum analog of the BBGKY hierarchy. 
We shall not pursue this discussion further since as far as this author knows, 
no application of these quantum equations to heavy-ion reactions has been 
made. 


B. Applications 


Before it is possible to apply the Lorentz—Boltzmann equation to heavy-ion 
reactions it is necessary to take the Pauli principle into account. The necessary 
modification has been derived by Uehling and Uhlenbeck (33). Instead of (7.16), 
one obtains 


0 
oh VAS —VLV'V aS; 


d 
7" | dp, dQ'\¥, — val fF oll — ff) — AUS) F)} 


(7.51) 


The additional factors are intuitively obvious. Scattering out of p, and pj in 
p, and p, is not possible if the states p, and p, are occupied. Equation (7.51) 
is referred to as the Boltzmann—Uehling—Uhlenbeck equation (BUU). 
Aichelen and Bertsch (85); Aichelin (86) [see also Kruse etal. (85) and 
Stocker et al. (81) ] have applied (7.51) to the study of heavy-ion reactions. [For 
additional references, see Aichelin (86).] Since the equation is classical, its use 
is limited to sufficiently high energies. At very high energies the intranuclear 
cascade model, discussed in Chapter IX, and to which (7.51) reduces, is 
appropriate. At low energies, where the Pauli blocking reduces the impact of 
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the collision term, one may use the time-dependent Hartree-Fock (TDHF) 
method, discussed in Section 8. Equation (7.51) applies when the collision term 
and/or the mean potential, V (which can be neglected at high energies), are 
significant. In their studies, Bertsch and Aichelin have investigated 17C + '°O 
at 25 MeV/A, !7C + !7C at 84 MeV/A, 1°O + !97Au at 25 and 250 MeV/A, and 
12C + 197Au at 84 MeV/A. The collisions with !?’Au are most important since 
one can study the progress toward equilibration, the possible presence of hot 
spots, and other local properties, such as density and local thermal equilibrium. 
One can also study the validity of the spectator model in which it is assumed 
that the reaction occurs only in the region where the projectile and target nuclei 
overlap. 

Predictions can be made only for single-particle spectra and angular 
distribution. For the light nuclei, Coulomb effects are neglected, while for the 
heavy nuclear targets, Coulomb effects are neglected after the first nucleon— 
nucleon collision. 

These authors find that the course of the reaction 1s determined by the relative 
importance of the mean field, the collision term, and the Pauli principle. At the 
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FIG. 7.1. Angular distribution and average kinetic of emitted protons as a function of 
time. Positive angles correspond to positive values of the x component of the momentum 
of the emitted particles. [From Aichelin (86). ] 
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lower end of the energies considered, the mean field and the Pauli principle 
dominate. The nucleons of the incident projectile are more readily trapped by 
the mean field but have a longer mean free path. Fusion is the endpoint of the 
reaction. The single-particle spectrum is exponential but with a slope parameter 
increasing as a function of angle in agreement with the discussion in Section 6, 
which relies on a Fokker—Planck equation in the momentum space. At higher 
energies, 84 MeV/A, the multistep direct reaction as well the multistep 
compound reaction become significant. The reaction thus shows a substantial 
preequilibrium component which develops during the early stages of the 
reaction. The mean field does trap some particles, so that the final stages of 
the multistep compound leads to a final remnant compound nucleus which 
oscillates radially. The angular distribution consists of roughly two components. 
The preequilibrium reaction gives rise to a forward peaked anisotropic 
distribution, while the remnant compound nucleus will emit isotropically in the 
center of mass. At the highest energy considered, 250 MeV/A, the collision term 
dominates in the overlap region. However, these authors state that even at this 
energy a clear-cut separation between participant and spectator nucleons is not 
possible. The multistep direct reaction with its forward peaked angular 
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FIG. 7.2. Proton spectrum produced by the reaction '7C+'?’Au at 84MeV/A 
compared with the results of Jakobsson et al. (82). [from Aichelin (86). ] 
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distribution is dominant, and even in the overlap region complete equilibrium 
is not achieved. 

The predicted single-particle spectrum is compared with experiment 
(84 MeV/A) in Fig. 7.1. Substantial agreement (note that this is a semilog plot) 
is obtained. However, the slope parameter for the high-energy tails increases 
with angle, in agreement with the momentum space Fokker—Plank equation 
[see (6.31) et seq.] Correspondingly, the angular distribution is strongly 
anisotropic, indicating the dominant presence of multistep direct processes (see 
Fig. 7.2). A similar result prevails at 250 MeV/A. Equilibrium, which requires 
an isotropic distribution, is not attained. The author concludes that the 
hydrodynamic approach is not valid at 84 MeV/A, and this writer would 
add—probably not at 250 MeV/A. 


8. TIME-DEPENDENT HARTREE-FOCK METHOD! 


The Lorentz—Boltzmann approach of Section 7 1s not valid in the low-energy 
domain (energies ~ 10 MeV/A). The Pauli principle and quantum effects must 
be treated carefully. Because of the Pauli blocking, the effect of collisions of a 
low-energy nucleon with the nucleons of the nucleus is strongly reduced, 
increasing the mean free path so that at 10 MeV it is on the order of the diameter 
of the nucleus. As many fewer nuclear states are involved, quantum effects 
become significant. However, it is just under this regime that the mean field 
approximation becomes valid. The nucleon is acted on by an average field 
generated by all the nucleons in the nucleus whose coordinates essentially 
disappear from the problem to be replaced by the parameters describing the 
mean field (e.g., the nuclear radius). The zeroth approximation to the mean field 
is the Hartree-Fock approximation. To improve upon it, one can use the 
time-dependent Hartree-Fock (TDHF), described in Section III.3 of deShalit 
and Feshbach (74). As shown there, for small deviations from the Hartree- 
Fock approximation, one obtains the RPA approximation [Thouless (61); 
Kerman and Koonin (76) ]. However, in the case of heavy-ion collisions, we are 
concerned with relatively large deviations. The method to be used was first 
proposed by Dirac (30), and applied to large-amplitude dynamics and heavy-ion 
collisions by Kerman and Koonin (76) and Bonche, Koonin, and Negele (76) 
to a one-dimensional case. 

We begin with a variation principle for the time-dependent many-body 
Schrodinger equation: 


nA 
I 
oO 


(8.1) 


‘Kerman and Koonin (76); Negele (82); Davies, Devi, Koonin, and Strayer (84); Pal (85). 
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where 


S= fa [at drgd de Pty t) 
_ Oo 
| 0S — Heenan, on) [Meer (8.2) 


Varying ‘P* yields the time-dependent Schrodinger equation for V. The trial 
function to be used in TDHF is a time-dependent Slater determinant: 


Wi (ry, ¢) W1(Fr2,) Will, t) 


1 ((¥,,¢ r,,t r,t 
Yoo L_|Yatted) alta) alent ey 
WAry, t) VA or t) Willa, t) 
where the trial single-particle wave functions are orthonormal: 
Wt, OLY) > = Oy, (8.4) 


Inserting sp for V in (8.2) and varying with respect to y* yields the one-body 
equation for y,: 


ow 


ot 


ih 


"=Ty,+> | dr adr’ dr w*(r2, ()o(r1, 1250), 6 2) Ar, tw (r, t) 
=(T+V)y, (8.5) 


In this equation, T is the kinetic energy operator. We have assumed that the 
potential v in H is two-body operator: 


WT]. Ty...) = Or, rer, ror, —r)- 6; 1 — 8-004, —Mae 
o(r;_, —¥j_ OUT 54 1 —U41)'7 9, — F,,)- 
The quantity 0 in (8.5) is then 
B(e 5125 F51) = (P1125 FF) — OE as HG) (8.6) 


Equation (8.5) yields a set of coupled nonlinear equations whose solutions give 
the time and spatial dependence of the single-particle wave function y,/(r, t). 
The time-independent Hartree-Fock equations are obtained by assuming that 
each particle wave function has an exponential dependence on time. Note that 
when v satisfies translational invariance, that is, 


(11,1230), 1%5) = Or, — ror. — u(r, — ra) 
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then 
b= (or, —r')o(r. — 1) — Or, — ry )o(r, — r,) Jo(r; — 2) 


Equation (8.5) becomes 


ie =Ty,+ Y [ars tupeaW tee = wr (rs )W Fw (2) Jory —T1) (8.7) 
The first term in brackets is the direct or Hartree term, the second term is the 
exchange or Fock term. The direct term is local, while the exchange term is 
nonlocal. 

The trial function, ‘Ys5p, will not provide a complete description of the nuclear 
state no matter how accurately (8.5) is solved, as only the correlations induced 
by the Pauli exclusion principle are present. The correlations induced by the 
potential v are not. As a consequence, one can expect that the matrix elements 
of only single-body operators will be given accurately using ‘V,p. It would not 
be correct to use ‘Yop, to evaluate matrix elements of two- (or more) body 
operators. 

The TDHF equations (8.5) imply a number of conservation laws. One asserts 
that the orthonormal condition (8.4) holds at all times t. To prove this, consider 


if. oll eee pees 
id dry (r, lr, t) = | a Veen Vi, 


Substituting from (8.5), one obtains 


aru thy ,(r, t) == — - | dr[y*(T + V)'W, —w*(T+ Vp,J =0 


The expectation value of any one-body operator that commutes with H is 
conserved [Koonin (79) ]. To prove this, we calculate 


cae 8) Ge ry (r,t) +0, DOr) 


© <sn0Usp) =) | ava OWE we] 


Replacing the time derivatives by the right-hand side of (8.5) yields 


© (55050) =2Y, |arde [ye 168 — HOW e0) 


where 


H=T+V 
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The proof is completed by replacing V by its definition in (8.5). Quantities that 
are conserved include the expectation value of #, the TDHF energy, the 
expectation value of the total momentum, and the total angular momentum. 


The time-dependent Hartree-Fock equations can be reexpressed in a 
representation-independent form using the density matrix p(r,r’,t), where . 


o(r,r’;t)=n | W*(r,1,,...,)Y(",1),...,0) dry - (8.8) 


The expectation of a one-body operator >:,O(r,,r,) is 


(POV) = | Or’, r)o(r, r’, t) drdr’) = tr Op (8.9) 


where the trace is taken with respect to the spatial coordinates. We note another 
property of p using determinantal wave functions, (8.3), for ‘. In that case 


p(r.r5t) => wr, wer’, t) (8.10) 
mM 
and 
| pr, rs Hor’, r’; t)dr’ = p(r,r”, t) (8.11) 
Or in operator language, 
p> = p (8.12) 


In terms of p, (8.7) becomes 


vy 


ih aa =Ty,+ [rset ro; Cu(r, — r2)P(ri, 2) 


= [dese rp; t)o(r, —¥2)W,(r2) (8.13) 


which we abbreviate as follows: 
OW 
ie. = [h(r,,r2; 0W,(r2) dr, (8.14) 


It is now possible to derive the equation of motion for p using the representation 
(8.10). One obtains 


0 
ine = [arate ro, to(r2, r’, t) =. ptr, rp; t)h(r2, ae t) | (8.15) 
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Equation (8.15) can be written 


incl = [h, p] (8.16) 
Ot 


The one-body Hamiltonian, h, depends on p, so that (8.15) is nonlinear, as is 
the equation for y,,. 

Equations (8.12) and (8.16) are the starting points for Baranger and Vereroni’s 
(78) formulation of the adiabatic limit to TDHF. These authors point out that 


p=e%p,e ™ (8.17) 


satisfies (8.12), where po is time even and satisfies p5 = po. When x is sufficiently 
small, o may be expanded in a power series in terms of the odd and even 
components of p. The equations relating them is obtained from (8.16). By 
constraining py to be time even, the odd-time dependence is given by y. 

We return to the TDHF single-particle equation (8.5). To complete the 
description of this equation, one needs to specify the interaction potential, 6, 
and the initial conditions. Integration of these equations is a very large task, 
so that one seeks to minimize the labor involved subject to the condition that 
no essential physics be lost. In this case, one selects a 6 that leads to local mean 
field, V, in (8.15). Toward this end one starts with the Skyrme potential [see 
Eq. (VII.18.24) in deShalit and Feshbach (74) ] which leads to (VII.18.29) in the 
same reference for the single-particle Hamiltonian H(r). Most of the calculations 
do not keep the spin-orbit terms, while the terms in the gradient of the density 
are replaced by a Yukawa-type interaction. The exchange properties of the last 
are chosen so that the resulting potential is local. Finally, one notes that 
(VII.28.29) of deShalit and Feshbach (74) is correct only for a stationary system 
such as the ground state. For moving system, (VII.18.29) of the same reference 
is written in a Galilean invariant form. This means that terms like pT, where 
T is the kinetic energy density }°|Vy,|?, are replaced by pT — J? where, 


J=) Im [y*Vv,] (8.18) 


The resulting single-particle Hamiltonian is 


fi 
H = ec d(r) = | ao) S(T, + T,) + 5tol(2 + Xo)PnPp + 3(1 — Xo)(Pn + P5)1] 
+ a(ty + to)L(Pn + PMT, a T,) _ (J, + J,)"] 
+ gto — ty) LOnTn — Je + PpTp — Jp] + ats(PnPs + p56.) 


+ 40, [E,(Pp Pn) + Ey(O ps Pp) 1 + VyEy(Pp Pp) + ClPp Pp) (8.19) 
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TABLE 8.1 Parameters of the Effective Hamiltonian 
Density [Kq. (8.19) ] 


SK II SK III Local 
tp(MeV -fm°) — 104.49 — 333.47 — 497.726 
Xo 4.01 1.743 0 
t,(MeV-fm°) 585.6 395.6 0 
t,(MeV-fm°) —27.1 —95.0 0 
t3(MeV-fm°) 9331.0 14,000.0 17,270.0 
v, (MeV) — 444.85 — 355.79 — 363.044 
v, (MeV) — 868.63 — 619.60 — 363.044 
u(fm ~!) 2.175 2.175 2.175 


m*/m 0.58 0.76 1 
Source: Negele (82). 


The quantities E, and C are defined as follows: 


—yplr—-r’| 
E (Pa Po) = {a ar a 0A0)pp(F') 
(8.20) 
Clpp p,) =e" | | mr dr’ PPA) 


Ir—r 


The parameters of this Hamiltonian are to fo,t,,t2,t3,v,,v,, and yp. The 
parameters [see discussion in deShalit and Feshbach (74, p. 626) ]| are fixed by 
the volume, surface, symmetry energies, and the value of the effective mass, m*. 
The value of the parameters are listed in Table 8.1 for these variants of the 
Skyrme potential. 

The Hamiltonian governing the evolution of the single-particle wave function 
will have the form [see (VII.18.33) in deShalit and Feshbach (74) ] 


h? 1 
V+U(r)+—(V°I4+I-V 
2m* (r) 51! ) 


where m*, U, and I depend on the densities and currents present in (8.19). A 
list of the calculations done with each of the forces above is given by Negele (82). 

We turn next to the initial conditions obtained when the ions are far apart. 
Each ion is described by a Slater determinant. The single-particle wave functions 
are given by solutions of the Hartree-Fock equations boosted to the initial 
velocity of the ion. If the solutions of the Hartree-Fock equations are w°(r) 
with energy ¢,, the boosted initial wave function is 


h(n, t) = ert A GRAVE YO(p — yp) (8.21) 
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where E is the kinetic energy of the ion and AK is its momentum. The density 
matrix and potential energy transform as follows: 


p(r,r’, t) = ef R/C 1) (Op — vt, r’ — vt) (8.22a) 
and 


V(r, r’t) = F401) Op — ve, r’ — yt) (8.22b) 


The Slater determinant formed using y“ cannot be factorized into a wave 
function, depending only on the center-of-mass coordinate and a wave function, 
depending only on coordinates relative to the center of mass, R. The latter wave 
function will also depend on R. However, it vanishes when R is outside the ion. 
Therefore, one is dealing with a center-of-mass wave packet 2R in diameter, 
where R is the nuclear radius. The corresponding spread in the center-of-mass 
momentum is 


h 
ADem = — 
Pom IR 


and the spread in energy is 


AE h 
E  R(QmAE)!!? 


For an oxygen beam whose energy is 2 MeV/A, AE/E = 0.07, suggesting that 
the results of the TDHF approximation for light projectiles has a limited validity. 


A. Collision of Semi-infinite Slabs 


The collision of two semi-infinite slabs of finite thickness permits great 
calculational simplifications. In addition, slab collisions permit a clear-cut study 
of the behavior of the longitudinal degrees of freedom. This is especially 
instructive because in the fully three-dimensional collisions the coupling between 
longitudinal and transverse motion proves to be weak. — 

The single-particle wave functions are of the form f(x, y)@,(z,t)7,¢, where y- 
is a Spin-isospin wave function. When f(x, y) is a plane wave, exp (ik , -r), where 
hk , is the transverse momentum, the function, @,(z, t) satisfies, as indicated, a 
one-dimensional time-dependent Schrodinger equation. The interaction 
potential v(r,r’) is given by 


| 
u(r, r’) = tod(r — 1’) + 5t36(r — r’)p(r) + Cer (42+4P,) (8.23) 
ulr—r 


where P,, is the space-exchange operator. The combination (+2 + 4P,,) is chosen 
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so that the resulting mean field, V(z,t), is local and has no spin or isospin 
dependence. Substituting in (8.4) yields 


Vo 1” 
V(z, t) = 3top(z,t) + 4t307(z, t) + 2x = | dz'p(z',t)e "7-7! = (8.24) 
U 


— @ 


and 


Se =e Ved. (8.25) 
Zz 


Initially (t = 0, not boosted), ¢, is the self-consistent Hartree—Fock solution of 


h? d? 


2m dz? Pp + Viz) (8.26) 
maz 


En gp re 


To complete (8.25) and (8.26) an expression for p(z, t) in terms of @,, is needed. 


-I5 -l2 -9 -6 -3 O 3 6 9 l2 15 
Z (Fm) 


FIG. 8.1. Density distributions for E/A =0.5 MeV [From Negele (78). ] 
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We begin with (8.10). Initially [not boosted; see (8.22) ], 
(0) (0) 2 3 dk | (0)/,)|2 
p= EWP NP =4D |; ok 1d) 


The integration on k, covers the range from ¢«, to ¢,, the Fermi energy, with 
the result 


pz) = d, A, |b (z)/7 (8.27) 
where 
== (cr 26) (8.28) 


Since there is no coupling between the transverse and longitudinal modes, p(z, t), 


0.20 


#0.10F 
, 


pa pee = 


E/a= 3.5 Mev 
<#0 


P(Z)(fm 


15 -l2 -9 -6 -3 O 3 6 9 1/2 55 
Z (fm) 
FIG. 8.2. Density profiles p(z,t) at sequential times t, specified in units of 1072's, for a 
cm energy E/A = 3.5 MeV. [From Negele (82).] 
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as needed for the calculation of V(z, t), (8.24), is 
p(z,t) = ZA, | ¢,(2, t)|? (8.29) 


The initial conditions are obtained by boosting the wave functions appropriately 
[see (8.21) et seq.]. The solutions are obtained by numerical integration of (8.25) 
using (8.29). In the calculations to be reported below, the constants used are 
taken from the “local” column in Table 8.1. These yield a nuclear matter density 
of 15.77 MeV per particle at kp; = 1.29fm~'*. 

Figures 8.1, 8.2, and 8.3 give the density profiles as a function of time for 
the incident energies 0.5, 3.5 and 25 MeV/A. In the first (Fig. 8.1), fusion 1s 
indicated. In Fig. 8.2 the two slab pass through each other, but the final states 
of both systems are highly excited. In the high-energy case, fragmentation occurs. 
A detailed examination of these examples reveals two phenomena: (1) because 
the collision modifies the relative phases, the original coherence of the 
single-particle wave functions is destroyed; and (2) strong dissipation occurs. 
The second is related to the first since the destruction of the coherence 
characteristic of the ground state leads inevitably to excitation, so that some 
of the initial kinetic energy is converted into excitation energy. The large loss 
of kinetic energy is shown in Fig. 8.4. There are some energies, for example, 
near E/A =2 MeV, for which the energy loss is reduced. The loss of coherence 
occurs because the changing mean field affects each single-particle wave function 
differently, as can be seen from Fig. 8.5.-Importantly, one sees that although 
two-body collisions are not included, the variety of phenomena, especially 
the large dissipation observed in heavy-ion collisions, is reproduced by 
the TDHF. 


B. Collision of Realistic Systems 


The integration of the time-dependent single-particle equations obtained from 
(8.19) by varying w* is a formidable task. One must keep track of (A, + A2) 
complex numbers in a (3 + 1)-dimensional space. Simplifications in addition to 
those already described are essential for a programmatic study of many cases. 
As we shall see, these involve restricting the functional dependence of the 
single-particle wave functions, effectively decreasing the number of degrees of 
freedom of the system. Such constraints will reduce the dissipation and increase 
the time required to establish equilibrium. With this caveat in mind we shall 
now proceed to describe two simplifications commonly used. [See Davies, Devi, 
Koonin, and Strayer (84) and Negele (82) for a more complete discussion of 
these and other methods. ] 

One procedure reduces the dimensionality to 2 + 1 dimensions by assuming 
axial symmetry. In the “clutching” model [Koonin, Davies, et al. (77)], the 
single-particle wave functions are taken to be 


W(r) = x,(r, ze"? (8.30) 
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FIG. 8.3. Density profiles as a function of time for center-of-mass energy E/A = 25 MeV. 
[From Negele (78). ] 
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E/A = 2.4 Mev 
A = 1.4 tm? 


--- 1 2032x1075 
— 1=048x 10s 


-40 -30 -20 -10 e) 
Z (fm) 


FIG. 8.4. Density profiles and velocity distributions for separating slabs showing particle 
emission. Only the left-hand plane is shown for this symmetric collision. The velocity 
is specified by B = v/c. [From Negele (82). | 


In this equation cylindrical coordinates are used, the symmetry axis is along z, 
and hm, is the angular momentum around the symmetry axis. The single-particle 
time-dependent equation for yw, now reduces to an equation for y,. The wave 
functions y, are regarded as intrinsic wave functions of a rotator as in the 
Bohr-—Mottelson—Nilsson mode. One must add to the Hamiltonian of (8.1) the 
rotational energy in the form L?/2.¥(p), where L is the initial angular momentum, 
a constant of the motion, and .4(p) is the moment of inertia. The rotation is 
about an axis perpendicular to the reaction plane. The moment of inertia is 
taken to be that of two point masses a distance R apart when the colliding 
nuclei are not overlapping: 


A, A, 


m—_——~— 2 
A,+A, 


eer = 


When the nuclei overlap (taken to be when the overlap density is one-half the 
saturation density), the rigid moment of inertia is used, that 1s, 


JF gig = 2M | [a dz(z*.+ r?)p(r, z) 
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0.10 | E/A + 3.5 Mev | | 


An |pn (Z) |? (fm) 
W(Z) (MeV) 


— ~ cnn, 


Z (f m) 
FIG. 8.5. Contributions of individual single-particle wave functions for the collision 
shown in Fig. 8.2. In the upper graphs, the mean field is denoted by the long-dashed 
line, with the scale shown to the right. The contributions to the density of the lowest 
orbital and third orbital originating in the left slab are indicated by the solid and 
short-dashed lines, respectively. The bottom graph displays the contributions of the 
second and fourth orbitals at the final time. [From Negele (82). | 


In a second procedure referred to as the “2D frozen approximation” [Devi and 
Strayer (78), Koonin, Flanders, et al. (78) ], itis assumed that w, can be written 


W AE, t) = Puls Ys )Xu(Z) (8.31) 


This approximation is based on the presumption that most of the dynamical 
effects occur in the reaction plane, that is, that there is little change in the z 
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dependence of w, with time. This ansatz is borne out by the few 
three-dimensional calculations that have been performed. The function x, is 
chosen at t=0 to be a harmonic oscillator wave function whose scale is chosen 
sO as to minimize the Hartree—Fock energy for the separated nuclei. This model 
has an important advantage over the clutching model in that it permits the 
excitation of nonaxially symmetric modes, thereby permitting more possibilities 
for energy dissipation and a more rapid approach to fusion and equilibration. 

A further approximation, the “filling approximation”, is made with respect 
to open-shell nuclei whose Hartree-Fock states would show a high degeneracy. 
For these cases the expression for p (at t = 0) given by (8.10) is replaced by 


p = din,wb(r, Owe (r’, 0) (8.32) 


where n, are the fractional occupation probabilities. This quantity is adjusted 
so that the resulant mean field is spherically symmetric; that is, n, = 1 for filled 
shells and equal to m/2(2/+ 1) for a shell of orbital angular momentum | 
containing m particles. Moreover, these probabilities are assumed to be time 
dependent. 

The TDHF theory provides a microscopic understanding of the macroscopic 
parameters described in Sections 1 to 5. Good qualitative understanding or 
agreement is obtained for the most part. There are discrepancies. For example, 
the experimental values of the widths of the charge and mass distributions are 
very much larger than the TDHF values. Cross sections cannot be obtained, 
as that would involve calculating the matrix elements of a many-body operator. 
The TDHF method is accurate for the matrix elements of one-body operators. 
In view of the approximation made, more precise methods for evaluating their 
validity and in estimating the theoretical error on the TDHF calculations are 
needed. At the present time, tests are made by comparing the results obtained 
using, for example, the models described above with each other and/or with 
three-dimensional calculations for various cases, colliding nuclei, energy, and 
angular momentum. 

We consider fusion first. A good example is shown in Fig. 8.6. More generally, 
a fusion event 1s defined as “one in which the coalesced one-body density survives 
through at least one rotation or several oscillations of its rms radius” [ Davies, 
Devi, Koonin, and Strayer (84)]. The fusion cross section is defined by the 
equation 


lm 
Sop = (21 + 1) = Dag + 1? — (Ip + PI (8.33) 
K2 ie K2 


Note that this equation differs from (2.5) in that it leaves open the possibility 
that the orbital angular momenta from /=0 to !=1,,— 1 do not contribute to 
the fusion cross section. For a given reaction, the values of |,, and l,, are 
determined by interpolating TDHF calculations for various values of I. 
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'2>+'6Q FUSION CROSS SECTIONS 
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FIG. 8.7. Fusion excitation functions for (a) 12C 4 160 and (b) !2C + 180 collisions are 
compared with the experimental data. [From Krieger and Davies (79). | 


TABLE 8.2 
(Ing) max 

System TDHF Liquid Drop 
169 4 16O 31 32 

169 427A] 45 43 

169 + 24Mg 42 42 

169: 4:9Ca 62 58 

28Si + 78Si 50 58 
49Ca + 4°Ca > 60 67 


'6O + °3Nb =77 86 
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ere) 
I TDHF-FORCE I 
--- OPTICAL MODEL 
— "EXPERIMENT" 


L(h) 


20 40 60 80 lOO I2O 
EY ay(MeV) 


FIG. 8.8. Angular momentum limits to fusion for 1*O + !°O collisions. Also shown in 
the upper angular momentum limit extracted from the optical model total reaction cross 
section and the “experimental” lower limit. [From Bonche et al. (78).] 


60 60 
BO, 6H 28 gj, 28s; 

40 

f 

20 

O 50 lOO fele) 200 
E em Fem 
\ 
604 *°Ca 


Cem 


FIG. 8.9. Fusion regions, indicated by shaded areas, specifying the ranges of initial 
angular momentum | in units of 4 and center-of-mass energy, E,,,, in MeV for which the 
TDHF initial value problem leads to a final state interpreted as a fused compound 
system. [From Negele (82). ] 
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1130 MeV L=100f 


Neutrons 


Time (10°2'S) —= 


Ug (z.t) MeV 


0 4 8 12 16 20 24 28 32 36 40 44 48 O 4 8 12 16 20 24 28 32 36 40 44 48 


Z (FM) Z (FM) 
FIG. 8.10. Time evolution of the proton and neutron Hartree-Fock potentials along 


the symmetry axis for '°°Xe+ ?°°Bi at E,,,=1130MeV and /= 100. [From Dhar, 
Nelson, Davies, and Koonin (81). ] 
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An example of the agreement of experiment with theory is illustrated in 
Fig. 8.7. One notes the linear dependence on 1/E in agreement with (2.7), 
permitting a determination of the macroscopic parameters R, and V, of that 
equation. This is shown in more detail in Fig. 8.8, where the value of |,, using 
(2.6) is plotted against the TDHF results. In Table 8.2 we compare the maximum 
vaue of |,, as a function of energy beyond which fusion does not occur (as 
discussed in Section 2, the compound nucleus cannot sustain higher values of 
ly) With the values obtained from the liquid-drop model [Cohen, Plasil and 
Swiatecki (74) ]. 

One of the surprising results obtained in TDHF calculations is the existence 
of a minimum value of 1, |, of (8.33) which is greater than zero. This is referred 
to as the angular momentum window. This is illustrated in Fig. 8.9. 

We turn next to deep inelastic collisions. We restrict the discussion to heavy 
nuclei, for in those cases the collision is dominated by the deep inelastic process, 
as fusion is highly improbable. Consider the collision of !*°Xe with ?°?Bi at a 
laboratory energy of 1130 MeV (about 8.3 MeV/A). The time evolution of the 
TDHF proton and neutron potentials along the symmetry axis for /| = 100 is 
shown in Fig. 8.10. We see the merging of the two potential wells to form a 
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FIG. 8.11. Comparison of calculated points with the experimental Wilczynski plot for 


'3°Xe + ?°°Bi at E,4,=1130MeV. The calculated points for various initial orbital 
angular momenta are connected by a full line. [From Dhar, Nelson, Davies, and Koonin 


(81).] 


8. TIME-DEPENDENT HARTREE-FOCK METHOD 
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FIG. 8.12. Equidensity contours at various times during a ®°Kr + !3°La collision at 


Fiap = 710 MeV and /= 100. The symmetry axis lies along the line joining the mass 
centers of the projectile and target. All times are in units of 1072's. [From Davies, 


Sandhya Devi, and Strayer (79).] 
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common well and then the reformation of the original two wells plus an 
additional well. More about this later. A popular way of summarizing the 
experimental data is the Wilczynski plot, in which the cross section contours 
are plotted in the total kinetic energy, and 6@,,, plane. Such a plot is shown in 
Fig. 8.11. The TDHF calculations are given by the connected points, which plot 
the total kinetic energy versus the scattering angle. Each impact parameter 
(indicated by J) in a TDHF calculation yields a point on this line. It is presumed 
that the line will follow the ridge of the cross section contours. We see the 
characteristic very rapid drop on kinetic energy followed by a slower rate of 
decrease. We also observe that the TDHF energy loss at “small” / is not as 
large as the experimental results require. This is a common failure of the TDHF 
calculation (and the charge and mass distribution mentioned above). However, 
apart from this problem, the TDHF results are in semiqualitative agreement 
with experiment. One feature should be noted—namely, that there is a large 
interchange of target and projectile nucleons. One may also use the calculations 
to compare with the macroscopic phenomenology of Nix and Sierk discussed 
in Section 2. These authors introduce the coordinates R, measuring the 
separation of the ions, and o, the elongation. 

The TDHF calculation predicts the early emission of neutrons in the process. 
This occurs because the projectile nucleon energy in the common well (see 
Fig. 8.10) exceeds the Fermi plus binding energy. A more unexpected 
phenomenon is the production of an a-particle at scission. This is illustrated 
in Fig. 8.12. Returning to Fig. 8.10, we note the formation of three wells at 
2.4 x 10~**s. The well in the center governs the evolution of the «-particle. 

The TDHF method thus provides good insight into the dynamics of the 
low-energy heavy-ions collisions. Its major failure is that it does not provide a 
method for the calculation of cross sections. 


CHAPTER IX 


HIGH-ENERGY NUCLEAR PHENOMENA 


1. INTRODUCTION 


In this chapter we consider reactions induced by projectiles whose energy per 
particle is in the GeV or sub-GeV range. The projectiles are, for the most part, 
electrons and protons, although there will be some discussion of relativistic 
heavy-ion projectiles. The phenomena discussed includes elastic, inelastic, and 
quasi-elastic scattering and, in the case of relativistic heavy ions, fragmentation. 
The production of bosons with various values of hypercharge and their 
interaction with nuclei will be left to Chapter X. These areas of physics, those 
in this and the next chapter, are referred to as medium-energy nuclear physics. 

High energy translates into high momentum and short wavelength. Because 
of the short wavelength and relatively weak interaction of the electrons, high- 
energy electron accelerators are effectively electron microscopes, studying the 
nucleus and, at sufficiently high energy, the structure of the individual nucleons. 
As we shall describe, through the use of electron scattering, we are able to obtain 
a detailed understanding of the spatial distribution of charge and current in 
the target nucleus. It should be emphasized that such results can be obtained 
only because the properties of the probe, the electron, and its interaction with 
the electromagnetic field in this case generated by the target nucleus as given 
by quantum electrodynamics are so very well known. 

In more detail, the matrix elements of nuclear charge and current can be 
directly related to the nuclear multipole moments. These are of two types, the 
Coulomb and the transverse electric and magnetic. The latter also occur in the 
description of photon emission [see deShalit and Feshbach (74, p. 689)] with 
identical selection rules (deShalit and Feshbach (74, p. 670) ]. The selection rules 
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associated with the Coulomb multipole moments are the same as those for the 
transverse electric multipoles. The information obtained from electron scattering 
is much richer than that which can be extracted from photon-induced transitions. 
In the latter case, there is only one independent variable, the energy transfer w 
in units of h, whereas in electron scattering there are two, the energy transfer 
and the momentum transfer q in units of h. Of course, momentum transfer does 
occur in the case of photon reactions. But its magnitude is w/c. In electron 
scattering the momentum transfer and the energy transfer are not coupled; q 
can differ from w/c by several orders of magnitude. Electron scattering thus 
yields the g dependence of both the transverse and Coulomb multipole moments, 
and by Fourier inversion their spatial dependence. One is thus able to map the 
charge and current distribution experimentally and compare them with the 
predictions of theoretical models. 

In particular, the transverse moments that measure the nuclear current 
distribution are, according to the shell model, sensitive to the wave functions 
of the valence neutrons and protons. This follows from the fact that the net 
current generated by the core is zero. On the other hand, note that the Coulomb 
moments are sensitive only to the proton distribution. Fortunately, by choosing 
appropriate kinematic conditions it is possible to measure separately the trans- 
verse and Coulomb moments. 

These results assume that the nuclear charge and current operators are 
one-body operators, given by (VIJ.2.1)—(VII.2.4) in deShalit and Feshbach (74). 
Fhis is an approximation, as there are two-body terms as well, such as those 
given by exchange currents and exchange charge [see Section VIII.3 in deShalit 
and Feshbach (74) ]. Before claiming the observation of exchange currents, one 
must use sufficiently accurate nuclear wave functions in the evaluation of the 
nuclear matrix elements. For example, the independent particle description must 
be supplemented by configuration interactions [Chapter V in deShalit and 
Feshbach (74) ] and by correlations (Chapter III and VII of the same reference). 
In some cases, those in which the spin—isospin (ot) transitions dominate, the 
excitation of the nucleons to A’s may be important. 

Because of the high energy, the electron can excite states in the continuum, 
such as isobar analog states and the giant resonances. Because of the associated 
high momentum, one can study multipoles of high order and one can form 
stretched nuclear states. Because of their high energy the electrons can eject 
one or more nucleons from the target. The underlying process, quasi-elastic scat- 
tering, is the collision between the electron and nucleon in the nucleus. Its 
cross section peaks at an energy transfer w for large enough g at g?/2m* + ¢, 
where m* is the nucleon’s effective mass and ¢ is its binding energy. In a Fermi 
gas model the width of the quasi-elastic peak is k,q/m* (see I.3.9). Removing 
a nucleon in an (e, e’p) or (y, p) experiment may permit a determination of the 
momentum distribution of a single-particle state and the lifetime of a deep 
one-hole state. At still higher energies the electron can excite the individual 
nucleon, forming the nucleon isobar A, which can decay by emitting a pion. 
Direct pion production without the intermediary of a A will also occur. These 
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FIG. 1.1. Schematic electron energy loss spectrum. Region I, elastic scattering; II, 
excitation of discrete levels; III, excitation of giant resonances; IV, quasi-elastic scattering; 
V, pion production and A formation; VI, N* formation. 


various possibilities are shown in Fig. 1.1, which schematically pictures the 
electron spectrum at a given q. 

When an electron is scattered by a nucleus, there is a high probability that 
it will also emit a photon. As a consequence of this energy loss, the elastic and 
inelastic scattering cross sections will exhibit a tail on the low-energy side, usually 
referred to as a radiative tail. The observed cross section will, in addition, depend 
on the energy resolution, AE, of the detector since it will count electrons that 
have radiated photons whose energy is less than AE. These effects can be calcu- 
lated with great accuracy [Schwinger (49b) ] and the experimental cross section 
unfolded to yield the radiation-free cross section. It is this corrected cross section 
that is usually quoted in the experimental papers. Figure 1.1 is qualitatively 
correct only in this sense. Otherwise, the gaps between levels as shown in 
Fig. 1.1 would be partially filled in. An. experimental example is shown in 
Fig. 1.2. The radiative corrections are thoroughly described by Uberall (71). 

As this is being written, electron scattering studies are entering a new era in 
which it is anticipated important advances in our understanding of nuclei will 
be obtained. Up to recently, the electron accelerators had a low duty cycle. As 
a consequence, some experiments were difficult. The new CW (~ 100% duty 
cycle) accelerators, some already available and others under construction, will 
make greatly improved coincidence measurements possible as well as make 
available tagged and thereby monochromatic y-ray beams. In addition, there 
is the prospect of polarized electrons and polarized internal jet nuclear targets. 
With coincidence experiments one can reduce the radiative tail background 
enormously (see Fig. 1.3). 

With these new tools it becomes possible experimentally to measure the 
individual multipole moment amplitudes separately. With the low-duty-cycle 
accelerators, a complicated model-dependent analysis is necessary. It will also 
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FIG. 1.2. Sample electron excitation spectrum for !**Gd. The incident electron energy 
is 219 MeV. The scattered electron is observed at 52.5°. [From Bates Linear Accelerator 
proposal (84). | 


become possible to observe the particle emission from giant resonances and 
make improved measurements on deep one-hole and stretched states. 

The experimental studies undertaken with high-energy protons are very 
similar in character to those described above using electrons. Elastic and inelastic 
scattering, including excitation of discrete levels, of the giant resonances of 
one-hole and stretched states, A and pion production have been observed. 
Polarized beams have also been used. There is, of course, one very great 
difference: namely, the interactions in the proton case are “strong” and not 
completely known. One must rely on multipole scattering theory (Chapter IJ), 
in which proton—nucleus interaction is approximated by an optical potential 
V. In its simplest first-order form, V in momentum space is given by 


V(k, k’) = (A — 1)p(—q)ts(q) (1.1) 


where / is the nucleon density operator and f,(q) is the transition matrix operator 
for nucleon—nucleon scattering. The vector q is the momentum transfer (k, initial 
momentum, k’ final momentum). The function t, is evaluated at the center-of- 
mass energy of the nucleon—nucleus system with due regard for the transform- 
ation from the nucleon—nucleon system (see II.7). The discussion in this chapter 
will rely on (1.1). 

By taking matrix elements of V, the appropriate potentials for various 
experimental situations can be obtained. For elastic scattering 


Voo = (0|VIO> = (A — 1) <0] AE/0> (1.2) 
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FIG. 1.3. Single arm and coincident (e,e’n) spectra from ?7°°Pb. The coincidence 
condition removes the radiative tail, revealing the excitation of giant resonances. [From 
Frois and Papanicolas (87). | 


where |0> is the ground-state nuclear wave function. For inelastic scattering to 
a level | f>, the transition potential is 


Vio = (A — I< f | AE10> (1.3) 


Since ¢ depends on the spin and isospin operators, Vo, and Vo will depend on 
various spin and isospin components of the elastic and transition density, 
respectively. These combinations differ from the electron case, so that 
nucleon—nucleus scattering provides information which complements that 
obtained from electron scattering. 


Equation (1.1) is a first approximation to V. Higher-order approximations 
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involving higher powers of f have been obtained. These depend on correlation 
functions. 

2. ELECTRON SCATTERING 

Let us begin with some kinematics. The incident electron with four momentum 


k,(k, E) is scattered through an angle 9. We shall work in units with h=c=1. 
Its final momentum 1s k’ (k’, E’). The three momentum transfer is q: 


q=k—k’ 
while the energy transfer is w: 
w= E— E’ 
The magnitude of q is 
q? = (k? — 2kk' cos 9 + k’'*) Gay? 4k? sin? 4.9 (2.1) 


Since the electron energy will be very much greater than its rest mass, k = E 
and k’ = E’. In this limit 


q? =m? + 4EE' sin? 39 (2.2a) 
and 
q. = q°? —w* =4EE'sin?$9>0 (2.2b) 


For elastic electron scattering, the target nucleus will recoil with a momentum 
q, so that 
w =(q* + M’)'* -—M (2.3) 


where M is the mass of the target (mA). Transposing M to the left-hand side 
of this equation and squaring yields 


I 2 
sai 2.4 
O° 5g tH (2.4) 


In (2.2b) replace E’ by E — w = E —(1/2M)q%. Solving for q* yields 


I 
q7, = —(4E’ sin? $8) (2.5) 


rec 


where 


2E . 
fc: a7 sin? 59 (2.6) 


2. ELECTRON SCATTERING 685 


From (2.3) 


q? = 20M) (1 i <=) (2.7) 


and finally from (2.4) and (2.6), we obtain 


E 
E' =— 2.8 
hee 


In the foreward direction (9 = 0), FE’ equals E. 


A. Elastic Scattering from Spin-Zero Nuclei 


The modern era in electron scattering was initiated by R. Hofstader by his studies 
of the elastic scattering of electrons by spin-zero nuclei. This is perhaps the 
most highly studied process involving electrons. Very great accuracy has been 
achieved. To start with , we assume that the nucleus is describable by a static 
(time-independent) charge distribution p(r). The resulting electrostatic potential, 
@, is the solution of the Poisson equation: 


V7¢= —4np (2.9) 
In momentum space 
47 p(q) 
p= ow (2.10) 
q 
where 
p(q) = | e't" o(r) dr (2.11) 


We shall discuss the Born approximation to the scattering produced by @. It 
is of course necessary to employ the relativistic Dirac equation:+ 


Ly,(p, — eA,) — im]p =0 (2.12) 


*In the rest of this chapter f and c will be placed equal to unity. The four-vector p, has components 
(p, E), where p is the momentum and E is the energy. Similarly, A is the vector potential, A, = id. 


Finally 
0 -i 
Y=p,6 where p, = 
i 0 


686 HIGH-ENERGY NUCLEAR PHENOMENA 


The summation convention is used in this equation. For the situation under 
study, (2.1) becomes 


(Y,Pu — imp = iey,zow 


Multiplying by (y,p, + im), we obtain 


(p? — E* +m’) = ie(y,p, + im)y,oW 
or 
(V* +k?) = —ie(y,p, + im)y, ow (2.12’) 


so that the scattering amplitude operator, f, is 


f= - | ey py t imyg Quy” dr (2.13) 
Or integrating by parts, we have 

f= (4k, + im)y4 ferrous (2.13’) 
where k’, = iE. In the Born approximation 


wy, ely, (2.14) 


so that 


0 —ic \ 0 «¢ 
y= a= 
is 0 co 0 
1 0 
y = 
* \o -1 


Wy + VP yp = 20yy 


The y’s satisfy 


The trace of products of the y’s are [see (IX.11.22) in deShalit and Feshbach (74) ] 


tri =4 
try.) = 40,y 
tr(y,7,7,%o) = 4[6 6,., —d 6 + é 6 | 


wa vw wo va 


The trace of an odd number of »’s is zero. For more details, see the appendix to Chapter IX and 
p. 825 et seq. in deShalit and Feshbach (74). 
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where u; is a four-element columnar matrix given by (5.8) and (5.9) of the 
Appendix to Chapter IX in deShalit and Feshbach (74). These are positive energy 
solutions of the field-free Dirac equation with spin up and spin down, respect- 
ively. Introducing (2.14) into (2.13’), one obtains 


7 


5 nk, + im)y ai) (2.15) 
TC 


Employing (2.10) for @(q), f becomes 
~ le a 
f= quis + im)y4u;p(q) (2.16) 


The amplitude is thus linearly related to the Fourier transform of the charge 
density. The scattering amplitude to a given final state is 


ie p(q) a 
fix 2 Cur (yk, + im)y4u,> 


To obtain the cross section, one must square the magnitude of f,;, sum over all 
final spin states, and average over the initial ones: 


= ad 1 Srl (2.17) 


One can reduce the calculation of o to the evaluation of a trace by using the: 
projection operator P on the positive energy. This operator has been derived 
in deShalit and Feshbach (74, p. 825, et seq.). It is 


I . 
P= pee + im)y4 (2.18) 
so that (2.17) becomes 
ge ee oe 


where the subscript i, for example, indicates that in (2.18), k, equals the incident 
momentum and energy. Inserting f from (2.16), (2.19) becomes 


do __e* |p(q)|’ 


70 7? 8 trLya(y kU — im) (yk, + im)ya(y,k, + im)yavaka + im)y4] 


(2.20) 


The y,’s at the beginning and end of this expression cancel. The trace can then 
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be readily evaluated using the results in the footnote on page 686. One obtains 


Age. 2B? 2 _ Rr ein2d 
Oe OU kk +E? +m?) = lep (Pa 


p22 op 
dQ q* (2B? E sin? 49)? 


where f = v/c. The charge density p, of a zero-radius-point nucleus is 
Pol) = Zed(r) 
so that 


Po(q) = Ze 


The resulting cross section divided by Z? is referred to as the Mott cross section 
Ou: 


Z* Oy =(1— B? Te (2.22) 
(28° E sin* 59) 
2\2 Dkk 
(Ze*)* cos” 59 (2.23) 


seas a 
p-1 (2Esin? $9)? 


These results hold in the center-of-mass system or if the target mass M is infinite. 
In the laboratory frame, the recoil of the target must be taken into account. 
Repeating the calculation above in the laboratory frame leads to (2.21), which, 
however, must be multiplied by k’/k or «’/e in the zero-electron-mass limit. Then 
using (2.8), one obtains 


do 1 


in 77M or (2.24) 


This Born approximation result is valid at best for light nuclei. By a 
measurement of elastic electron scattering, one can in principle determine the 
charge density distribution. But there are several corrections. The most obvious 
is the effect of the nuclear Coulomb field on the electron wave functions. 
Therefore, the plane wave approximation for the electron wave functions used 
above is incorrect, especially for the large Z nuclei. Second, the calculation above 
is incomplete since it includes only the elastic scattering produced by the nuclear 
charge distribution. Scattering produced by the nuclear currents and magnetiza- 
tion are not accounted for. Finally, there are the effects of virtual inelastic 
scattering on the elastic scattering. These are referred to as dispersion corrections. 


B. Coulomb Scattering 


The wave functions for an electron moving in the Coulomb field of a point 
nucleus have been described in deShalit and Feshbach.(74, pp. 915-916). As in 
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that review, let the Dirac wave function wy be a two-element matrix, each element 


of which is a spinor 
= (2.25) 
v 


The wave functions u and v for the state with a given angular momentum, j, 
are products of a radial function and a function giving the spin and angle 
dependence: 


G(r) 


u(j,) = re m( Jo!) (2.26a) 
v(),)= oe io f)Y,,(j, 1) (2.26b) 

where 
Y (jl) = VG, lm] jm)y1/20)Y tm, (2.27) 


The spin wave function is x,,., while Y,,,, = i' Yin» Where Y,,, is a spherical 
harmonic. 
The equations satisfied by f and G for an arbitrary radial potential V(r) are 


(E—m— V)G+ nF = 0 (2.28a) 


dG G 
—(E+m—V)f+—+x—=0 (2.28b) 
dr r 
where 


-4 ge 
= -t1+0-1]={07> ote or c=! 


The exact solutions are given in deShalit and Feshbach (74, p. 916) in terms of 
the confluent hypergeometric function. We quote here only the behavior of G 
and f asr—0 and r> oo. 


G(r > 0) (e + 1)'/7.N, cos b,(2kr)° (2.29a) 


f(r70) > (e — 1)!2.N, sin b,(2kr)° (2.29b) 


G(r 0) > (e + 1)'/? cos cE + nlog 2kr — 5 +1)+ 50 | (2.30a) 
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f(r wo) —(e— 1)!” in| + n log 2kr — st +1)+ 50 | (2.30b) 


where 
E E 
s=/(j+9)—(Ze’*? n=Ze*— gb = — 
k m 
= i(Ze”)m/k N.= ['(s + 1 + in)| 
s+in > T(2s+ lje7"”? 


Bscs iZe*m/k T(s + 1 — in) gri2i(l+ 1s) 
s—in V(s+1+in) 


eer = (2.31) 


: s(c) 
e276, a 


Using these results, Mott (29, 32) expressed the cross section for the scattering 
of an electron by a nucleus in terms of two conditionally convergent infinite 
series. To first order in Ze*fB, these series can be summed [McKinley and 
Feshbach (48) ] to yield: 


Ze? 2 9 3 
c= (sea) [ — p* sin’ ¥ + nZe7B sin (1 — sin >) (2.32) 
2p°E sin59 2 2 2 


To obtain the results for positron scattering, replace Z by (— Z). This result is 
useful for sufficiently light nuclei. For larger values of Z, numerical methods 
are required. Tables are given by McKinley and Feshbach (48), Feshbach (52), 
and Curr (55). Yennie et al. (55) improve the convergence by multiplying the 
Mott series by (1 — cos 9)? and employing the Legendre function recurrence 
relation to reorder the series. 


C. Effect of Finite Size of the Nucleus 


The results above are obtained by using V = — Ze?/r in (2.28). Taking the charge 
structure of the nucleus into account requires replacing it by the solution of 
the Poisson equation (2.10). For spin-zero nuclei the resulting V is a function 
of r only. For r> R (the nuclear radius) V will approach the point Coulomb 
value. The solutions of (2.28) are obtained in the usual fashion, that is, by joining 
the solutions of (2.28) to the Coulomb wave functions for r > R. Asymptotically, 
this means replacing 6 in (2.30) by 6,. Note also that the singularity exhibited 
by the Coulomb wave functions at r= 0 for j =5 [see (2.29)] disappears when 
the finite size of the nucleus is taken into account. The wave function now 
approaches r’*?. The scattering amplitude is given by Acheson (51): 


f =f(9) +ig(Sorn (2.33) 


where 


n=kxk’ 
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and 


f(9 == > K[e?**P, (cos 9) + e7-*"P,._ (cos 9)] (2.34a) 
Kk>0O 


and 


g(3) = — — == [e2#« PO (cos 9) — e~ 2-«PO (cos 9)] (2.34b) 


where . according to (2.28), x equals /, and —x=—(l+1). The functions 
P (cos $) are the associated Legendre functions 


PO) = (1 —x2)!?? “Pay 
dx 


The elastic cross section for an unpolarized incident electron beam averaged 
over the final spin is 


o=|f*| +19) (2.35) 
The polarization produced by the scattering of an unpolarized beam is 


i(f*g—af*), 


2.36 
fl? +19? ei 


P=-trdftef) = 
oO 


so that the polarization of the electrons is perpendicular to the scattering plane. 
Simplifications do occur in the limit of m/E—0; that is, in the high-energy 

limit, (2.28) reduces to 

Kf 


(E-V)G+ f'-—=-=0 


(E—V)f — GF <9 
r 


For k= — I, 


E-VG.+ f+ 


=0 


IG 
(E—V)f,— Ct 0 


For k =I, we have 


(E—V)G_,+ f t= 0 


(E—V)f-1— 
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Comparing the (G,, f;) equations with those for (G_,, f_,), we see that these 
equations become identical if 


G_h=f,; 
f-.=—G, (2.37) 


From the asymptotic forms, (2.30), with 5© replaced by 6,, it follows that 
[ Feshbach (51) ] 


or 
6,=0 —-> (2.38) 
This result holds for the Coulomb phase shift (2.31), from which one finds that 


ris, 9 1 _ Ze*m 
¢ ~1-4m (2.39) 


For the energies of interest (k > m), the error is indeed small. Equation (2.38) 1s 
obviously computationally useful. Inserting (2.38) into (2.34b) and using 


P.— P._, =«(P,, + P,_,)tan$9 
we obtain © 
g(9) = (tan 58) f(9) 
so that 
o = sec” $9| f(9)|? (2.40) 
and 
P—O (2.41) 


Therefore, the polarization produced by the scattering tends to zero as the 
energy increases. 

In the high-energy limit it is useful to obtain an eikonal approximation for 
the wave function. We return to (2.12’) to the Schrodinger equation from 


(V? +k?) = Uy 
where 


U = — ie(y,p, + im)y4? (2.42) 


The eikonal solution to the Schrodinger equation has been given in Chapter II 
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[ Eq. (11.5.7) ]: 


y= exp} fk 4 { dz'(./k? — U1) |} 


. Lf? 
~ jexpi| k 2c; { ; U dz [fe (2.43) 


In this equation u is a spinor. Consistent with the eikonal approximation, we 
drop the m term in (2.42) and replace the operator p, by k,. This introduces a 
new condition for the validity of the results to be obtained below: 


Or 


Ak «1 (2.44) 


ko 


This condition is very well satisfied for an extended nuclear charge density. Note 
that this last approximation need not be made. The analysis that follows can 
be carried through with y,k,@ replaced by y,k,@+(1/i)y°Vo. With these 
approximations, becomes 


y~ Jexo| (ke + (ky) { db iz) | (2.45) 


Rewriting (y,,k,)y4 = i(E + ak), one needs to evaluate 


eilak)A 
where A does not involve spinor operators. One finds that 


el@WA _ cog kA + ia-ksinkA 


This is to operate in u. We assume that because the electron energy is high, u 
satisfies 


aku =u (2.46) 
so that 


Finally, then 


an Jexpi( ke — \ ep ale (2.47) 
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One can now insert this result into the exact equation (2.13) to obtain the 
scattering amplitude. The discussion from here on follows that of Ch. II [see 
after (VII.5S.7) ] and need not be repeated here. 

A further approximation to (2.47) is often made. It recognizes the fact that 


because of the Coulomb attraction, the electron momentum increases as it 
approaches the nucleus. To estimate this, expand the integral in (2.47) as follows: 


Zz 0 
| bae~ | go dz’ +zdo(z=0,p)+--- 
Hence, for a given impact parameter p, the effective value of k 1s 


(2.48) 


K oee(P) = K(1 = me 


In many applications of this result, a still cruder approximation is used: 
0, 0 
kine K(1 = ee) (2.47’ 


For the case of a homogeneous charge distribution of radius R, 


this becomes 


We turn next to effects of the structure of the nucleons. The protons have 
a finite size [see deShalit and Feshbach (74, p. 110)]. As a consequence, we 
must replace (VIII.2.1) of that reference by the charge density: 


Pen(¥) = >, f(r —ri) (2.49) 


where the function f replaces the point charge d(r —r,). The sum is over the 
protons only. The charge density then becomes 


palt)=<vlAmly> =Z | vislec\ ie Srevaes (2.50) 


where 


pn(To) [voor “6 )W(ro, Pyse. .) dr, dr> se 
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The form factor p,,(q) 1s 
Pen(G) = Zpy(q)F (q) (2.51) 


Thus to obtain the nuclear form factor py, one must divide the form factor 
determined from experiment p,,(q) by F(q), the form factor of the proton: 


F(q)= |e" f(r) dr 


A second effect originates in the interaction of the moving anomalous 
magnetic moment of a nucleon with an electrostatic field. That such an 
interaction exists can immediately be understood by transforming to the rest 
frame of the nucleon. Under such a transformation the electron—nucleon electro- 
static field acquires a magnetic field component that will interact with nucleon 
magnetic moment. An interaction with the electrostatic field can, in this case, 
be interpreted in terms of an effective charge possessed by the nucleon. This 
effect was explored by Schwinger (49a) in his discussion of the polarization 
resulting from the interaction of a neutron with a nucleus. We now discuss its 
application to electron scattering. 

We being with the matrix element of the current operator for a nucleon 
[Bjorken and Drell (64) ]: 


Pe 7 ; K 
<p'A'| J,(0)|pA> = u,-(p (F ee Ta 2s) (2.52) 


where F, and F, are form factors that are functions of q,,« is the anomalous 
magnetic moment, and 4 gives the helicity. The spinors u,(p) are four-element 
matrices whose helicity is indicated by 4. The derivation of (2.52) follows the 
procedures employed in deShalit and Feshbach (74, p. 846 et seq). The spinors 
are given in the Appendix to Chapter IX of that reference, Eqs. (5.8)—(5.10). 
They can be represented by 


l 
E+M\'? 
u,= ( E o°p Xa (2.53) 


where y, 1s 6 or (5) according to the value of A. Here M is the nucleon 


mass. Inserting (2.53) into (2.51) and remembering that #=u'y,, one obtains 
for the charge operator (yu = 4), 


2 
rary q .q°6 Xp 
<p'x |a0OIp2> ~ —int| F.—( 2+ AM? ir +268» fr (2.54) 
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where E(p) has been replaced by M + p?/2M and terms of order up to 1/M? 
have been retained. The 1/M and 1/M? terms are called the Darwin—Foldy and 
spin-orbit terms, respectively, and contribute to the charge density. 

Following Friar and Negele (75), we replace F, and F, by the Sachs form 
factors G, and G,, [see (IX.3.8) et seq. in deShalit and Feshbach (74) }: 


Kq’F, 


Grp=F,- (2.55) 


Gy=F, + «KF, (2.56) 


Therefore, 


A ; z a°6 x 
<p’1'|6(0)|pA> = ins| (1 = J) Ge 2 yr (2Gu- Ge) fu (2.57) 


where terms of order higher than 1/M? have been dropped. 

The empirical value of the parameters G, and Gy, obtained from e— p and 
e — d scattering for protons and neutrons are given on page 678 of deShalit and 
Feshbach (74) [Feld (69) ]. They are 


(p) (n) Ze 2 2 
ge ~ Om ~ om 4M om =|1 + anicere' | 
E — ai an Pe! ieee 2 

re a | 0.71(GeV/c) 


where the superscripts p and n refer to protons and neutrons, respectively. The 
“dipole” form given by the g dependence corresponds to an exponential charge 
distribution, 


Pp e °843r (2.58) 
with an rms radius of 0.82 fm. The units of the constant in the exponential are 


GeV /hc. 
Equation (2.57) gives the nucleon charge density. For a nucleus we have 


2fi — ei 
8M? 


{ (oi x pi), e*"} 


0) (2.59) 


é ett —s iq . 


t 


p(q?) = E(0 


where (again to order g7/M7) 


\ : nea 

é; Se ee (cp 8 te op 30) (2.60) 
./1 + q?/4M? 2 2 

i, = (op 8 a og 0) (2.61) 
J1+4?/4M?\ 2 2 
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FIG. 2.1. Neutron form factor assuming an exponential neutron charge distribution 
compared with experimental data extracted with the use of Hamada—Johnston and 
boundary conditions model deuteron wave functions. Solid, dashed, and dashed—dotted 
curves correspond to average neutron radii equal to 0.80, 0.63, and 1.07 fm, respectively. 
[From Bertozzi, Friar, et al. (72).] 


As Bertozzi et al. (72) have shown, the neutron charge distribution can have a 
considerable effect on the electron scattering. The experimental results for GY? 
are shown in Fig. 2.1. The consequences for elastic scattering by *°Ca and *°8Pb 
are shown in Fig. 2.2. The effects are substantial and especially large at the 
cross section minima and large momentum transfers. 

Two other effects have been subjects of several investigations. The first of 
these is referred to as a dispersion correction, which arise as the result of the 
virtual excitation of the target nucleus by the incident electron. The electron 
excites the target nucleus, and then in a second interaction the nucleus deexcites, 
returning to its ground state if we are discussing elastic scattering. As we have 
seen in Chapter II, where the identical process is discussed in a multiple 
scattering approximation, the cross section for this process depends on the 
pair correlation function C(r,,r,). However, calculations indicate that the 
dispersion effects are small [see Bethe and Molinari (71) and Friar and Rosen 
(74) ] and little information on C(r,, r,) can be obtained from these experiments. 

We finally mention dynamical nuclear recoil corrections. These have been 
treated using the Breit (29) two-body interaction by Grotch and Yennie (69). 
These corrections also turn out to be small [see Sick and McCarthy (70)]. 


D. Model independence 


At a comparatively low energy (but still such that k >m) (m= electron mass) 
the product kR can be much less than 1. Under those circumstances only the 
!=0 phase shift, 6, is affected by the finite nuclear size. Moreover, as we shall 
show, that phase shift depends only on the rms nuclear radius and does not 
depend on other nuclear parameters. 
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Percent Deviation 


FIG. 2.2. Fractional change in electron scattering cross sections caused by including the 
charge density arising from the finite spatial charge distribution of the neutron for *°Ca 
and 7°8Pb. The dashed and solid curves denote the effect obtained using the. maximal 
and minimal neutron form factors, respectively. [From Bertozzi, Friar, et al. (72).] 


Let us compare the results obtained with two differing potentials V, and V3. 
The Dirac wave functions satisfy (2.27): 


(E—m—V,G,+ 2-20 
dr r 
dG G 
(Eam=Vjp toe" 26 
dr r 
We now form 
d dG, dG Gg d d 
6,92 — fy, + 92-6, =“ p,6)- 4 (ney 
dr * dr dr dr 


= (V; = V3)(G,G, + fi f2) 


Integrating both sides from zero to infinity yields 


f1G2— foGy 


: = [ow — V2)(G,G, + fifa) dr 
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Using the asymptotic forms for f and G, the left-hand side equals 
(e* — 1)*? sin(6, — 6.) = — | (V, — V2)(G, G2 + fi f2)ar (2.62) 
0) 


Note that the difference (V, — V,) does not contain the long-range part of the 
Coulomb potential. Let 


Zeer 
Ve“ 47 (2.63) 
r 


Then 


We see that two descriptions of the finite nuclear size will yield the same phase 
shift if 


(06) 


I" V.(G,G, + f,f.)dr= | V(G,G,+ fif.)dr 


0) 0 


In the long-wavelength limit (kR <« 1), 
G.G,+fifo~r? kR«! (2.65) 


Elastic electron scattering experiments satisfying kR<«1 therefore determine 
one parameter, 


[= | Vr? dr (2.66) 


0 


This result was obtained by Feshbach (51) employing a variational method 
[see also Elton (53) and Bodmer (53)]. Using the Poisson equation, V can be 
expressed in terms of the charge density p,,. One can then express J in terms 
of p.,, With the result that when kR « 1, elastic electron scattering experiments 
determine the rms radius of the charge in the nucleus: 


Bo |r? py dr 


ems = \p dr (2.67) 
ch 


At higher energies, when kR < 1 the approximation given by (2.65) is no longer 
valid. The methods for extracting p,,, from the elastic scattering data then 
employed is referred to as a model-independent analysis. It 1s, in fact, a method 
designed to obtain an estimate of the uncertainty in p,, so obtained. There are 
two sources of error. One is, of course, the experimental error. A second has 
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its origin in the fact that a given experiment determines the elastic scattering 
up to a maximum momentum transfer, q,,,,- However, to obtain p(r) from p(q) 
from the inverse Fourier transform, 


p(r)= (=) | ptae-* dq 
TU 


‘ae sin qr 
= d 
=| p(q) a 


0 


requires a knowledge of q beyond q,,,,- 

There are a number of procedures that have been developed. These are 
reviewed by Friar and Negele (75), who described the work of Friedrich and 
Lenz (72), Borysowicz and Hetherington (73, 74), Friar and Negele (73, 75), Sick 
(74), and others. Briefly, one writes the density as follows: 


p = polr) + LC, far) (2.68) 


The quantity py is a zeroth-order approximation obtained from, for example, 
a density-dependent Hartree-Fock calculation or more phenomenologically 
from a fit using the “Fermi” charge density distribution, which in its most 
elaborate form is 


_ Po(l + wr?/c’) 


Fm ~ ol —c)/ao 5: 1 (2.69) 


where fo, w,c, and dy are parameters that are chosen to give a best fit to 
experiment. Modern calculations generally use the Hartree-Fock for p, because 
among other things these give good descriptions of the surface properties of 
nuclei. The functions f; are a complete set, for example [Meyer—Berkhout, 
K. W. Ford, et al. (59) ], 


ii _ 
f,=—sin = Or — R) (2.70) 


r 


where R is chosen to be in the region where p vanishes. The parameter M is 
given by 


R 


M=— 4... (2.71) 
7 


since experiment does not provide data beyond q,,,,. The spatial resolution 
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obtained from the analysis of experiment is 


On the other hand, the resolution in momentum space is 


r 


max 


where r_.. is the largest value of r for which p is determined. Or the largest 


max 


value of r, raa,. for which p can be accurately known is 


TU 
max “~ 
A 


q 


(2.72) 


r 


where Aq is now the experimental momentum resolution. As a consequence of 
this result, one can expect that the large r dependence of p will not be well 
determined by experiment. It is for this reason that the density-dependent 
Hartree-Fock results have been used for p,(r) in (2.68). 

In the procedure used by Friar and Negele, one first obtains the coefficients 
C; from experiment using perturbation theory, which gives a linear relation 
between the cross sections and the density, to obtain a first approximation to 
the coefficients C;. The resulting p is inserted into the Dirac equation to obtain 
a more accurate calculation of the cross section. The C,s are modified by 
perturbation theory to take care of the differences from the experimental 
cross sections and the entire process is repeated. For 7°°Pb, Friar and Negele 
found that with 11 terms in the series, three iterations were needed. The quantity 
M can also be varied. It is found that once M exceeds (R/z)q,,,, LEq. (2.71) ], the 
x? increases significantly. Over the last decade this method, and others surveyed 
by Friar and Negele (75), have been fine tuned, and with the great increase in 
experimental accuracy and extension to larger values of q,,,,, excellent 
descriptions of the charge density of spin-zero nuclei has been achieved. The 
example in Fig. 2.3 shows the percent of deviation from experiment using the 
analysis just described for both the Mainz data [Rothaas (78) ] and the earlier 
1970 Stanford and 1972 Amsterdam data. 

One should bear in mind that additional important data are provided by yu 
mesonic atoms and must be included in the analysis. We shall not discuss this 
aspect here. [See the discussions in Friar and Negele (75) and Barrett and 
Jackson (77). | 

Some of the results for p,,, obtained with this or related analyses are shown 
in Figs. 2.4 and 2.5. The thickness of the line indicates the uncertainty in the 
experimental determination of p,,. The dashed line gives the density-dependent 
Hartree-Fock results and the dotted lines show the effect of going beyond the 
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FIG. 2.3. Deviation from model-independent analysis. Solid line, Stanford data, 1970; 
dashed line, Amsterdam data, 1972; points, Mainz data, 1982. [From Bertozzi (82). ] 


mean field by using the RPA. We note a significant difference between 
experiment and theory for the small r. In all cases, even upon including the 
RPA, the theory predicts too large a density. The RPA correlations do damp 
the fluctuations in the interior nuclear region. [See Negele and Vautherin (72, 75), 
Gogny (79), Dechargé and Gogny (68), and Dechargé and Sips (83)]. We are 
left with the general remark that further correlations and/or two-body 
components of the correlation need to be included, although it is not clear 
whether short- or long-range correlations are needed. 

An important insight is obtained by comparing the electron scattering by 
*°©Pb and 7°°T] [Euteneuer, Friedrich, and Voegler (78); Cavedon et al. (82)]. 
These two nuclei differ in their single-particle structure by a 3s proton. The 
impact of this difference is shown in Fig. 2.6, where the ratio of a (7°°TI) to 
a(7°°Pb) is compared with the mean field prediction. We see a strong 
characteristic peak at g = 2 in both theory and experiment. However, agreement 
with the peak strength is obtained only if the single particle occupation pro- 
bability 1s reduced by 30%. This is demonstrated once again in Fig. 2.7, where 
one sees the reduction in the charge density from that predicted by mean field 
theory [Frois et al. (83)]. It is this reduction that we see in Fig. 2.5 for 7°°Pb. 
As Zamick, Klemt, and Speth (75) point out, *°°T] is not obtained only by 
creating a proton hole in the ground state of *°°Pb. There are also components 
coming from a proton—hole in the excited states of *°°Pb, such as a d,,, hole 
and d,/. hole in the 2” excited state. The data demonstrating this are provided 
by the reaction 7°°Pb (*He, d). The correlations in this case are long range. 

We conclude this section on charge scattering from spherical nuclei with 
Table 2.1, which lists rms radii obtained from experiment and theory [DeJager 
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FIG. 2.4. Cross sections for elastic electron scattering from 7°°Pb at 502 MeV compared 
with DME mean-field theory prediction (solid line). [From Negele (82).] 
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FIG. 2.5. Comparison of DME mean-field theory charge distributions in spherical nuclei 
(dashed lines) with empirical charge densities. The solid curves and shaded regions 
represent the error envelope of densities consistent with the measured cross sections and 
their experimental uncertainties. [From Negele (82). ] 


----- 3s Occupation 100% 


3s Occupation 70% 


or «(1.4 
S 
@) 
7 4.2 
ae 
~ 
S 
— 4.0 
‘@) 
©} 

0.8 

1 2 
q (fm7') 


FIG. 2.6. Ratio of elastic cross sections from *°°Tl and ?°°Pb. The peak at g=2fm7! 
is the signature of the 3s orbit. The curves are mean-field predictions due to X. Campi. 
[From Frois and Papanicolas (87). | 
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FIG. 2.7. Charge density difference of 7°°Pb and ?°°TI. [From Frois and Papanicolas 


(87).] 


TABLE 2.1 
<r?) 1? (Fm) 
Theory Experiment 
169 2.79 2.71+0.01 
49Ca 3.50 3.48 
Ca 3.50 3.47 
5°Ni 3.80 4.78 
07 4,29 4.28 + 0.02 
116Sn 4.63 4.62+ 0.01 


Z02Pb 5.49 5.50 
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DeVries, and DeVries (74) ]. See also the more extensive table, Table 6.2, in 
Barrett and Jackson (77). 


E. Deformed Nuclei! 


Elastic and inelastic scattering of electrons by deformed nuclei demonstrate the 
electron’s power as a probe of nucleon structure. As discussed in Chapter VI 
of deShalit and Feshbach (74), the rotational wave function is given in terms 
of an intrinsic wave function y, and a factor depending on the Euler angles, 
which transforms the wave function for a body fixed to a space-fixed coordinate 
system. The wave function is [see (VI.4.9) in deShalit and Feshbach (74)] 


21+1 
WIKM) = |= = [D's (Ox)xalt) + (2) ID's (Ox)x-x()] «KK >0 
(2.73a) 
while for K = 0, 
W(I,K =0,M)= Yim(9x)XK=o0lF') (2.73) 


! 
Jt 
As pointed out in that chapter, the ratio of the electromagnetic transition 
probabilities within a rotational band for a particular multipole [see (V1.6.21) 
and (VI.6.22) in deShalit and Feshbach (74)] do not depend on the intrinsic 
wave function, but only on the quantum numbers I,, I;, and K. This is a 
consequence of the fact that the wave function for each member of a rotational 
band contains the same intrinsic wave function yx. The electromagnetic 
transitions tests this property of the rotational wave functions at g=0. The 
electron scattering experiments extends that test to finite g, thus checking that 
Yx(r) is the same for each member of the rotational band as a function of r. 

Inelastic scattering will play an important role since we shall compare 
cross sections for the excitation of different members of usually the ground-state 
band. The electron—nuclear interaction responsible for the transition can be 
treated perturbatively, but the plane wave approximation 1s not valid for the 
heavier target nuclei. The appropriate formalism is the DWA (see Chapter VI 
for its use in dealing with inelastic processes) in which in this case the Coulomb 
interaction is treated exactly, while the transition Hamiltonian is taken into 
account using perturbation theory. 

We shall only outline the DWA for this case. The details are similar to those 
given in Chapter VI, with some special details because of the required Dirac 
algebra. The details can be found in Uberall’s (71) second volume. The 
Hamiltonian of the system is given by 


H=Hy+Ap+ HA (2.74) 


*Moya de Guerra (86). 
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where Hy is the Hamiltonian of the nucleus and His the Dirac Hamiltonian, 
Hy =(a-p)+ Bm (2.75) 
and for charge scattering 
H,,, = e¢ (2.76) 


where @ depends on the charge distribution in the nucleus. One then defines 
the diagonal and transfer part of @ with respect to the wave functions of the 
nucleus as follows: 


bp =ID<IO|ID<1 (2.77) 
bu= DUG UU the 1#I 


By taking the matrix element of the Schrodinger—Dirac equation, 
HY =EY 
one obtains a set of coupled equations for the spinor electron wave function w: 
[Hy + edn r= — VM bell vr 


The DWA result for the transition I > I’ is obtained by solving the approximate 
equations 


[Hp + egy], =0 (2.784) 


[Hp t+ edp]p = —<I'| bx 1D; (2.78b) 


The solution of (2.78a) gives the elastic scattering from the nucleus, while (2.78b) 
yields the inelastic scattering. The solution of (2.78a) for w, can be obtained in 
a partial wave series as in the preceding section. That series, substituted in 
(2.78b), leads to the desired wave function w,, also expressed in a partial wave 
series. 

To obtain an insight into what can be learned from this analysis, we return 
to the Born approximation for the inelastic reaction in which discrete nuclear 
levels are excited. The cross section in the center-of-mass system is 


do 1 
ee J,M J,M;>|? 2.79 
10 OMT ade, '§ 5M,|p(q)| >| (2.79) 


where oy, is the Mott cross section. But p(q) can be expanded in a partial wave 
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series, 


p(q) = [eon dr 


= 5 ni | ja) Yyu(B)¥ (Ale) de 
so that 


(JM -|p(r)|JiMp> = pes Y; MD<I,M | M2, (q)|J;M,> (2.80) 


In this equation 
M yu) = [isa ) Yyu(F) p(n) dr (2.81) 


so that (2.80) is the multipole expansion of p and M“), transforms like a tensor 
operator of order J. Using the Wigner—Eckart theorem, one has 


iy 


KJ ,M ,|M®,(q)|J;M,> = (— yrs a M M. 


a pI MP@IlJ) (2-82) 


Performing the indicated sums, using the sum rules of Appendix A of deShalit 
and Feshbach (74), one obtains 


do 


70 °™ rare LOD (2.83) 


For deformed nuclei, the matrix element of M“), has been derived [(VI.6.9) in 
deShalit and Feshbach (74), where J; is replaced by I’ and J, by I]. One obtains 


(IK || M9(q) | I’K’) = /Q1 + D2r +1) 
I JT 
x mt ( ; re KIM, (q)|K’) 
; I J I’ 
+(-)’ ( ) cK Q(@)|- Kt (2.84) 
= iu =k 
This result holds for K and K’ 40. When K’ is zero, 


lw £ 
I,K\|M©@|I', K’ =0)=./(214+1 r+0( 
(I,K |M%| y= JA+HA+H( 7 > | 


i 2 K £0 
«KN = 09 {V7 eg 285 
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In these equations M(q) are calculated in the body-fixed coordinate system. 
The matrix elements <K|M®(q)|K’) involve only the intinsic wave functions 
Y¥x and are independent of J and I’ as long as I and I’ are members of the 
corresponding rotational bands. Thus the electron-induced transitions between 
members of the two bands (which can be identically) will each involve the matrix 
elements of M“. These will, of course, vary with J so that differing aspects of 
¥x will be probed by the inelastic scattering. Analysis of the data should then 
yield the q dependence of the matrix elements. In the case of even—even nuclei 
transitions from the ground state (J’ = 0 = K’) to excited states of the same band 
(I, K = 0), only one matrix element « K = 0|M “(q)|.K’ = 0> enters for each J and I. 

When the spin of the ground state is not zero, several matrix elements are 
involved in a given transition. Nevertheless, one can determine each of these 
as the following example illustrates [Bertozzi (82)]. Suppose that the energy 
spectrum of a nucleus is given by Fig. 2.8. The multipole matrix elements 
involved in a given transition are shown. The matrix elements of the multipole 
operators with respect to the intrinsic wave functions [see (2.8) ] are identical 
for each of the transitions indicated. There are five transitions and four matrix 
elements, MO, M2, M4, and M6. One can, for example, determine the matrix 
elements using four of the transitions and predict the fifth, thereby testing the 
correctness of the wave function (2.72). Bertozzi (82) gives an example of such 
a test. The nucleus is '’°Lu with a ground state of spin of 7/2*. The 7/2, 9/2, 
13/2, 15/2 cross sections are used to predict the 11/2 cross section. The results 
are shown in Fig. 2.9. The agreement is good, demonstrating the validity of the 
rotational model. 

The cross section given by (2.83) applies as well to inelastic scattering from 
spherical nuclei in the Born approximation. It is traditional to use the concept 
of transition charge density p,, in these cases. It is defined as follows: 


oO 


(J | MP(q) || J) = ) islar)p,(r)r? dr (2.86) 


0 


aso 
9/2* 


+ 
ee M4,M2 


5/2* M4, M2 
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FIG. 2.8. Possible multipole excitations. 
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q ert 


FIG. 2.9. Test of single intrinsic state assumption of the rotational model. The nucleus 
is *’°Lu. R is the ratio of the measured 44* cross section to the value predicted 


from the measured J, 3, +, and 4 cross sections. [From Bertozzi (82).] 


Inserting (2.82) yields 


PrAlr) = [ao Yym(t) 


Go FT, 
—M, M M, 


x fou + > (apron 


Mi,Mf 


<M load | 
(2.87) 


Since (J - | M ‘) || J;) is independent of M, we can choose M. A convenient choice 
is M =0. For even—even nuclei, J; = 0 and p,, equals 


Py(t) = (2J + 1)' {ao Yjo(f)<J0| p(r)|00> (2.87) 


where we have used 


(¥" J , (=u, 
eel 


0 O 0 
Obtaining p,, involves determining (J , || M(q) || J;) from experiment and then 
inverting (2.86) with the attendant difficulties discussed earlier in this chapter. 
A model-independent resolution is available in this case as well. 
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These levels can also be excited by the interaction of the electron with the 
nuclear currents. However, it is possible, as we shall see, using suitable kinematics 
and analysis to extract the charge- and current-induced cross section separately. 

The transition densities obtained from inelastic scattering by several magic 
nuclei to the highly collective 3~ state and by ?°Zr to the 2*, 4*, 6*,8* states are 
shown in Figs. 2.10 and 2.11. 

The transition density for both of these cases peaks strongly at the surface. 
The dashed line in Fig. 2.10 gives the theoretical results obtained using an RPA 
description of the states involved. The general structure of the prediction does 
follow experiment. But there are deviations. The peak transition density can 
differ substantially from experiment, while for the interior the theoretical results 


Orr ( e.fm=?)x1073 


V (fm) 


FIG. 2.10. Transition charge densities for the first collective octupole vibrations of 
doubly closed shell nuclei. Experimental uncertainty is given by the thickness of the 
solid line. The theoretical predictions are obtained in a self-consistent RPA calculation. 
[From Frois and Papanicolas (87).] | 
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FIG. 2.11. Experimental and calculated transition densities for the 2*, 4*, 6*, and 8* 
multiplet in ?°Zr. [From Heisenberg (87).] 


oscillate more violently than the data. Figure 2.11 contains a comparison 
between the experimental and calculated transition charge density. In the 
single-particle picture, these transitions are to states in which two protons in 
the filled 1g,,, orbitals are recoupled to spin 2*, 4", 6", and 8*. In the ground 
state they couple to zero. As Fig. 2.11 shows, the calculations based on this 
simple assumption fail substantially for the 2* and 4* but are satisfactory for 
the 6* and 8* states. The solid line includes the effect of core polarization (i.e., 
the inclusion of states in which the core is excited). As we see from the figure, 
core polarization does have some effect in the 2* and 4* cases, but that effect 
is nearly not large enough to reduce the small r fluctuations in the 2* case, 
although it does greatly improve the agreement in the main peak. 

Comparing the experimental transfer charge density with theory reveals the 
same diseases that were seen with spherical nuclei namely the predictions in 
the interior deviate from experiment. This is illustrated in Fig. 2.12. In Fig. 2.12a 
the theory predicts too large a charge density in the interior. In Fig. 2.12b 
the theoretical p,, fluctuates more strongly than its experimental values in the 
interior, although theory and experiment are in good agreement in the surface 
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FIG. 2.12. (a) Charge density for ground state of '°*Sm; (b) transition charge density 
for excitation of the 2* level in !°?Sm. [From Bertozzi (82).] 


region. This substantially good agreement for the 0* > 2” transition deteriorates 
somewhat for the 0-47. This is a general pattern for the rare earth nuclei and 
for 738U according to Bertozzi. 


F. A Remark on the Charge Density 


The two-body density matrix p(r,,r,) has been discussed in Ch. [II (where it 
was called K). There it was shown [TII2.88 Feshbach (62) ]| that it could be 
written as 


P(r,,%2) = ay K,W,(r)@* (rz) (2.88) 
where 
CO,(11)@p(¥1)> = Sag (2.89) 
and 
[pte r)@,(2) dr. = K,@,(F1) (2.90) 
The density is 
p(t.) = p(t,,81) = Y Kel @-(r)|7 (2.91) 


In the case of a Slater determinant, x, = 1. But the many-body wave functions are 
generally not single Slater determinants, so that generally «x, 41 but will lie 
between 0 and 1. One can interpret x, as giving the occupation probability of 
the orbital, w,. In fact, the interior deviations observed in nearly all of the 
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FIG. 2.13. Calculated occupation probabilities in 7°°Pb. [From Heisenberg (87).] 


nuclei, including both the spherical and deformed nuclei can be explained if the 
occupation probabilities of the single-particle orbitals have been chosen 
appropriately. Their deviation from unity is an expression of the existence of 
residual interactions and the consequent correlations. Pandharipande, 
Papanicolas, and Wambach (84) have calculated the occupation probabilities 
for 7°°Pb. The results are shown in Fig. 2.13, where HF refers to Hartree-Fock, 
and NM to nuclear matter calculations. The overall reduction in n, the 
Occupation number, is qualitatively in accordance with the experimental 
situation. But experimental uncertainties in the 3s,,. occupation probability are, 
according to Heisenberg (87), too large for a definitive comparison of experiment. 
and theory. (See Heisenberg for a discussion of the ES transitions in ®’Y, ?°Zr, 
and ?*Mo.) 


G. Current-Induced Scattering 


We continue with the Born approximation. We return to Dirac equation (2.12). 
The vector potential A, is a solution of the inhomogeneous wave equation 


V7A,+07A = —4nj, (2.92) 


where simple haromonic time dependence has been assumed. Then in 
momentum space 
pi 


m 


(2.93) 


qg@-o qq, 


q, = 9° — @ (2.94) 
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Equation (2.12’) is replaced by 
(V? +k?) = —e(y,p, + im), AY; 
where k’ is the electron momentum with the nucleus excited, yw the corresponding 


wave function, and yw; the elastic scattering (nucleus in the ground state) wave 
function. In the DWA approximation, 


a eee . 
f=— | e™ "(yypy + im) (ppAy Wy”? 
An 
On introducing (2.93) and making the Born approximation [see (2.14) ] we obtain 


f= G6uUploak, + i) iy(@)u> (2.95) 


m 


where 
JAM = | e'""j,(r) dr (2.96) 


To obtain the cross section for a nuclear transition J; >J, and electron spins 
from m; and m,, we must calculate 


do 1 1 

dQ 2 JM gsmgl fyilJ:Mam,>/? 2.97 

dQ DOF A we, | pimyl Sri >| (2.97) 
mims 


The sum over the electron spin is obtained by using the technique following 
(2.17). The result is 


1 e? k’ cain 
* » <I pM 55 my|f ilJiM; m;)> |? = q’ ib [kk a Oyok,K,, a5 Kk ie(a)i¥(q) 
ye 


2 mm ¢ 
(2.98) 


where the summation convention is used. Following DeForest and Walecka 
(66), one introduces the coordinates 


0, = 3(k, + k,) (2.99) 


2 
pe? 


Replacing then k, and k’, by Q, and q, and bearing in mind that Qi = — iq 
one obtains 


er ki 1 ae _ 
6 = — — 2 Bi de yi 2% > 
qn k 23; + (Pint (Qi MQale) + 2IoJu Jul 
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where 
J, =<J5M slialJ:Mi> (2.100) 
Further development of this result requires an analysis of j,. Toward this 


end we introduce the unit vectors u, [see (VII.4.4/), deShalit and Feshbach 
(74) ], whose z axis is taken along the direction of q: 


Uo = -q (2.101) 
q 


Then setting up a Cartesian coordinate system with unit vectors u, and u,, one 
can define 


w= FM + iu,) (2.102) 
u_,= oa: — iu) (2.103) 


/2 


The three-vector j(q) can then be written: 
j=joul + jul +j-.ul, 
The continuity equation for j(r), 


dp 


div}+ —=0 
} Ot 
becomes in momentum space 
FuJ a 0 
or 
q'} = P90= Wo 
Therefore, 
oe q 
j=j,ul+j_,ut, + au (2.104) 


The three-current j is composed of two components orthogonal to q (the 
transverse components) and one along q (the longitudinal component). The 
magnitude of the last is proportion! to p(q), which must be combined with the 
¥4j4 contribution discussed earlier in this section, giving rise to a change in the 
kinematic factors only. We therefore focus on the contributions coming from 
the transverse components. These have been discussed in Chapter VIII of 
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deShalit and Feshbach (74). Here we shall follow the methods that have become 
traditional in electron—nuclear physics. One needs the expansion 


2 1 
ue = — Y [2n(2J + 1)]'” P| aitan¥9} + “curl jan Ys) | A=+1 
J=1 q 


(2.105) 
In this equation j, is the spherical Bessel function, and+ 
YQ? = Y (lm1m'|JM) Yin Wy (2.106) 
From (2.104) we have 
Jx(Q) = 443) = | j(r)-u,e" dr 
=— ¥ [2n(2F + I]? ATH + TH) (2.107) 
J>1 
where 
ti, = {ive is(qr) YG) dr (2.108) 
and 
1 
i | j(r)-curl j,(qr) YQ? dr (2.109) 
q 


These quantities transform like tensors of rank J. Applying the Wigner—Eckart 
theorem yields 
J, J J; 


JpM ,|T%®|J,M;> =(— iad 
SoM ATH IMD =(-YOM( Ee 


Je rll TS" J) 


It is now possible using (2.107) to compute 


1 . | 
+1 » CJ pM plialJiMp <JM glia lJiMp* 
mi (mag) 2 (el) 2 
= F744 | Virb TMP lsa? + 1TH (2.110) 
i J 


One can now complete the evaluation of (2.97) for the cross section in the 


*The derivation of (2.105) is straightforward when one realizes that Y“” and (1/q)curl j,(qr)Y“? 
form mutually orthogonal and normalized sets of vector wave functions on the unit sphere. Thus 
the coefficient of Y in expansion (2.105) is given by [dQ Y%'-u,e'*. The coefficient of the 
second term is 1/q¢/dQ Y¥“*-curl(u,e'*"). 
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center-of-mass frame. After some algebra it can be cast into the following form: 


qi, 2 (; q, 3) 2 
goes —“F7(q)+ | —-—4+tan*— |F 2.111 
ou| 1(q) 29 5 7(q) (2.111) 


where o,, is the Mott cross section evaluated at the incident energy and 


An 


F2 = J || M©(q) || J |? 2.112 
L 41 xs! 5 (@ll JI ( ) 
and 
Ar te ts Me 
r= —¥ {JF | TO@ Jd? +1F 1 Te @iJdI?} (2.113) 
2J,+1521 


Note that experimentally it is possible separately to determine F? and F7 as 
functions of q by suitably choosing the experimental parameters. For example, 
if 9 ~ 2, the cross section is dominated by |F,|?. Varying the incident energy 
will then yield |F(q)|?. The matrix elements in (2.112) and (2.113) reduce to 
those obtained from photon excitation if g =a [see Chapter VIII in deShalit 
and Feshbach (74) ]. Inelastic electron scattering gives a much more complete 
picture by providing the q dependence for q > w and, by Fourier inversion, the 
spatial dependence of the current as well as the charge distribution. The selection 
rules are identical with those of the photon case, namely 


with parity changes of (—)’ for T© and M©® and (—)’*! for T’™®), 

The current density j, to be inserted into (2.108) and (2.109) to obtain T©” 
and T‘™®) have been discussed in Chapter VIII of deShalit and Feshbach (74). 
The point-charge current as given by (VIII.2.3) and (VIII.2.4) in that reference 
is broken up into two components, a convection spin-independent current j,, 
and a spin-dependent magnetization current, j,,, 


J=Jc+ Jn 

j= ED 4H(1 + 73())3Lv5(r — 1) + 67 — rv] (VIII.2.3) 
. cho, 
Jn = yg BL + 9p) + T3()(Gp — Gn) ]eurl[o,o(r —¥;)]  (VII.2.4) 


The velocity v; is defined by 


es (VIII.2.5) 


where H is the full Hamiltonian, including the electromagnetic terms. 
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However, nucleons have a finite nonzero size and have a structure. This has 
two consequences. First the delta functions in (VITI.2.3) and (VIII.2.4) must be 
replaced by form factors [see (VIII.3.8), deShalit and Feshbach (74) ]. 

Second, the one-body operators of the equations above must be supplemented 
by two-body and higher-order operators whose physical origin lies in the meson 
exchange currents (MEC), which were mentioned briefly in Chapter VIII of 
deShalit and Feshbach (74). Currents are present whenever the nucleons in the 
nucleus exchange pions and other mesons such as the p and in the course 
of generating the nuclear force between the exchanging nucleons. The currents, 
known as exchange currents, will interact with an external electromagnetic field. 
The various contributions to that interaction are illustrated by Fig. 2.14. In 
Fig. 2.14a the electromagnetic wave is absorbed by a pion, indicated by a dashed 
line as the pion is exchanged. In Fig. 2.14, the electromagnetic wave is absorbed 
by the nucleon, which may remain a nucleon. Or the y-ray may make a N, N 
pair, the latter interacting with one of the nucleons to make a pion which is 
then picked up by the other nucleon. Or the y-ray may simply excite one of 
the nucleons, creating a nucleon isobar which then exchanges a pion with the 
other nucleon, reverting to the nucleon in its ground state. The final two 
diagrams, Fig. 2.14d and e, involve the heavy mesons designated by M and M’. 
The results, appropriate for transitions in complex nuclei, are summarized in 
the review article by Donnelly and Sick (84), to which the reader 1s referred for 
details and references. The short-range contributions described by Fig. 2.14d 
and c are not included. The diagram involving the nucleon intermediate state 
(Fig. 2.14b) is dropped since this term is automatically included in the convection 
current term. One is therefore left with contributions from Fig. 2.14c, the 
antinucleon intermediate state in Fig.2.14b, and the excited nucleon 
intermediate state (Fig. 2.14c). The last will include both. the A and Roper 
nucleon resonances. Importantly, to order (1/M) (M = nucleon mass), p,,.,, 1S 
zero. In addition, the leading term is an isovector. Gauge invariance is 
guaranteed to the extent that wave functions used arise from nucleon—nucleon 
interactions involving the same diagrams (Fig. 2.14) used in calculating the 
exchange currents. If the wave functions and exchange currents are not 
consistent, there can be considerable error since the operators involved are not 
positive definite and therefore are sensitive to the properties of the wave 
functions. 


(a) (b) (c) (d) (e) 
FIG. 2.14. Exchange currents. 
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H. Magnetic Elastic Electron Scattering 


We turn now to the study of elastic magnetic electron scattering by nuclei 
[Donnelly and. Sick (84)], from which |F,|* of (2.111) and (2.113) may be 
determined as a function of the momentum transfer q and compared to nuclear 
model predictions. In contrast to the charge scattering, the magnetic scattering 
is sensitive to the properties of the valence nucleons since the net contribution 
of the core nucleons is zero in the spherical shell model description. The 
information on single-particle states obtained from nuclear transfer reactions 
is complementary since the responsible nuclear interaction differs from the 
electron interaction. In addition, magnetic elastic scattering is sensitive to 
neutron and proton distribution, as the equation for j,, [Eq (VITI.2.4) in deShalit 
and Feshbach (74) | demonstrates. 

Of course, the independent particle shell model is not correct. The deviations 
in the case of spherical nuclei are expressed in terms of configuration mixing, 
in which excited states of the core generated by the interaction with the valence 
nucleons are components of the total wave function. These interactions draw 
strength from the single-particle component, so that generally the magnetic 
elastic scattering crosssection is less than predicted by the extreme valence 
nucleon model. This fragmentation of the strength is clearly visible for deformed 
nuclei, where the Nilsson orbitals (which in the limit of zero deformation 
combine to yield a spherical orbital) play the dominant role. The magnetic 
elastic scattering by odd-A nuclei is sensitive to coupling of the valence particle 
with the deformed core. As expected, there is a reduction from the values 
predicted in the absence of this coupling. Much of the strength available in the 
spherical limit now goes into the inelastic scattering of the excited states built 
on the deformed ground state. Finally, in spherical cases for which the convection 
current j,, effects are dominant, the exchange current effects may be observable. 
We shall now illustrate these points with examples drawn from Donnelly’s and 
Sick’s (84) review. As we shall see, detailed information on the single-particle 
wave functions that these experiments yield is quite remarkable. 

We first consider elastic magnetic scattering by a target nucleus with a spin 
J . It is assumed that the scattering caused by a single unpaired valence nucleon 
whose angular momentum is also J); the net angular momentum of the 
remaining nucleus equals zero. Moreover, we select those nuclei for which 
Jo =1+4 (l= orbital angular momentum), that is, a stretched configuration. 
The largest multipole order is then 2J,. For this case the contribution of the 
convection current vanishes since it will be proportional to the square of the 
reduced matrix element ($1J || Y2, || /Jo). From (A.2.49) and (A.2.81) of deShalit 
and Feshbach (74) we have 


j jj. Qi tiga’ Jy=* 
11 \ Y>,,|| SJ . : °t( fae ’) 
(51S | 2Jo lla o)~ Per Jg—i 7 0 0 0 


The 6 —j symbol vanishes since Jo —}+ Jo —}# 2Jy. As a consequence, only 
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the magnetization current, j,,, contributes to |F |, it is, moreover, easy to show 
that 


Fr~ [Rana dr (2.114) 


where R is the radial function for the single-particle valence wave function. 
Inversion to obtain R* with the limitations discussed earlier with respect to the 
determination of the charge density is possible in principle? 

The discussion above assumes the validity of the single orbital description 
of the nuclear ground state. There will, of course, be configuration mixing. 
However, the additions to the single-particle contribution that can contribute 
to the 2J, multipole moment transition must involve an orbital with j > Jo. 
Such an orbital with the correct parity will be available first, two shells above 
involving an excitation of 2hm@. One therefore expects a very small amplitude 
for such a component in the ground state. Thus the form factor Fy will still be 
given by (2.114). The only effect on this transition of configuration mixing will 
be a reduction in the magnitude of F; which can be related to the spectroscopic 
factor associated with that state as determined from nucleon inelastic scattering 
or from a transfer reaction. 

For multipole moments of order less than 2/J,, configuration mixing can 
have a large effect. This is particularly true when the configuration added is 
one that would readily be excited in an inelastic collision. Under those 
circumstances there will be interference between the strong single-particle term 
and the added configuration. The result will be to reduce the value of F,, since 
some of the single-particle strength will be lost to inelastic channels. Obviously, 
states of the core that can be strongly excited play an important role. 

Finally, experimentally the contribution of the very largest possible multipole 
moment will be very visible in the large gq domain. The contribution of the 
moments of lower order will decrease rapidly for large enough momentum 
transfer g. However, this domination by the large multipole moment does not 
persist for a sufficiently large range of q at the low-q side, so that the inversion 
indicated by (2.114) is not feasible. 

Many of these conclusions are exemplified by magnetic elastic scattering 
from ‘70. Because of the close agreement of the magnetic moment of '’O with 
the single-particle Schmidt value, it has been thought that this was a good 
example of a valence nucleon (in this case a neutron in a d.,. state) moving in 
the field of an '°O core. As illustrated in Fig. 2.15, we see that the single-particle 


* Note: Use the result 


J Hie J+1\'/ 
curl(sx.)= —i( =") jie Yayesti( 225) mee Cra 


and (A.2.49) and (A.2.81). 
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FIG. 2.15. The '’O data of Hynes, Miska, et al. (79) are compared to prediction of the 
extreme single-particle model calculated using a harmonic oscillator wave function (solid 
curve). The dashed curve is calculated using a .Woods—Saxon radial wave function. 
[From Hynes, Miska, et al. (79).] 


model greatly overestimates | F,|? for values of gq between about 0.9 and 1.8 fm~! 


and underestimates |F|* for greater values of g. When configuration mixing 
is introduced phenomenologically [Burzynski, Baumgartner, et al. (83) ], one 
obtains Fig. 2.16. The contribution of the MEC is estimated theoretically. The 
M5 and M1 components are very close to the predictions of the single-particle 
model. This is expected for M5 and the low-q values of M1. However, the M3 
component is strongly reduced, indicating the effect of configuration mixing 
with core excited states. It was pointed out by Zamick (78) and examined in 
detail by Bohannon, Zamick, and Moya de Guerra (80) that the admixtures 
induced by an E2 M1 excitation of the nucleus will have a strong overlap 
through the M3 multipole with the single-particle orbital. This reduced the M3 
moment by a factor of 2 [see also Arima, Horikawa, et al. (78) ]. This excitation 
will not affect the M1 or M5 multipole. 

Configuration mixing in terms of spherical nuclear wave function is very 
large for deformed nuclei. The effects described above are present, for example, 
for magnetic elastic scattering by 7>Mg. In Fig. 2.17, the results using a spherical 
single-particle wave function for the valence neutron are compared with the 
results obtained using a Nilsson orbital wave function, and with experiment. 
We observe a general reduction from the spherical case. The shape of the M5 
form factor is not much changed, but the M3 form factor is greatly reduced. 
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FIG. 2.16. The +’O data of Hynes, Miska, et al. (79) corrected for the contribution of 
MEC, are compared to the fit of Burzynski, Baumgartner et al. (83) calculated using a 
Woods-Saxon radial wave function. [From Donnelly and Sick (84). ] 
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FIG. 2.17. The 7>Mg magnetic form factor is shown for the ESPM (dashed curve) and 
the Nilsson model (solid and dotted curves), all calculated using harmonic oscillator 
radial wave functions (b = 1.63 fm). [From Donnelly and Sick (84).] 
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The major lesson to be learned from these examples is that configuration 
mixing must be taken into account before a quantitative agreement between 
theory and experiment is possible. The wave functions are rarely describable 
by the naive independent-particle model. Once configuration mixing is taken 
into account and occasionally, the effect of exchange currents included (with a 
considerable error ~50%), agreement with experiment is obtained. (Note that 
the comparisons with experiment are made on semilog plots.) 

Parenthetically, the data on the M1 transition as well as the isoscalar and 
isovector magnetic moment and the Gamow-Teller matrix element as obtained 
from B decay and (p,n) reactions have been analyzed for nuclei in the s—d shell 
by Brown and Wildenthal and their colleagues [Brown (86) ]. The wave functions 
are obtained by treating the two-body residual interaction matrix elements as 
empirical parameters which are determined by the ground and excited states 
in the s—d shell. [see Brown (86) for a review. ] The resultant wave functions can 
then be used in the evaluation of the transition matrix elements. Very briefly, 
it is found possible to fit the data mentioned above by assuming an M1 operator 
that varies smoothly with A. The free nucleon M1 operator is [see Chapter 
VIII] is deShalit and Feshbach (74) ] 


Mi=g9 s+ g9,l 


To this operator one adds a “correction” 
g,L6,8 + 61+ 6,(./8aLY, x s])] 


where 6,, 6;, and 6, are parameters. The third term includes configuration mixing 
of the type suggested by Zamick (78). 
The parameters are found empirically to vary smoothly with A. 


Il. Quasi-Elastic Scattering 


In this section the processes in which one or more nucleons are ejected from 
the nucleus by the incident electron are discussed. The term quasi-elastic 
scattering is used because it is thought that because of the high electron energy, 
nucleon knockout is the consequence of the elastic collision of the electron, 
with a nucleon in the nucleus having a momentum hk. As a consequence, it 
should be possible to determine the nucleon momentum distribution by 
observing the angular and energy distribution of the final electron. This hope 
is encouraged by the success of the analogous experiment determining the 
momentum distribution of the electrons in an atom. However, as we shall see, 
there are important limitations. It is convenient to mention one of these now. 
In an inclusive experiment, (e,e’X), in which only the scattered electron is 
observed, it is possible that more than one nucleon is ejected from the nucleus. 
Moreover, generally the final nucleus may be left in a highly excited state. In 
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the multiple scattering picture of Chapter II, the nucleon initially struck by the 
electron will be scattered by the other nucleons in the nucleus, thereby exciting 
the residual nucleus and possible ejecting a second nucleon. 

The kinematics implied by the simple single-nucleon knockout has been 
discussed in Chapter I [see (I.3.9)]. A brief review is in order. An incident 
electron with momentum hk, is scattered by a nuclear nucleon of momentum 
hk, thus acquiring a momentum hk, (see Fig. 2.18). The momentum and energy 
transfer to the nucleon is hq = h(k, — k,) and haw, respectively. The emerging 
nucleon has a momentum h(k+q). Nonrelativistic conservation of energy 
requires 


2 h2k2 
paatey (eee 2 _ 
me one 


+ hw — &, (2.115) 


where ¢, 1s the minimum energy needed to remove the nucleon from the nucleus 
and m* is the effective mass assumed to be the same for the target and the 
ejected nucleon. [See, however, the discussion of the effective mass in Chapter 
V, where we find that the effective mass is a function of momentum and energy). ] 
Solving the equation above for h@, we obtain 


2 
ho = e, +——(2k-q + q) (2.116) 

2m* 
Hence hw is bounded: 
2 


h 
Ey + am* 


. h2 
(—2kpq + q*)<hw <eé,+ 53 (hed + q’) 


The quasi-elastic peak will thus have a width given approximately by (h?/m*)k,q. 
The spreading is a consequence of the Fermi motion of the target nucleon. The 
effects of the nucleon interactions are crudely taken into account through the 
use of the effective mass. Examples of the quasi-elastic peak for three target 
nuclei are given in Fig. 2.19. The reader can check that the width is given 
approximately by (h?/m)kyq. 


electron 


nucleus 


FIG. 2.18. Diagram for the (e, e’p) process. 
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The inclusive differential cross section for the (e, e’x) reaction can be obtained 
directly from (2.111). It is 


won| 8 R, + (Ft + tan? )R, | (2.117) 
where 
Ry =) 1<flo@li>?d(E; — Ey) (2.1184) 
and 


Rp = DU FlAlD? + 1¢S1i-1 1 PIE; — Ey) (2.118b) 


In these equations the sum is taken over all final states designated by f and 
averaged over the initial states designated by i. The delta function indicates 
that only those final states that conserve energy are to be included in the sum. 

The sum includes an integral over the continuum in the case of particle 
emission. For example, for the case of proton emission, (e, e’p), 


d 
(22)° 


2 
R, = [Ei<Fulot@ie>?a{ ho = am K* — (Ey — E4)— Ex | (2.119) 


where hx is the momentum of the emitted proton and Ep 1s the recoil energy. 
The sum is now over residual nuclear states, which in the case of closed-shell 
nuclei, are one-hole states. Ey — E, is the excitation energy of those states. To 
obtain the exclusive cross section, one drops the integral, and dividing (2.117) 
by dk one obtains an expression for da/(dQ,dE,)(dQ,dE,,). 

Employing the model illustrated in Fig. 2.18, (2.119) becomes 


vag ef 12k? 
Ry = |)\< fwle(@)li>|*6 ar ~ + ho — 
m 


&, — ae ak (2.120) 


2m*  ) (22) 


Note the shift from d« to dk which is possible in the model because k and k 
are linearly related. But k refers to the initial nucleon momenta, so that R, 
depends on the nucleon momentum distribution. A first overview of the quasi- 
elastic process is obtained by using the Fermi-gas model. Then 


3z Of hehe k +q) 
R= :| dk6(kp 1)3( fo es rq) ) (2.121) 
4nk3 } 2m* 2m* 


where 6(x) is the unit function, 6(x) = 1, x > 0, 0(x) =0, x <0. The integration 
can be readily carried out. The results are given by deForest and Walecka (66) 
or Donnelly and Walecka (75). Here we note only that for large q(>2k;), Ry 
is proportional to 1/q{1 —[(hw — ¢,)m*/kpq + q/2k,]*}, a parabolic function of 
(haw — &p). 
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Calculations by Moniz, Sick, et al. (71) using the Fermi-gas model with ¢, 
and k, empirical parameters have been compared with the experimental results 
(the target nucleus is '7C) shown in Fig. 2.19. The agreement is excellent and 
the empirical values of ¢, and k, reasonable (see Fig. 1.3.4). However, when the 
longitudinal and transverse cross sections are separately compared with 
experiment, this nice agreement disappears. That comparison [Ciofi degli Atti 
and Salmé (84) ] is shown in Figs. 2.20 and 2.21. One sees (the dotted—dashed 
curve) that the Fermi gas model overestimates the longitudinal cross section 
by a large factor; agreement with the transverse cross section is good. When a 
more realistic nuclear model is employed (i.e., the Hartree-Fock model) and 
final state interactions of the emerging nucleon are included (the solid line), 
excellent agreement with the longitudinal cross section is obtained. 

The expression (2.121) exhibits the property of scaling [see West (75); Sick, 
Day, and McCarthy (80); Sick (87) ]. The 6-function factor can be rewritten as 
follows: 


hk? 2(k 242 2 
( + hay — 6," S29) «6 ho, —54 - vq) 


2m* 2m* m* m* 
* * 
= 7 6( 7 (ho — 2) 2k) 
h*q \h*q 2 
m* 
erat ee (2.122) 


where k, is the component of k parallel to q and 


_m* (ho —&)— 4/2 


= i 
ary ; (2.123) 
_ Mm Ly a(ho ~ &) — ql / 2(ho — &) + 4] 
2h? q 
ae ToL 2ho —& — q] (2.124) 


Inserting (2.122) into (2.121) for R,, we observe that qR, is a function of y only. 
Thus all experiments performed at identical values of y by choosing the 
appropriate w and q should, according to the Fermi model, have identical values 
of qR,. 

Although the results above are instructive, it is necessary to go beyond the 
Fermi gas model and employ a more accurate description of the nucleus. Toward 
that end we rewrite R, as follows: 


Rp => <ilpalf><Sflo(@lido(E; — E,) 
=) <ilp@(E; — H)|f><fle@li> (2.125) 
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FIG. 2.19. Cross sections for quasi-elastic electron scattering. The electron’s energy is 
500 MeV. The scattered electron is observed at 60°. The solid lines are the results of 


Fermi-gas calculations with parameters indicated on the figure. [From Moniz, Sick, 
et al. (71).] 
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FIG. 2.20. Experimental and_ theoretical 
longitudinal response functions. Dotted 
curve, Hartree-Fock results without final- 
state interaction; dashed curve, Hartree— 
Fock results with final-state interaction, 
optical model potential real, solid curve, 
Hartree—Fock results with final-state inter- 
action, optical model potential complex; 
Dashed—dotted curve, Fermi-gas_ result. 
[From Ciofi degli Atti and Salmé (84). | 


FIG. 2.21. Same as Fig. 2.20 for the trans- 
verse response function. [From Ciofi degli 
Atti and Salmeé (84). ] 


The Hamiltonian can be decomposed into the Hamiltonian H, for the residual 
nucleus plus the Hamiltonian H, for the emerging nucleon, including its 


interaction with the residual nucleus: 


H=H,.+HAy 


where 


Hj» =T+V 
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At this point it is convenient to make approximations that are valid in the 
high-energy regime. A similar set of approximations are described in Chapter 
II on multiple scattering. First we replace V, which is in fact a many-body 
operator, by an effective optical potential of the nucleon moving in the field of 
the residual nucleus. Second, Hy is replaced by an average energy «¢, the excitation 
energy of the residual nucleus. Finally, the initial energy E; is taken to be the 
ground-state energy of the target nucleus, taken to be zero, plus the energy 
transferred by the incident electrons to the nuclear system hw. With these 
assumptions, R, becomes | 


R, = 2, Cilell@ (ho —€— Hilf ><flp(@lir 


Performing the sum over the final states yields 


R, = Cilp'(q)d(hw — é — Ho) p(q)i> (2.126) 
Using the identity 
1 1 : 
Im ——_————— = — — d(hw — €— H) (2.127) 
ho —&é—Hot+ ie 7 
one has 
R, = =m (1 ‘(q) |") (2.128) 
ne eon joe ae _ 


We now approximate the Green’s function in this expression by its eikonal limit 
[see Gurvitz and Rinat (87) |: 


(1 pet ea ts 2 = IM oikie-25(h = b’)0(z = 2’ )e(1/2iK) ZUG, b)dt 
ho —&—H,+ie 


h*K 
(2.129) 

where 

2m 2m 

K* == (ho — @) and = 
Note. To derive this result, note that 
1 
(x SE r) = G(r,r’) 
hw —&é—Hy+ ie 
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satisfies 


(he —é+ iy — vo = O(r —r’) = 0(z — z')0(b— b). 
2m 


Let 


G ss grea 2)G 
Then approximately (neglecting V*g compared to 2K ég/éz) 


1, O9 2m 
ae ee UG, ees )o(b — b) 


Equation (2.129) is obtained by integrating this first-order equation. 
Inserting (2.129) and 


p(q) = Ye => Zeia 


Pi 


into (2.128) for R,, one finds that 
mZ? ito ee 1) ,(1/26K) [7.dCU(C, b 
R, =——Re | dr | dr’ p(r,r')e'™ “eK -2) 5 (b — b’')O(z — z')et/2#K EUG D) 
~ h?K 
where p(r,r’) is the density matrix: 


p(r,r’) = vee r,,....W(r',r5,...)dr,-- 


[see (2.88) et seq. ]. 
Carrying out the integrations over b and choosing the z direction to be along 
q, we have 


Vu . ” : P ; z 
R, = ar Re | db dz | dz’ p(z, b; z'b)e"K- 92) Q(z — zeta | 
TU 


— c& — & 


(2.130) 


Scaling no longer prevails since the final factor that reflects the final-state 
interaction is not a function of K — q. The exponent can be expanded in a series 
in (K — q)/q, so that scaling is approached when (K — q)/q<«1. The simple 
Fermi-gas modei leading to (2.121) requires further approximation. More 
accurately, the quasi-elastic inclusive electron scattering probes the density 
matrix p(z, b; z’b). 
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Problem. Using expansion, (2.88) shows that in the absence of final-state 
interaction effects 


R,=Re |a»| i:| dz' p(z, b; z’b)e* — VE -26(z — 2’) 
1 am? 
= Re — |db ——|@,(t + K —q),b)|? 
VK, ex | | ios q), b)| 
= 35 [dblo,(K — 4.7 


1 
: = De | ds]O(K —a9)P 


where 
w@,(K — q,b) = | dz e\*~ 92 q(z, b) 


and 
Q,= ferste-ta 6, b) dr 


In addition, scaling is no longer possible when relativistic effects are taken into 
account [see Alberico et al (88) ]. Nevertheless, it is clearly exhibited experi- 
mentally, as one can see from Fig. 2.22. Scaling is observed for y < 0 but is not 
obtained for y > 0. Similar results have been obtained for *He, '*C, 7’Mg, and 
‘97 Au [Day et al. (88)]. The lack of scaling for y > 0 is presumably because the 
reaction mechanism for large energy transfers is no longer primarily the ejection 
of a single nucleon. 


Note. The potential U in (2.130) is obtained by fitting the elastic scattering 
data. It is a possibly useful property of the eikonal approximation that one can 
express the exponential involving U in terms of the nuclear scattering amplitude 
of a nucleon moving in the q direction. We recall from Chapter II [Eq. (II.5.8) ] 
that the elastic scattering amplitude is, in the eikonal approximation, given by 


f{Q=- ~ | dreiQ™U (rye G20) UC bat (2.131) 
7 


Using the Fourier integral theorem, one can invert the equation to obtain 


An 


Ul(rye~ @/2K) J UG dds — _ 
(r) a 


| AQ F(Qhe 2" 
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FIG. 2.22. See (2.123) et seq. [From Sick (81). ] 


To remove the prefactor U(r), integrate both sides of the equation from zero 
to z. One obtains 


; sigee Ani ee | 
DK [e~ W20FE UGH g- W2K UG bE] — [aariqe er 
(27)? QO, 
so that 
(2K) J* UG DME g- G2) UG ba [aor (Q) -iqne “oI 
e t a “bas — oe t ee ; = ; j Cah 
(22)*K QO, 


where Q, is the component of Q in the q direction. The desired quantity 


j~w2Kyfzue,mac_ & “201 oP —[1/2nP Kf aQf(Qe Oe" * — N/Q, 


e WBS. UH — [1 /(2n)?KJfdQf(Qhe'O%(e" — 1/0, 
(2.132) 
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From this equation one obtains 


: o 1 e 12 _ | 
7 2K)I° UC bag _ fi | d | 
sax lim, |AQr@— 
Or 
erum fuer 1 dQ sQrOe"* 2.133) 
4nK 


where Q, is the component of Q perpendicular to q. Substituting in (2.132) 
yields the desired expression: 


o~ (i/2K)JZ.UC, boat 


1 —(i/4nK) [dQ f(Qrz, Oe ‘2? + (1/427 K) [dQ f(Q)e~'2*[(e- 2" — 1/01] 
(2.134) 


Another procedure valid at high energy begins with the relation 
G a Go + GoZFT Go 


where G 1'=E+ie—H and Go'=E+ie—Hy, H=Hy+V, and 7 is the 
transition matrix for the scattering of a proton by the (A — 1) nucleus. If in the 
second term one approximates G, by its energy on the energy-shell component, 
ZF will involve reaction amplitudes whose corresponding cross sections can be 
obtained from experiment. 


J. The Reaction (e, e’N)! 


The reaction discussed in the preceding section is referred to as an inclusive 
reaction since only the emerging electron is observed. Effectively, therefore, all 
possible final states contribute to the cross section. In this section the reaction 
(e,e’N), where N is a nucleon, is considered. This is an exclusive reaction 
since only one final system is observed. Such measurements are coincidence 
experiments; that is, both the final electron and ejected nucleon momenta and 
energy are measured. The experimental arrangement is illustrated schematically 
in Fig. 2.23. The shaded plane is the scattering plane containing the incident k; 
and final momenta k, of the electron. The unshaded plane contains the 
momentum transfer q and the emergent proton whose momentum makes an 
angle 6, with respect to q. The angle between the two planes is @,. In a typical 
experiment the energies of the emerging electron and proton are measured. 


*Dieperink and DeForest (75); DeForest (67); Co’ et al. (87). 
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FIG. 2.23. Diagram for the (e, e’p) reaction. 


Their sum will not equal the incident electron energy since some of the energy 
has gone into the excitation of the residual nucleus. The difference 


n=ho—E,—(EY) , —E,)—Ep (2.135) 


is referred to as the missing energy or the removal energy. Here Ep is the recoil 
energy of the residual nucleus, while EY) , — E, is the excitation energy for the 
excitation of a final state E, of the A — 1 nucleus. If the cross section is plotted 
as a function of the missing energy, one will see relatively sharp peaks which 
can be identified with single hole state. An-example is presented in Fig. 2.24. 
In addition, one can also determine the cross section as a function of the 
missing momentum. In the Born approximation in which the emerging proton 
wave function is taken as a plane wave with momentum p, the longitudinal 


response function, the important factor in these experiments becomes 


R,= d CAUP a q)|* d(hw Sh = (EY 1 — E4) — Ep) (2.136) 


where ¢,(p, — q) is the wave function of the hole state of the final nucleus in 
momentum space. This result suggests that determining the cross section in the 
energy domain where the delta function condition is satisfied will yield the 
momentum distribution of the hole state. Note that p,—q is the recoil 
momentum of the target nucleus. It is also referred to as the missing momentum 
Pm: Lhis is illustrated in Fig. 2.25. We see the characteristic shapes of a p and 
an s single-particle nucleon wave function emerges. Note the differing ranges 
of E,,, the missing energy for the two cases. The dotted—dashed curve follows 
from (2.136) using the Elton—Swift (67) wave function. A better approximation 
to R, uses the DWA. The matrix element < f|p|i> is then given by 


<Sipli>=¥ | ure te hd, (2.137) 
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FIG. 2.24. Missing energy (E,,) spectrum of the reaction '*C(e, e’p)''B showing an energy 
resolution of 225 keV. Excited states in the residual nucleus ‘'B are indicated. [From 
de Vries (84). ] 


where y‘~* is the appropriate distorted wave for the emerging proton with a 
final momentum of p,. The factor <W,|‘¥;>, in which integrations over all 
variables but r; are carried out, also appears in the DWA expression for the 
pickup (p,d) or (d,*He) process [see (VII.3.4)]. However (2.137) differs from 
that expression in that the perturbing potential for the pickup process is a 
short-ranged nucleon-nucleon two-body potential vo; in the notation of 
Chapter VII, which is to be compared with e'*". Therefore, substantially different 
properties of the overlap <y ,|‘Y; > are probed in the two reactions. In the pickup 
reaction it is mostly the surface region of the nucleus that is involved, while in 
the (e, e’p) case the interior plays an important role. For a detailed study of this 
comparison, see deWitt—Huberts (87). 

There are two noteworthy results. One is that the shapes of the overlap 
<W,|'¥;> wave function as determined from the (e,e’p) and (d, *He) reactions 
are in good agreement. Second, the predicted cross sections in both cases require 


2. ELECTRON SCATTERING 737 


26 (e,e’p) 
To =497 MeV 


60 


15<E.< 21.5 MeV 


40 


Momentum density GeVicl"3 


0 50 100 150 200—~C*SO~S—*O 
Recoil momentum (MeV/c) 


FIG. 2.25. Momentum distributions for the (e,e’p) reaction on !7C in two different 
regions of removal energy, E,,, corresponding to knock-out from the Op and Os shells. 
The calculated results using DWIA (PWIA) are given by the solid (dotted—dashed) curves 
and have been normalized to the experimental data. [From Dieperink and DeForest (75). ] 


spectroscopic factors (the probability that the overlap can be described by a 
single-particle wave function) considerably less than unity. 

The correction resulting from the use of a distorted wave function is small. 
We recall from Chapter V that distorting effects of the optical potential are 
minimal when the proton energy is in the range 150 to 300 MeV. 


Note. Assuming a valence model for the target nucleus, one can show that the 
exchange terms produced by the Pauli exclusion principle are zero. Let 


V(r. y.T2,---)= Sulr,)W /(r,,02,---) 
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The wave function y, is the antisymmetrized wave function for the Z — 1 system. 
The function u carries the normalization. The final state 


Ys AY (tr )W (Py .0 2, me .) 


Antisymmetrization has not been included in (2.137) since it is automatically 
guaranteed by the symmetry of >,e'"" and the antisymmetry of ;. The proof 
of the result that we will leave to the reader is a consequence of the condition 


Cur, ) |W p(ry,8,- : .)» _ 0 
where the integration is carried out over r,. 


The hole state that is formed by the proton removal is not an eigenstate of 
the nuclear Hamiltonian. As revealed by a high-resolution experiment, it 
fragments into several separate states. The hole state acts as a doorway state to 
these. It therefore becomes possible to apply the doorway state formalism 
developed in Chapter III. From (III.4.16) we have the doorway state 7 matrix 


75 Sb ,lHroba><YalH ons? 
CF Rise E—E,+iir} (2.138) 


where we have assumed that the entire width T'S is the result of fragmentation 
of the one-hole state. One must now take the absolute square of <7 ,;> and 
sum over final residual nuclear states within the width '}. An energy average 
" over narrow resonances 5") is implied [see the discussion leading to (VII.5.22) ]. 
The result is 


7 \(2— + T3l< Wal phd? 
KF >| ~ On (EE, + (72/4 +(r)7/4 


where 
Warm pry * (2.139) 


according to (2.137). Thus in the response function one should replace the energy 
delta function by 


1 Ty 
— ——___-t____. (2.140) 
2n(E — E,)? +402 


in order to obtain the results obtained when averaging over the states into 
which the hole state fragments. Note that I, is a function of the energy. [See 
Orland and Schaeffer (78) for more details.] A comparison with experiment is 


2. ELECTRON SCATTERING 739 


C (e,e'p) 30<E,,< 55 MeV 


multiple scattering 
of 1p protons 


we 
in 


100 200 

p(MeV/ed> 

FIG. 2.26. Rescattering effects in the '*C(e, e’p) reaction. In the separation energy region 
corresponding to the 1s shell, the contribution of 1p protons is estimated. [From Mougey 


(80). ] 


shown in Fig. 2.26. For a review of the experimental situation, see Mougey (80) 
and deWitt—Huberts (87). 

This is where we will end the discussion of electron-induced reactions. Much 
more in the way of exclusive experiments will be done as CW electrons 
accelerators become operational. For example, referring to Fig. 2.23, measure- 
ment of the dependence on the angle @, will lead to further information on the 
nuclear matrix elements of various components of the currents. [See, e.g., (3.13) 
in the paper by Co’ et al. (87).] and therefore to new types of response functions 
beyond R, and R,;. The use of polarized electrons will yield relative phases of 
the nuclear matrix elements [see Donnelly (88) ]. Importantly, measurement of 
the parity violating transitions will permit stringent tests of the “standard” 
theory of the electro-weak interactions. We shall not discuss the EMC effect 
[ see Jaffe (88) and Close (88) ], which appears to indicate a change in the structure 
of the nucleons in the nuclear environment. At least that is one interpretation. 
But this phenomenon is, at this moment of writing, not clearly understood 
experimentally and theoretically. Finally, I should mention the clear evidence 
for exchange currents obtained by electron scattering from *H and *He, which 
have not been discussed because the nuclear two- and three-body systems are 
not included in this volume. Nevertheless, we include two figures showing the 
effect of exchange currents and nucleon excitation to the A on the electric and 
magnetic form factors for 7H and *He (Figs. 2.27 and 2.28). 


740 HIGH-ENERGY NUCLEAR PHENOMENA 


3He 


———N 


N+ar+p0+A 


(Fo (q%)| 


q? (fm~?) 


FIG. 2.27. Charge form factor of *He. The dashed curve gives the impulse approximation 
results. The solid curve includes the effects of meson exchange contributions. [From 
Hodjuk, Sauer, and Strueve (83). | 
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The application of the theory of multiple scattering to the scattering of protons 
by nuclei was discussed briefly in Section II.8. We summarize the pertinent 
formulas using the KMT formalism. The effective potential V{(q),q =k — k’ 
is given by (II.4.30) 


yg=AS (oly 0) =(4~1)<0)r/03 (3.1) 


* The eikonal method is often used. However, comparison with the KMT results for 800-MeV protons 
(see Fig. 3.1) shows that in the lowest order the eikonal method overshoots the diffraction maxima 
and minima at the larger angles, especially for the polarization observables. A more careful treatment 
of the eikonal method beyond the first order is required. The eikonal approximation is also found 
to be in error in inelastic scattering [see Ray and Hoffmann (84) ]. However, great improvement 
in the eikonal results can be obtained if higher-order corrections are made [Wallace (73a, 73b); 
Rosen and Yennie (64); Wallace and Friar (84) ]. 
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FIG. 2.28. Magnetic form factor of *He. (See caption for Fig. 2.27.) 


The quantity t; is the nucleon—nucleon transition amplitude, |0> is the ground 
state of the target, while A is the number of nucleons. In general, V{ is a nonlocal 
operator V‘)(r,r’). However, assuming locality [see (II.4.38)] for the transition 


operator t;, V{U. becomes local [Eq. (II.4.39)]. The local optical potential vf) 
is then [Eq. (II.4.40)], 


Vopr) = (A — 1)<O|t(r — r,)|0> (3.2) 
while 
| ety) dr = 5(q) = (A — 1)< Ole" F(q)|0) (3.3) 


The optical potential is to be used in a nonrelativistic Schrodinger equation. 
The resultant scattering amplitude is multiplied by (A/A — 1) [see (II.4.10) ] to 
obtain the predicted amplitude. The superscript on v{) indicates that it is the 
first term in an expansion. The second term is given by (II.4.44). It depends 
explicitly on correlations. For most studies and except for the lightest nuclei, 
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this second term does not significantly affect the predicted angular distributions. 
However, the polarization observables are more sensitive to the correlations. 
The nucleon-nucleon transition matrix t; is given in the nucleon—nucleus 
center-of-mass frame by (II.8.4) 


t(k, k’) = A; + B6o°6; + Co + 6;):(q x Q) + D(6o°Q)(G;°Q) + i 


where q =k —k’ and Q=3(k + k’). The subscript i refers to the struck nucleon 
in the target nucleus and the subscript 0 refers to the incident nucleon. The 
coefficients A;, B;, and so on, are functions of g? and the energy of the incident 
nucleon. These coefficients also depend on the isospin, for example, 


A;=A4 + A_To°T; (3.5) 


The connection between the coefficients A;, and the coefficients A;, and so on, 
appropriate to the nucleon—nucleon center-or-mass reference system is given 
by (11.8.5). We shall not repeat them here. One often parametrizes the coefficients 
A; as follows: 


A’ = A(O)e7 (3.6) 


where « and A are complex functions of the energy. A table of these coefficients 
is given in Chapter II (Table II.8.1) for a nucleon kinetic energy L,,, of 1 GeV. 
Coefficients appropriate at other energies are given Wallace (81). Note that 
the transformation from the nucleon-nucleon to the nucleon—nucleus reference 
frame is valid only at small angles. Moreover, there is an ambiguity described 
in the problem following (II.7.2). Finally, we remark that using the form given 
by (3.6) involves values of A, and so on, which for large values of q are not 
observable in nucleon-nucleon scattering. (See the discussion in Section II.7.) 
Extrapolation from nucleon—nuclear scattering to these off-the-energy-shell 
values is obtained by fitting the energy dependence of the coefficients A(0) and 
a and then continuing that dependence to the required values of the energy. 
Another procedure, using the Breit frame, leads to (II.7.20), in which 7(k, k’) is 
replaced by 


(20 + 1/A)+q Q(i+1/A)— *) 
2 2 


evaluated at the energy T‘f" = (1/2m)(Q7(1 + 1/A)? + q’). In most of the results 
to be reported below, only the A and C coefficients enter into vj), since the 
spin of the target nuclei selected is zero. The bilinear terms in spin (B, D, E, F) 
do contribute to the second-order terms. However, they are generally neglected 


in the calculation of second-order effects. 


*Note that Wallace’s D is proportional to our E and his E to our D. 


744 HIGH-ENERGY NUCLEAR PHENOMENA 


Despite many caveats referred to above, the agreement of the first-order 
multiple scattering theory with elastic scattering of protons by spin-zero nuclei 
at sufficiently high energy is excellent, as one can see from Fig. II.8.2. This is 
because the nucleon—nucleus amplitude is not sensitive to the details of the 
transition matrix for nucleon-nucleon scattering for relatively small values of 
q. The first-order potential is a product of the nucleon—nucleon f and the nuclear 
p. Since f is generated by a short-range force, it will change slowly with q. On 
the other hand, #(q) will be sharply peaked at gq = 0, with the consequence that 
only values of f near g =0 will be important. The cross section near g = 0 will 
then be a diffraction pattern given by 6(q) whose minima and maxima reflect 
the value of the nuclear radius. Their positions are stable against the inclusion 
of various effects, such as those generated by the second-order potential. Many 
effects are present for larger-angle scattering. In addition to correlations, there 
are the corrections arising from the various approximations used to obtain the 
simple formula (3.1) and of course the uncertainties in 6(q) and f(q). A systematic 
treatment of the correlations, including those originating in the Pauli exclusion 
principle, in the center-of-mass correlation and in the spin and space correlations 
in the target nucleus has been given by L. Ray and G. W. Hoffmann and their 
associates. [See, for example, Ray (79); see also Chaumeaux, Layly, and Schaeffer 
(78) | Ray (79) improves upon the treatment of the Pauli correlations by Boridy 
and Feshbach (77) by letting k,, the Fermi energy, be a function of r reflecting 
the spatial dependence of the density, which in a local density approximation 
is directly related to k,. The major effect of these correlations is to increase the 
cross section at the diffraction maxima by an amount that increases with gq and 
decreases with A (see Table 3.1). 

The relative importance of the various correlations at the maxima is shown 
in Table 3.2. We see from the table that the most important correlation effect 
is produced by the Pauli exclusion principle. Finally, Hoffmann et al. (81) have 
pointed out the importance of the spin-orbit coupling that arises from the 
interaction of the magnetic moment of the incident proton and the Coulomb 
field of the target nucleus. Approximately the interaction is given by 


Hind. = —Z- ap (ord) (3.7) 


TABLE 3.1 Percent Increase in Cross Section at 
Diffraction Maxima 


Max. 49°Ca 116Sn 208Pb 
1 13 8 6 
2 18 13 10 
3 20 17 14 
4 21 18 
5 23 


Source: Ray (79). 
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TABLE 3.2 Relative Importance of the Various 
Correlation Corrections’ 


Correction (%) 


Nucleus Pauli SRD PSR-I cm_ Pauli—S.O. 


“Ca 85 10 —2.1 11.0 —3.9 
1°Sn 913 116 —24 2 —5.7 
208Pb 922° AT =28 3.4 —4.5 


*(1) Pauli, because of the exclusion principle; (2) SRD, 
short-range correlation; (3) PSR-I, interference between Pauli 
and short-range; (4) cm, corrections for transformation from 
nuclear center of mass to proton—nucleus center of mass; 
(5) Pauli-S.O., Pauli spin-orbit interference. Values are the 
percentages of the total increase in the height of the maxima in 
the angular distribution. 


where ¢ is the nuclear electrostatic potential and wp, is the proton magnetic 
moment.t The comparison with experiment of the calculated angular 
distribution, including only A and C terms of (3.4), second-order terms, and 
magnetic moment effects, are shown in Fig. 3.2. The incident protons have an 
energy of 800 MeV; the target nuclei are ‘°O, *°Ca, and *°8Pb. The proton 
density is taken from electron scattering while the neutron density is calculated 
according to the following recipe: 


Pall) = Ppl) + Lent) — Pplt) lure (3.8) 


where the densities within brackets is taken from Hartree-Fock—Bogoliubov 
calculations [Dechargé et al. (81) ]. Agreement is good except that as is especially 
noticeable in the lead case, the predicted diffraction oscillations are out of phase 
with experiment at the larger scattering angles. 

One need not use (3.8) but rather determine the neutron density from 
experiment. A check on the method used is obtained by comparing the proton 
density difference obtained using polarized elastic scattering with that obtained 
using electron elastic scattering from *®Ca and °*Fe. In first approximation the 
neutron densities are the same, so that the differences in the proton densities 
can be obtained. The results are shown in Fig. 3.3. Agreement is quite good, 
especially in the region of large r when both experiments have smaller uncertain- 
ties. At smaller r the uncertainties are much larger, so that the agreement is less 
significant. Examples of the neutron densities determined by proton scattering 
in comparison with that obtained from Negele’s density matrix expansion 
(DME) are shown in Fig. 3.4. Reasonable agreement is obtained. 


*Hoffmann et al. (81) use a more accurate expression which is valid relativistically and takes the 
nucleon form factors into account. 
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FIG. 3.2. The 800-MeV p+ '°O, *°Ca and 2°8Pb elastic differential cross section 
compared to the nonrelativistic and relativistic predictions (RIA). MM refers to the 


magnetic moment correction. A in AMM stands for anomolous. [From Fergerson, 
Barlett, et al. (86).] 
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FIG. 3.3. Comparison of the proton density differences between Fe and Ca obtain by 
analysis of 800-MeV proton elastic scattering (outer band) with that obtained by 
electromagnetic measurements (inner shaded band). [From Ray and Hoffmann (83).] 


We consider next the two independent polarization observables, Q, the spin 
rotation, and A,, the analyzing power, which by time reversal equals P in 
(V.2.52). These provide a more subtle test of our understanding of the elastic 
scattering of protons by nuclei. In particular, they are‘ more sensitive in the 
angular regions covered by the minima in the angular distributions. In Fig. 3.5 
we present first-order KMT calculations of the analyzing power, the 
second-order KMT (i.e., including correlations), and finally, calculations that 
include the magnetic moment effect [Eq. (3.7)] designated by MM. The data 
points are obtained with polarized 800-MeV proton beams available at LAMPF. 
The target nuclei are '°O, *°Ca, and *°®Pb. We see that the correlation effects 
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FIG. 3.5. The 800-MeV p + '°O, *°Ca and 798 Pb elastic analyzing power data compared 
to various nonrelativistic impulse approximation predictions. [From Fergerson, Barlett, 
et al. (86). ] 
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FIG. 3.6. The 800-MeV p + *°O, *°Ca and ?°8Pb spin-rotation data compared to various 
nonrelativistic impulse approximation predictions. [From Fergerson, Barlett, et al. (86).] 
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are quite large and for the case of 1°O are sufficient to bring the calculation 
and experiment into substantial agreement. For *°Ca and especially for °° Pb, 
the magnetic moment effect plays an important role. Generally, the first-order 
KMT does not give sufficient structure; terms “proportional” to p* and the 
magnetic moment modification of the spin-orbit term are necessary. Both of 
these act to break the correlation between the numerator in the expression for 
the polarization and the angular distribution that is in the denominator. A 
similar story prevails for the spin-rotation parameter Q, as illustrated by Fig. 3.6. 
In these cases correlation effects are not significant; the improvement on KMT 
is largely carried by the magnetic moment interaction. The agreement with the 
data is quite good, although there are substantial deviations in the Q for the 
*°Ca target. 

These polarization tests of the KMT theory are incomplete, since the effects 
of the spin-spin terms in the t matrix may be appreciable [Feshbach (90) ]. 
However, detailed calculations that would show how these effects affect the 
polarization observables are not available [except for a calculation of Q for 
*He by Parmentola and Feshbach (82) ]. 

Another approach to nucleon—nucleus scattering is referred to as the relativ- 
istic impulse approximation. We shall only sketch this procedure. For more 
details and references, we refer the reader to a review by Wallace (87). Very 
briefly, a relativistic transition operator for the nucleon-nucleon interaction is 
taken to be 


t= fat fa D2 + fro) + fa yyy + frei BS) 
The equivalent Schrodinger form, t,, is obtained from the equation 


U,(k{, S', )ua(k,, 55 )tpu,(k,, 5, )u2(k2, 52) 


= wi(ki, sah (k3, S,)t,(K,, $1)¥1(K1, 5, )%2(K2, 52) (3.10) 


where u(k, s) is the four-component plane wave solution of the Dirac equation 
and y(k,s) is a two-component Pauli plane wave spinor. The process described 
by (3.10) is one in which particle 1 makes the transition from momentum k,, 
spin s, to momentum k,, spin s’, with a similarly indicated change for particle 
2. For a detailed discussion of this transformation, see McNeil, Ray, and Wallace 
(83) and Ray and Hoffmann (85). The resulting amplitude must be folded into 
the appropriate nuclear density functions. These must be relativistic in origin 
and are obtained from relativistic theories of the nucleus such as those proposed 
by Walecka [Serot and Walecka (86) or Celenza and Shakin (86) ]. The first of 
these is a o(scalar)—w (vector) model treated by a mean field approximation. 
The second is a relativistic Breuckner—Hartree—Fock approximation starting 
with a relativistic nucleon-nucleon force taken from a meson exchange model. 
The resulting one-body Dirac equation describing nucleon—nucleus scattering 
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is, according to Ray and Hoffmann (85), 


jour + B(mc? + U,(r)] + [Up(r) + UI] 


- ipa] 2070) + 52S Veo) |PO= Bo. (3.11) 
2m or 
In this equation U,, U,, and U; are the scalar, vector, and tensor potentials, 
k, is the proton anomalous magnetic moment, and E is the total relativistic 
energy of the proton in the proton—target nucleus center-of-mass frame. It is 
found that U; has a small effect on the scattering so that it is omitted in the 
calculations reported below. Equation (3.11) is remarkably similar to the 
relativistic model discussed in Chapter V. The results obtained with the RIA 
agree with the empirical results of that model as demonstrated in Fig. 3.7. With 
these assumptions one obtains the angular distributions of Fig. 3.2, labeled 
RIAw/AMM. The agreement with experiment is better than KMT for the 
target nuclei *°Ca and *°8Pb but not as good as KMT for target nucleus /°O. 
In Fig. 3.8 we compare the predictions of the analyzing power, and Fig. 3.9, 
the spin rotation, is given for the relativistic theory. From Fig. 3.8 we see that 
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FIG. 3.7. Isospin averaged scalar vector (V) potential at nuclear matter density as a 
function of the proton kinetic energy. Solid and dashed lines are the predictions of the 
relativistic impulse approximation. Filled and open circles are the phenomenological 
values for the real and imaginary potentials found by fitting proton scattering data using 
the Dirac equation. [From Wallace (87). ] 
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FIG. 3.9. The 800-Mev p+ '°O, *°Ca, and ?°°Pb spin-rotation data are compared to 
relativistic impulse approximation predictions. [From Fergerson, Bartlett et al. (86).] 
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RIA and KMT differ from experiment in differing ways, but it would be difficult 
on this basis to choose one above the other. In Fig. 3.9 the RIAW/AMM result 
differs considerably from the '°O experiment, with which second-order 
KMT/MM is in substantial agreement (see Fig. 3.6). Agreement with *°Ca and 
208Pb data is good. Overall the sharp difference in the ability of the KMT 
and RIA models to match the data, especially that of the rotation spin parameter, 
is not repeated at 800 MeV. 

The second-order corrections to RIA are severe. This is because one can add 
many terms to tp [Eq. (3.9)] that will not contribute to the positive energy 
projection, (3.10). As a consequence, t, is ambiguous [Adams and Bleszynski 
(84) ] since these additional terms can contribute to the second-order potential. 
No information on their strength is available from the nucleon—nucleon 
amplitude. According to Tjén and Wallace (85,87), tp can contain 56 terms for 
each isospin. Tjon and Wallace reduce the number of independent terms by 
invoking relations obtained from a relativistic theory of the nucleon-nucleon 
interaction. They thus obtain a fit to nuclear forces as well as to medium-energy 
nucleon-nucleon scattering. 


4. PROTON ‘He ELASTIC SCATTERING AND THE EFFECT 
OF ISOBAR EXCITATION: 


The angular distribution of 1-GeV protons scattered by *He is shown in 
Fig. 1.15.2 in deShalit and Feshbach (74). The experimental points shown are 
not correct, as shown by subsequent experiments [Geaga et al. (77); Courant 
et al. (79)]. The strong diffraction minimum is filled in so that the angular 
distribution is flat in the neighborhood of 20° and then drops off quite rapidly. 
It is not possible to explain these results using only the first-order KMT 
potential. This is primarily because to that order the angular distribution is 
given by the Fourier transform of the density p(q) for *He. But p(q) is quite 
accurately determined by electron scattering. It is thus essential to consider the 
second-order term: 


dk” adk’” 
(21)° J (2x)? 


— (0|7,(k —k”)|0><O|7(k” —k’)|0) } 


Ck| V|k’> =(A— 1)? 


{ (Olé, (k — k”)é,(k" — k’)|0> 


" I rt 
x (k ia ope » (4.1) 


—ée—V 


Here ¢,(k —k”) is the t matrix for the scattering of the proton by the nuclear 
nucleon labeled by the subscript. Matrix elements are taken with respect to the 


t Wallace (80); Parmentola and Feshbach (82). 
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ground state, |0>. In the propagator, E is the energy, é an average excitation 
energy, V"? the first-order potential, and K the kinetic energy operator for the 
incident proton in the nucleon—nucleus center-of-mass system. When the effect 
of V‘) is evaluated (as, indeed, one must because of the center-of-mass 
correlations), including dynamical and Pauli correlations and including the 
entire expression for the nucleon—nucleon matrix, (3.4), using the Wallace— 
Alexander parametrization (Table II.8.1) there are substantial changes but the 
diffraction minimum remains. 

A possible remedy suggested by Ikeda (72) and exploited by Alexander and 
Wallace (72) is isobar excitation, which can also contribute to V‘*). In this 
process the incident proton in scattering by a nucleon is transformed into a A 
and in its second scattering deexcited to a proton. Note that the second scattering 
must involve a second and different nucleon to avoid double counting. De- 
excitations by the nucleon that produced the excitation have already been 
included in the nucleon—nucleon transition. Thus in (4.1), f,#, should be 
rewritten 


t,t, =t,(NN,-NN,)t,(NN,2NN,)+1,(NN,—>AN,)f,(AN,2NN,) (4.2) 


The second term is new. The amplitude f(NN,—AN,) corresponding to 
i(NN,—AN,) in the nucleon-nucleon reference frame is parametrized by 


f(NN,-7AN,) = fe 46, °St,°T (4.3) 


where S and T are 3 spin and isospin operators (S* = +2). In principle, f should 
be chosen so as to yield the observed cross section for A production in 
nucleon-nucleon scattering. At 1 GeV the isobar production cross section 1s 
substantial (~22 mb). A fit to the data in the form given by (4.3) has been 
obtained by Chadwick et al. (62). Parmentola takes 


f(0) = 7iD,,,(0) 
INO 
with 
B'_=D'_=E' =0 


that is, assuming that B’, D’ and E’ do not depend on isospin yields (Fig. 4.1). 

Two points should be noted. One is that a corollary of the isobar excitation 
is the existence of three-body forces in nuclei. The impact on our understanding 
of the binding energy of nuclei, especially the three-body systems, has not been 
calculated. Second, since the expectation value of (4.3) with respect to spin is 
zero for zero-spin nuclei, one will find that the isobar addition to V™) for 
zero-spin nuclei will decrease like 1/A with increasing A. It thus will not be of 
importance for the angular distributions for proton—nucleus scattering for the 
heavier nuclei. 
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FIG. 4.1. Elastic differential p-*He, E(p)= 1.03 GeV cross section compared to the 
predictions of multiple scattering theory including the effects of the isobar A. [From 
Parmentola and Feshbach (82). ] 
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Reactions, such as inelastic scattering, quasi-elastic scattering, and particle 
transfer, have all been treated theoretically using the DWA of Chapter V and 
VI. The matrix element between the initial |a> and |b» nuclear states is given 
by [see (3.1) ] 


A-—1 
V = —— 61D tla (5.1) 


To obtain the Y matrix for the reaction one calculates the matrix element V,, 
between the initial state of the projectile and the final state of the emerging 
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system. The reader is referred back to Chapters V and VI for the details. There 
is one simplification: namely, for forward scattering and production one can 
neglect the Pauli principle between the projectile and target. 

The DWA has been applied successfully to inelastic scattering leading to 
excitation of collective levels [see, for example, Chaumeaux, Layly, and Schaeffer 
(78) and Blanpied, Ritchie, et al. (88) ]. The potential ~,, may be expressed in 
terms of the transition density: 


A—1I1 
V ba = {ar Ae WE (Ty T4) A tit, ro )Wa(Fy-°-T4) 
= (A — b far, Poal¥ 1), (81,80) (5.1’) 
where 
Poall 1) = | ol (Ce 9 (5.2) 


If we employ only the component of t, independent of the proton spin, the 
angular momentum transfer in the reaction will be orbital. If the angular 
momentum transfer is J, the only component of the p,, that will be effective 1s 
proportional to Y,,,(r,), leading to the definition 


Poat(1) = | Yite )Poall 1 )aF (5.3) 


The quantities p,,(r,) and p,, ,(r,) are referred to as transition densities. The 
proton transition density can be determined from inelastic electron scattering. 
High-energy proton scattering will permit the additional study of the neutron 
transition density. Ray and Hoffmann (83) use two forms for the transition 
density 


Prat = Sif (r) (5.4) 


where €, is a parameter and f is given by the forms 


_ 1 
f(r)= 14 "Or two parameters (5.5) 
or 
1 + wr?/c? 
f(n= ae ee three parameters (5.6) 
1+e" c*)/z 


The parameters now include c, z, and w. The constants in each of these forms 
are chosen as to give a best fit to the data. The consequent f,,, can then be 
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FIG. 5.1. Experimental data and best KMT fit for 800-MeV (p, p’) to the 2.61-MeV 37 
state in 7°8Pb. [From Ray and Hoffmann (83).] 


compared with the results of a microscopic calculation. The best fit using the 
two-parameter form for the reaction *°®Pb(p, p’) exciting the 2.6-MeV, 37 level 
in lead is shown in Fig. 5.1. The fit is excellent. A similar fit is obtained with 
the three-parameter form. However, these do not give identical neutron 
transition densities, as one can see from Fig. 5.2. As one can anticipate, the two 
transition densities are identical in the surface region but differ substantially in 
the interior, indicating the insensitivity of the experimental data to the interior 
values. This insensitivity is a consequence of the absorption of the incident 
proton wave. 

One can go beyond the DWA and use, for example, the method of coupled 
channels described in Chapter VII. Such a treatment is useful and practical 
when the excited levels are collective. It has been applied to such excitations 
in a series of papers by Blanpied et al. with moderate success. References to 
these articles are given in Blanpied (88). One noteworthy feature uncovered by 
these investigations is the need to increase the number of channels in the 
calculation as the angular range increases. Other methods make use of the 
Glauber representation and group properties of the exponential exp(— | Vdx). 
Bassichis, Feshbach, and Reading (11) treat the vibrational case, while Ginocchio 
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FIG. 5.2. Deduced neutron transition density for the 2.61 MeV 3° state in ?°8Pb. The 


two-parameter Fermi (2pF) and three-parameter (3pG) forms are shown. [From Ray and 
Hoffmann (83). | 


et al [see the review by Ginocchio and Wenes (86) ] generalize to deformed 
nuclei using the Hamiltonian of the interacting boson model. 

It is expected that there is a close relation between the elastic and inelastic 
cross sections in high-energy reactions when the excited states are low-lying 
collective models. One should recall that connection established by Austern 
and Blair (65) at lower energies (see Chapter V). At the higher energies under 
consideration in this chapter it is again possible to express the inelastic scattering 
cross section for excitation of a collective state in terms of the elastic scattering 
cross section. Use is made of the eikonal approximation to the initial and final 
state projectile wave functions and of the Tassie (56) parametrization of the 
matrix element, which is appropriate for collective state excitation. That approxi- 
mation yields [see (II.5.7) 


wey; = e'trel (5.7) 
where 
Wie 7 | . U(b, 2’) dz’ (5.8) 


But from (I1.4.30.) 


U = — 4n(A — I)p(f(0)) 
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where f (0) is the scattering amplitude evaluated at 0°. From the optical theorem 


4 
= | Im f(0°) (5.9) 
so that 


f (0) =— x onl + i) (5.10) 


where r is the ratio of Re f to Im f. Then 


ce. @) 


X= ae — ir)(A— | p(z,b) dz = — g(b) = — yt(b) 


—@ 


“= | p(z, b) dz (5.11) 


— 0 


The amplitude for inelastic scattering exciting a level with spin L, z projection 
M, and parity z 1s 


1 E+mc? 
4n hc? 


f,,(07,0 > I7, M) = — | eit I™Y\V\0"0)dr (5.12) 


Following the discussion of Amado, Lenz, McNeil, and Sparrow (80), one notes 
that because of the transformation properties of |I7, M> and |0',0), it follows 
that 


ACI™M |t(r,r,)|070) = <I*M|VIOT0) = f,() Pry (Se? (5.13) 


where P,, are the associated Legendre polynomials. In addition, Amado, Lenz, 
McNeil, and Sparrow (80) use the Tassie parametrization (56), where 


dp 
—) I-1 
fr= Ayr ap 


(5.14) 

The parameter /, can be related to the transition probabilities (BED) obtained 
from an analysis of inelastic electron scattering using the Tassie form [see, e.g., 
Heisenberg, McCarthy, and Sick (71) ]. Substituting (5.13) and (5.14) in (5.12), 
replacing approximately q:r by q-b, and integrating over @ yields 


E od 
Poe j-M ) Jys(qb)b db e~ 
O 


lL, 
34 
«| do( 2 YP) (5.15) 


fin(0*,0> 1", M) = 
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Note that P;, is a polynomial in z"b'~"/r'; n is odd if (I + M) is odd, even if 
(I+ M) is even. Multiplying by r’~'dp/dr yields z"b'~"[(1/r)(dp/dr)]. The 
integrand in the z integral of (5.15) 1s thus odd if n is odd and thus will vanish 
for odd (I+ M). This result was obtained earlier in (V.4.20). We shall now 
restrict the discussion to the J = 1 case for illustrative purposes. The details for 
the general values of J are given in Amado, Lenz, McNeil, and Sparrow (80) 
and the review article by Amado (85). We are then concerned with only 
fin(0*,0—-17, +1). For M =1, we need P,, = — (3/8z)'/*b/r, so that 


1. E+mce? aan [" idp 
_(0*,0+1*, M)=—A ia J,(qbye"9b2 db | dz “0 
Sigh OGRE AU aan (=) , (99) ear 


— 0c 


The z integral can be reduced by noting that (1/r)(dp/dr) = (1/z dp/dz) and 


in S ld 
— icp J2+P)=5 | ze 
r dr 


ab J - . 
Therefore, 
1 E+ mc? 3 | =" dg 
(07,0717, 1)=—4, ——_(— ] -| dbJ,(qb)e~b— 
Fin( as ) rj 1 Hip (=) a) AC] ) ib 
1, E+mc? ( 3 man d 
in(O*,0O>17,1)=—A - ) =| bdbJ,(qb)—( — ee 
Fin = ) 1 R22 (=) a le 1(4 ya! ) 


Integrating by parts yields 


i. E+mc?/( 3 tf 
(07,0317, 1)=-A — = bdbJ,(qb)(1 — e7 
Fin ( me ) 2 1 h2c2 (=) y . o(4 )( ) 


But the elastic scattering amplitude is 


{t= | Jo(qb)(1 — eb db 


0 


so that 
| 3 \1/2 E+ me? q 
(0*,0>1°,1)=—A,{ — 
Fin 2 (z=) h?¢? a 
Finally, adding in the M = — 1 case, we obtain! 
3 ga ay 
o,,(0t > 17) =—— =| — C, 5.16 
« ) 2 ( y hc? ee 


*This equation and (5.17) differ from the Amado et al. result because of differing normalizations. 
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Amado, Lenz, McNeil, and Sparrow (80) have derived the relationship between 
the elastic and inelastic cross section for arbitrary L. It is 


2 2 2\2 
g,,(0* +r)=(*) et ge 9( 2) e cha, ( 0+ 24 
y An k h*¢? kR 


(5.17) 


where R + ina = Bye’ and ®, = (I — 1)¢ + n, where 7 = 0 for odd L and x/2 for 
even L, where p is given by p,[1 + exp((r — R)/a)]~ *. Comparison of (5.17) with 
experiment is illustrated in Fig. 5.3. Excellent agreement is obtained. [See also 
Feshbach and Boridy (74) for the KMT result.] The success of Tassie expression 
(5.14) indicates that the interactions responsible for the inelastic scattering occur 
in the surface. This is not surprising since the central potential is so strongly 
absorptive (see Fig. IT.8.1). 

Amado (85) also discusses the properties of the polarization parameters for 
elastic scattering. These turn out to be sensitive to the radial dependence of the 
spin-orbit terms. A difference in the radial dependence given by the nuclear 
density results in substantial differences in the polarization. We have already 
observed this phenomena earlier in this chapter (see Section 3). There one found 
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FIG. 5.3. Inelastic cross sections obtained from elastic scattering data (solid lines) 
compared with experiment. [From Amado (835). | 
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that adding in the interaction between the proton magnetic moment and the 
Coulomb field of the nucleus introduced oscillations into the asymmetry, for 
example, which brought the predictions in line with experiment. The reason for 
this sensitivity les in the fact that the polarization parameters are ratios of 
various measured quantities to the differential cross section. For given 
interaction there can be correlations between the angular dependence of the 
numerator and that of the denominator. For example, at low energies there is 
the result obtained by Hufner and de Shalit (65) that the polarization is 
proportional to the angular derivative of the angular distribution. At the higher 
energies, the nonoscillating behavior of the asymmetry (or Q) at the smaller 
angle must be a consequence of such a correlation. Adding in the magnetic 
moment Coulomb interaction or modifying the radial dependence in Amado’s 
discussion destroyed the correlation since the angular distribution is not 
substantially modified by these changes. The oscillations of the numerator and 
the denominator are no longer in phase, so that new oscillations appear. 


6. THE (p, 2p) REACTION! 


The objectives of the studies of this process are similar to those of the study of 
the (e, e’ p) reaction—namely, to obtain information with regard to the hole state 
formed upon ejection of a target proton. In addition, one can hope to form 
some insight into the effect of the nuclear medium on the proton—proton 
interaction. There are substantial differences from the electron-induced reaction. 
Most important is the strong absorptive proton—nucleus interaction, which is 
to be compared with that of the relatively weak electron—nucleus interaction. 
In addition, the electron—proton interaction differs in character from that 
governing the proton-proton system. 

The development to be presented here is suggested by the procedure used 
to discuss the (e, e’p) reaction discussed earlier in this chapter. This is not the 
traditional procedure. I refer the reader to the reviews by Barrett and Jackson 
(77) and Kitching, McDonald, Maris, and Vasconcellos (85) for a description 
of that procedure. The model to be used is shown in Fig. 6.1 (compare with 


proton 


nucleus ———______""—————————= Residual nucleus 
-k 
FIG. 6.1. The (p, 2p) reaction. 


‘Barrett and Jackson (77); Kitching, McDonald, Maris, Vasconcellos (85). 
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Fig. 2.17). The incident proton with momentum k, interacts with a target proton 
with momentum k whose momentum and energy are increased by q and hoa, 
respectively. The scattered incident proton has the momentum k, =k, — q. The 
residual nucleus will have a momentum of — k but may be excited to an energy 


é. The model assumes that we are dealing with a single-step direct reaction. 
Conservation of energy requires that 


h? h? hr h? 
ho = — ki — —(k, — 4)’ = —(k,"q)— —q” (6.1) 
2m 2m m 2m 
and 
h? h? k? 
how = ¢ + —(k+q)* — — (6.2) 
2m 2m 


By measuring k, and (k + q), one can obtain «. Figure 6.2 shows a plot of the 
cross section versus « for the reaction '°O(p, 2p)'°N, for incident proton energy 
of 460 MeV. The hole states s,5, p;,3, and p3,5 are clearly visible. A summary 
of the results obtained using a variety of targets is shown in Fig. 6.3. 
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FIG. 6.2. Energy spectrum and angular correlations for the reaction '°O(p, 2p)'°N. The 


dashed lines are calculated results multiplied by the indicated factor. [From Kitching, 
McDonald, Maris, and Vasconcellos (85). ] 
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FIG. 6.3. Momentum distributions for the reaction *Be(e, e’p)®Li. The p and s states are 
at Ex~15 and 25MeV, respectively. [From Kitching, McDonald, Maris, and 
Vasconcellos (85). | 


The cross section for the inclusive (p,2p) process is 


d*oa &* —mc* |? 
dE, dQ, ae | 
x Dek) GOW) F 5 1(A — DA@t@| XK) ¥ >|? 
if 
x 0(E; — Ey) (6.3) 


where & is the energy of the incident proton E” plus the proton rest mass mc?, 
E, — E, = E'?) — (h?/2m)k3 — (h?/2m)x? — ¢, neglecting the recoil kinetic energy 
of the residual nucleus. The initial and final nuclear wave functions are ‘P; and 
‘YY ,, respectively. If we drop the spin-dependent terms in t(q) and assume that 
t(q) varies so slowly that it can be removed from the matrix element in (6.3), 
we have 


d*o 7 E —m*c* 
dE,dQ, |2nh*c?E” 
x 1K b(K)P | PY; |? 5(E; — E,) 


2 
Kxy 'eq)xy>1?(4 — 1) 


The first two factors can be combined to give an effective pp cross section, 
do'?P)/dE, dQ.,. It is not identical to the free proton—proton cross section since 
x; and y, are distorted waves as a consequence of their interaction with the 
target and residual nuclei, respectively. The factor that remains is just R,, the 
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longitudinal response function of (2.118a). Therefore, 


q2 d2 oP?) 
ere. = a Cett_ (4 = 1)? R,; (6.4) 

dQ,dE, dQ,dE, 
relating the inclusive (e,e’P) and (p,2p) cross sections. If one includes the 
spin-dependent terms, one will obtain other response functions which are also 
present in the expression for (e, e’p) polarization parameters. 


7. RELATIVISTIC HEAVY IONS 


In this section we consider the collision of heavy ions with nuclei with energies 
of the order of 1GeV/A. These experiments have been for the most part 
performed at the Bevalac, the heavy-ion accelerator at the Lawrence Berkeley 
Laboratory, which produces beams of heavy ions with a maximum energy of 
2.1 GeV/A. In Section 8 we briefly discuss collisions of protons and heavy ions 
with energies in the hundreds of GeV/A range. These are referred to as ultra- 
relativistic heavy ions. 

Experimentally, two types of collisions could be differentiated, the peripheral 
and the central. In the first of these, the fragments move with nearly the same 
velocity as the incident projectile, and nearly in the forward direction in the 
laboratory reference frame. These fragments were ejected from the incident 
projectile by its interaction with the target nucleus. The impact parameter for 
these collisions are relatively large; the momentum transfer relatively small. The 
central collision is characterized by a high multiplicity, as one would intuitively 
expect. This is illustrated by Fig. 7.1, obtained by the internuclear cascade 
method. We see that high multiplicity is present for relatively small impact 
parameters, the nuclei “exploding” upon collision. This multiparticle final state 
involving many particles is a new feature that makes its appearance at relativistic 
energies (and at ultrarelativistic energies for even nucleon—nucleon collisions). 


A. Peripheral Collisions 


Peripheral collisions will be discussed first. As we shall see, this is essentially a 
low-energy phenomenon that can be understood rather directly in terms of 
small energy and momentum transfers to the projectile nucleus. Let us 
summarize the experimental facts obtained by experiments performed at the 
Bevalac facility. Experiments were performed with a beam of energetic projectiles 
(e.g., 1°O) at energies of 1.05 GeV/A and 2.1 GeV/A. Inclusive cross sections, that 
is, cross sections for the production of a particular nuclear fragment without a 
determination of the correlated production of other fragments, were measured. 
The results obtained are most simply expressed with respect to the projectile 
frame of reference defined as that frame in which the incident projectile is at 
rest and the target nuclei effectively form the incident beam. 
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FIG. 7.1. Ratio of the multiplicity-selected proton inclusive cross section to the total 
proton inclusive cross section as a function of impact parameter. The solid line represents 
the o,, 5 59/0,, ratio for 7°Ne + 7°°U at E/A = 400 MeV and the dashed line represents 
the ratio o,, ,/0,,, for the same reaction. The dashed—dotted line represents the ratio 
Om >20/ Fo, for *°Ar + 4°Ca at E/A = 1050 MeV and the dotted line represents the ratio 
Om <5/Fr for the same reaction. [From Yariv and Fraenkel (81).] 


1. In the projectile frame, the momentum of a fragment is relatively small. 
For example, if the target nucleus is Pb, its momentum in the projectile 
frame is 208 x 2.9~ 601 GeV/c when the projectile has an energy of 
2.1GeV/A. The longitudinal-momentum, p,, distribution of +°Be 
fragments produced by fragmentation of the projectile, '7C, in the 
projectile frame is' shown in Fig. 7.2. We see that the ‘°Be average 
longitudinal momentum is only about 50 MeV/c, while the dispersion of 
the p, distribution is about 100 MeV/c, which should be compared with the 
601,000 MeV/c carried by the Pb nucleus. Thus a very small fraction 
(10~ *) of the momentum of the lead nucleus is transferred to the projectile. 


2. The distribution, w(p,,p7), in the longitudinal, p,, and transverse, p,, 
components of the momentum is Gaussian in each. Empirically, one finds 
that 


1 7 1 
oPisPr) ~exP} —| 5°50, — Pa) + srt || (7.1) 
L T 


where as mentioned above, p, is generally several tens of MeV/c. 
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FIG. 7.2. Longitudinal-momentum distribution in the projectile frame of reference of 
the '°Be fragments produced by the fragmentation of a '?C projectile with an energy 
of 2.1 GeV/nucleon. [From Greiner, Lindstrom, et al. (75).] 


3. The angular distribution is approximately isotropic, that 1s, 
O,~=Or (7.2) 


However, because of the much greater experimental difficulty in the 
determination of the transverse momenta, (7.2) must be considered as 
approximate. 


4. The dispersion, ¢,, is empirically independent of A; (the target mass 
number), depending only on A, (the fragment mass number) and Ap (the 
projectile mass number). This is a first example of independence of the 
projectile fragmentation of A,. 

5. A second is given by the fact that the branching ratio for the relative 
probability for the production of a fragment type is independent of the 
target nucleus. The cross section for the production of a fragment F, upon 
the collision of a target T with a projectile P, is found to be 


of) =opr—— where DyP=yp (7.3) 
F 
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The ratio multiplying op; is the branching ratio for the production of 
fragment F. 


The inclusive cross section o,,., is proportional to the radius of the 
interaction. Empirically, 


C,.4~ Al? + AL? —0.8 (7.4) 


7. Cross sections and o, at 1.05 and 2.1 GeV/A are approximately the same, 


indicating within this energy range, independence with respect to the 
energy (see Fig. 7.3). 


. The momentum distribution of the emerging protons is not Gaussian. It 
is better described by an exponential, exp(— p/p,), where py ~ 65 MeV/c. 


We shall now discuss the momentum distribution of the fragments. 
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FIG. 7.3. Lorentz invariant cross section for an « beam of indicated energies fragmenting 
to protons versus the proton momentum in the projectile rest frame. [From Schroeder 


(76). ] 
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Momentum Distribution of Projectile Fragments. The model we use was 
suggested by Feshbach and Huang (73). The derivation employed below follows 
essentially that of Goldhaber (74b). The model assumes that the fragment of 
mass number A, is formed from the projectile of mass Ap by removing the 
binding of a group of A, nucleons. The net momentum P, of the fragment is 
then obtained by adding up the momentum of each of these nucleons. The 
value of P,; will vary according to which group of A; nucleons is selected from 
the projectile giving rise to a distribution in P,. If the mean-square momentum 
of a nucleon in the projectile is <p”), the mean-square value of P, is, according 
to a simple statistical consideration,! given by A;<p*>. The distribution in P,, 
following again from statistical considerations, is Gaussian’ at least in the 
neighborhood of the maximum of the distribution. This occurs near P,; =0, 
since the average momentum of the fragments is so close to zero. Note that 
this model automatically assumes that the projectile fragment distribution does 
not depend on the nature of the target. 

Suppose then that the projectiles breaks up into fragments of mass number 
A;, so that 


A; = Ap (7.5) 
Let the momentum of each fragment be P;. Assume that the distribution of 


momenta for the ith fragment depends only on P,, and is Gaussian. Then the 
momentum distribution, w, for a given set of A,, is 


3Pi 
w(P,,P3,...)~ [ exp mre (7.6) 


To obtain the observed inclusive momentum distribution, we must integrate 
over all momenta except that of the observed fragment, say A,, subject to the 
condition 


YP, =0 (7.7) 


As shown by experiment, the average momentum of a projectile fragment in 
the projectile frame of reference is very small, justifying (7.7) to some extent. 


t Assume that P; = > P,, where p, are the momenta of the nucleons making up the fragment. Then 
Pi => Pp’ + >), ¢vP,°Py- Averaging over the momentum distribution of the projectile nucleons, we find 
that <>), «vP,"Py> = 9. Hence 


(P2y = (Ee) = A, <p?) 


‘This result follows simply from the assumption that the momentum distribution is symmetric 
about the maximum. 
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Hence the single-fragment distribution, w(P,), is given by 
o(P,)= [oP,.Pa.-J8(EPD dP, --- (7.8) 


This integral may be easily performed to yield 


Pp? 
w(P,) ~ exp ( ~ rs) (7.9) 
where 
ads 2 (Ap — ie 
le aaa eas A (7.10) 


If we adopt the Fermi-gas model as a description of the projectile nucleus, 


<p?) = 4p} (7.11) 


where p, is the Fermi momentum. 

The experimental results are shown in Fig. 7.4. As can be seen from the 
figure, the dependence of o? on Ap and A,, given by (7.10), is verified by 
experimental data. However, those data yield a value for p; [according to (7.10) ] 
equal to 190 Mev/c, whereas the value of p,; determined from quasi-elastic 
electron scattering is, for ‘°O, given by 225 MeV/c. As suggested by Hiifner, 
this discrepancy may occur because fragmentation occurs only after the emission 
of a number of nucleons. The fragmenting nucleus is not '°O but a lighter 
nucleus with a correspondingly lower value of pr. 

The distribution given by (7.6) can also be used to calculate the angular 
correlation between two fragments, A, and A,, which exists in virtue of (7.7). 
One obtains 


2 1 Ap—A Ap—A 
o(P,,P,)~ exp sg” = 4+ Pp? 2 ++2P,-P,) | 
3<p*» Ap A, A, A, 


This implies a greater probability for the two fragments to go off in opposite 
directions. Determination of this angular correlation would provide a test of 
the independence hypothesis as formalized by (7.6). It appears, however, to be 
very difficult to carry out this experiment. 


The Nuclear Weiszadcker-Williams Method [Feshbach and Zabek (77) ]. The 
Weiszacker—Williams method relates the reaction cross section induced by a 
charged particle to that induced by a distribution of photons. The electro- 
magnetic field of a rapidly moving charged particle can be shown to be 
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FIG. 7.4. Target averaged values of the dispersion o of the longitudinal-momentum 
distribution in the projectile frame. The plotted numeral gives the charge of the fragment. 
The projectile is '°O with an energy of 2.1 GeV/nucleon. The solid line is a best fit using 
(7.10). [From Greiner, Lindstrom, et al. (75).] 


approximately equivalent to a beam of photons with the frequency distribution 
2 d 
n(w) dw = — (Za)? — (7.12) 
T @ 


where Z is the charge of the particle and «@ is the fine-structure constant. The 
cross section for the reaction induced by a charged particle is then given in terms 
of the cross section o,(w) for the photon-induced reaction by 


c= | n(w)o,(@) da = (Zu)? | om dw (7.13) 
Tl w 


In this section a theory of the fragmentation of a relativistic heavy-ion 
projectile will be developed. The expression for the cross section which will be 
obtained will have a structure similar to that of (7.13), so that the theory will 
be referred to as the nuclear Weiszdcker—Williams method. 

The projectile reference frame will be used. In that frame it will be assumed 
that the target nucleus travels without deviation and without internal excitation 
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in a straight line. This assumption is indicated by experimental result (1), which 
demonstrates that the momentum transferred to the projectile nucleus by the 
target nucleus is small. It is identical with the assumptions made in developing 
the electromagnetic Weiszacker— Williams result. However, after the target nuclei 
have penetrated into the projectile a distance 4 approximately equal to a nucleon 
mean free path, a strong collision with large momentum transfer will occur. 
This collision will not contribute to the process being considered, since the 
reaction products will fall outside the small forward cone where the fragments 
were detected. This competitive process is taken into account by assuming that 
the probability of finding the target nucleus intact attentuates during the 
collision with a scale measured by the mean free path 4. 

It is assumed that the collision is peripheral. This result is implied very 
directly by experimental result 6, as given by (7.4). The mean free path 4 used 
is the value valid on the surface region of the interacting nuclei. 

A qualitative description of the consequences of these assumptions can be 
given. The projectile nucleon feel a pulse of force as the target nucleus passes 
by. The duration of the pulse, t, is given by the scale, A, Lorentz contracted to 
A/y, divided by the velocity of the projectile, v, which is very close to c, the 
velocity of light. Thus 


one (7.14) 


py —1/2 E 
= 1 — — = 
: ( 4 mA, 


where v is the velocity of the target and E its energy. From the duration of the 
pulse one can calculate the maximum? energy transfer hw, that can occur: 


where 


pe VD (7.15) 
tT 


For a target energy of 2.1GeV/A and A = 1.75 fm, the maximum energy transfer 
is found from this equation to be 365 MeV. We see immediately that we are in 
fact dealing with a comparatively low-energy phenomenon. There will be other 
effects to be discussed below, which will reduce the maximum energy transfer 
to even considerably lower values. 

Following an argument of Guet, Soyeur, Bowlein, and Brown (89), one can 
establish a relation between the energy transfer hw and the longitudinal 
momentum transfer hg,. Let E; and p, be the initial four-momentum of the 


*By “maximum” we shall mean the value of fw at which the cross section is 1/e of its value for 
very small values of ha. 
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target and E, and p, its corresponding final four momentum, so that 


and 
q>=Pi—Pr 


Then one can immediately obtain 


— (ha)* + q* + (M%— M?) 
E. 


t 


ee 
E. 


For sufficiently large E; and small momentum and energy transfer, one can 
neglect the terms on the right-hand side of this equation so that 


‘q~how 
Or 


Ge (7.16) 


The error in approximation leading to (7.16) is on the order of hw/E; and 
therefore small. 

The maximum value of transverse-momentum transfer, hq,;, is determined 
by the transverse scale of the target density, namely a, the parameter measuring 
the thickness of the nuclear surface. The maximum transverse-momentum 
transfer is thus 


h 
hr. oe 
a 


For a~ 0.6fm, gz, is about 333 MeV/c. 

In addition to these cutoffs in g; and g,, which come from the shape of the 
interacting nuclei, additional cutoffs that have a dynamic origin must be taken 
into account. The most obvious of these is the momentum transfer, which the 
nucleon-nucleon potential will allow before a substantial reduction in the 
amplitude will occur. From the empirical expression for the nucleon—nucleon 
amplitude, we find that the nucleon-nucleon potential produces a momentum 
cutoff, for both the transverse and longitudinal components, of 370 MeV/c. 

The two factors so far described, the geometric factor and the potential factor, 
when combined, yield a momentum cutoff for both components of about 
260 MeV/c. 

Finally, it is necessary to consider the ability of the projectile nucleus to 
absorb the energy iw and the momentum hg. If the energy is absorbed by a 
single nucleon, it will be very far off the energy shell. If it absorbs the full energy 
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ha, it will have a momentum ./2mhw. This, however, is very much larger than 
the momentum transferred, which, as we have seen, is on the order of hw/c, that is, 


./ 2mhw ee 


6 
Or 


hw 


ae «| (7.17) 


This inequality is satisfied by the hw of interest, that is, hw < 260 MeV. The 
absorbing nucleon must therefore interact with a second nucleon in the 
projectile. This absorption by two nucleons can proceed because it is then 
possible to conserve both momentum and energy. The momenta of the two 
nucleons will be opposite and nearly equal, so that the total momentum is 
small, but the total energy will be a sum of the energies of each nucleon. 

The probability for two-nucleon absorption will therefore depend critically 
on the correlation length r,, the mean distance between the first nucleon and 
the second. From the uncertainty principle, the lifetime of the nucleon absorbing 
the momentum and energy is on the order of 1/m@. This nucleon moves with a 


velocity equal to ./(2/m)hw and thus covers in the time 1/@ the distance 
./2h/mw. This distance must be of the order of or greater than r.: 


Ph 1/2 
(=) > r. 
m@ 


ho < — (7.18) 
mr 


c 


Or 


If we take r, as 1/2(h/m,c), one-half of the pion Compton wavelength, this 
inequality becomes 


ho < 165 MeV (7.19) 


Combining this result with the geometric and interaction potential gives a 
longitudinal-momentum cutoff of 139MeV/c, of the same order as the 
experimental value. It also implies a maximum value of the energy that can be 
transferred to the projectile equal to 139 MeV. This energy is split between the 
two absorbing nucleons, so that the cutoff energy for one of these nucleons is 
approximately 70 MeV and the cutoff momentum on the order of 70 MeV/c.* 


*It has been suggested by Goldhaber that in addition to the two-nucleon mechanism, there is the 
possibility of nucleon excitation to form a A. However, the momentum change would then be on 
the order of 300 MeV/c. This combined with the other factors would yield a cutoff of 190 MeV/c, 
which would be too large to explain the fragmentation data. However, as Guet, Soyeur, Bowlein, 
and Brown (89) have shown, it is an important mechanism for pion production. 
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The low value of the momentum transferred (~ hw/c) indicates that the 
angular distribution of the nucleons will be roughly isotropic in the projectile 
frame. In the collision of the two nucleons as discussed above, their final linear 
momentum is hw/c, so that their angular momentum /h is on the order of 
(ha/c)r,.. Hence 


h 
jo (7.20) 
he 
Inserting a maximum value for hw of 139 MeV and r. = 0.7 fm yields 
1<0.5 (7.21) 


demonstrating that for nearly all values of hm the angular distribution of the 
nucleon pair will be isotropic. 

These qualitative considerations provide a simple explanation of the projectile 
fragmentation as a consequence of the action of the “fringing field” of the target 
nucleus as it moves past. the projectile. Our principal conclusion is that the 
process is essentially a low-energy phenomenon. The energy of the nucleon 
pairs produced is predicted to have the observed order of magnitude. These 
nucleons will deposit energy within the projectile nucleus and by that means 
fragmenting it. The net maximum momentum that can be transferred is 
calculated to be of the experimental order of magnitude. A rough isotropy is 
also predicted. Energy dependence in the GeV/A range is weak, since the energy 
occurs only in the geometric cutoff given by (7.15). As observed, the cutoff 
energy is changed by only a few percent when the heavy-ion energy is changed 
from 2.1 GeV/A to 1.05 GeV/A, since the dynamical conditions, (7.18), and the 
limits imposed by the nucleon-nucleon potential are energy independent in this 
range of energy. Finally, it should be observed that none of the cutoff conditions 
depend on the target nucleus. This does indicate that the width of the momentum 
distribution of the fragments is independent of the target. It 1s obviously a 
necessary condition for showing that the branching ratios are target nucleus 
independent. The quantitative calculation we report below shows that indeed 
the nucleon spectrum, and therefore the projectile fragmentation, are target 
independent. 

We turn now to the nuclear Weiszacker—Williams method. The projectile 
frame of reference will be used so that the incident system is the target nucleus. 
As in the Coulomb case, the target nucleus is assumed to continue to move in 
a straight line along the incident direction. It is also assumed that the interaction 
provided by the long-range component of the nuclear field, the fringing field, 
is weak. We may therefore use first-order perturbation theory. 


* Actual calculation shows, in fact, that this estimate is overgenerous and that the maximum value 
of | is considerably smaller than that given by (7.21). 
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Let the coordinates of the target nucleus relative to its center of mass be 
given by €, and its internal wave functions by y(&,). Similarly, the coordinates 
of the projectile nucleus relative to its center of mass are given by &, and its 
internal wave functions by (Ep). The vector between the center of mass of each 
of the nuclei, r, has components z and b, where z is in the direction of motion 
of the target nucleus and b is transverse to that direction. 

The wave function of the system has the following form: 


W = Xo(Er) ) WalEr) a(t, the (7.22) 


where y, 1s the ground-state target wave function, and w, describes the internal 
states of the projectile and E, their energies. The function ®, 1s the wave function 
for the relative motion of the target and projectile. Inserting (7.22) into the 
time-dependent Schrodinger equation yields an equation for ®;: 


ihd® 
ee = > <xoWs| V WX De 
Og =E,—E, (7.23) 


We now insert the assumption that the z component of the velocity of the target 
nucleus is unchanged during the course of the collision: 


D, = u(z, t),(b, C) (7.24) 
with 


|u|? = d(z — vt) flue dz=1 (7.25) 


Inserting (7.24) into (7.23) yields 


iho 
aoe F Wpl(Verlul2)Wa) alb, tel (7.26) 
where 
(Voq|ul2) = | V |ol?lul2 dy dz (7.21) 


We use first-order perturbation theory to solve (7.26), that in, we assume that 
@, on the right-hand side of (7.26) has its initial value 


Pa = 9ai (7.28) 


The probability P,; that the projectile makes a transition from its initial state 
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y; to a final state Wz is 
21 
Poi = lf p(@gi) | (7.29) 


where hw,; is the energy transfer and 


F(a) = Cpe U| o> (7.30) 
The function U is 
U(b, &p, @) = > [ave [a [are yz7)|ul?V (7.31) 
where 
ii 1 
1 —v7/c? 


The factor y in (7.31) takes into account the relativistic contraction of length. 
Inserting (7.25) for |u|? and integrating over time yields 


U(b, Ep, o) = > | dze~ esl | dé, px(By,727)V (7.32) 


TU 


Taking V to be a central potential acting between a nucleon in the target and 
a nucleon in the projectile summed over all pairs, V has the general form 


V=V(r+§&r—§p) (7.33) 
Let 
C=Z+2Z,—Zp 
B a b + br i= bp 
Then 


U(b, €p, @) = ra | d¢ | dE pet’ 27" pr(by, yZ7)V(C,B) (7.34) 


demonstrating that the longitudinal momentum transferred to a projectile 
nucleon is hw/v. Finally, from (7.30) it is necessary to evaluate (@,|U|@;>. 
Taking @¢; from (7.28) and 

jes? (7.35) 


where k is the transverse momentum transfer, one obtains 


1. a 
<p,l U\¢;> = = eteneay can =| i im b=) (7.36) 
2nv YU v 
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where the tilde indicates the Fourier transform, so that 
ry O\_ ~ik-B + iot/v 
Vi —k,— }= | VB, fe dp d¢ (7.37) 
v 


As a consequence of these results the matrix element F,; factorizes into a product 
of two terms, one of which depends only on the properties of the projectile, the 
other on those of the target. 


Fy= FD -K2) 7(4,2) 
v D 
1 - 
(42) aes p(k = *) ( = ‘=| (7.38) 
v 2nv YU v 


FPG) = Welt q= (- K 2) (7.39) 


where 


The projectile factor involves a sum over the projectile nucleon coordinates 
and thus equals the projectiles transition density. F is independent of the 
transition induced in the projectile. From the point of the projectile, the target 
acts as a source of “phonons” with momentum q and energy hw. The total 
cross section is obtained by integrating the probability that a transition from 
W; to Wz, is induced by a phonon of momentum q over the number density of 


such phonons. Thus 
2 
Bi p 


where pis the density of final states. We have therefore referred to this procedure 
as the nuclear Weiszacker—Williams method. 

We shall not develop this procedure further, as all that is required is the 
calculation of F‘ and F®. For details the reader is referred to the original 
articles [Feshbach and Zabek (77); Feshbach (81) |. It is found that the anisotropy 
of the angular distribution is governed by a small parameter: 


1 & (Mey 
4\ he he 
which equals 0.068 for r,=0.7fm and hw =140MeV. The cross section is 


proportional to Aj/°. It is sensitive to the value of the correlation length, r.. 
Reasonable values are obtained for r, ~ 0.7. 


1 


RO (K )/ 5(w@— wz) (7.40) 
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To obtain the partial cross sections, the two particles ejected by the phonon 
are followed using cascade theory. Finally, one must add the effect of a single 
particle ejection for the total branching ratio. Good agreement with experment 
is obtained [Feshbach (81)]. This process has also been treated as an 
“abrasion—ablation” process by Hiifner (75) and collaborators. The method 
described here has been generalized by Guet, Soyeur, Bowlein, and Brown (89) 
and used to discuss subthreshold pion production in '*C—!2C collisions at a 
projectile energy of 95 MeV/A. 


B. Central Collisions! 


A number of different theoretical descriptions of the central, high-multiplicity 
collisions have been proposed. Some of these such as the fireball—firestreak 
thermal models [ Westfall, Gosset, et al. (76); Myers (78) ] and the hydrodynamic 
models [Amsden, Harlow, and Niu (77); Amsden, Goldhaber, Harlow, and Niu 
(78); Stocker and Greiner (86) ] presume the existence of thermal equilibrium. 
Others, such as Koonin (77), have shown that a significant fraction of the 
observed cross section is a consequence of direct knockout of a preequilibrium 
nature. Classical or semiclassical procedures are employed by the models of 
Hufner and Knoll (77), Wilets et al. (77), Bodmer and Panos (77), and finally 
the internucleon cascade mode of Yariv and Fraenkel (79,81) and Cugnon 
(80, 81). We shall limit the discussion below to a description of the internuclear 
cascade model, an important technique that permits detailed calculation of 
many of the observed phenomena. None of the models are completely successful, 
but the internucleon cascade does quite well for many situations. Perhaps its 
most significant failure is the prediction of the directed flow momenta, which 
it underestimates by a factor of 2 while the hydrodynamic model errs by its 
overestimate of the flow by a factor of 2 [Stocker and Greiner (86); Cugnon (82) ]. 
The internuclear cascade (INC) follows the passage of a nucleon (or group 
of nucleons) through a target nucleus assuming two-body collisions. In one 
method [Chen et al. (68); Yariv and Fraenkel (79,81)] the target nucleus is 
represented by a continuous fluid whose density is obtained, for example, from 
electron scattering. The probability that a target nucleon has a momentum p 
at a point r is given by the Fermi-gas distribution corresponding to the density 
p(r). Attention is focused on the projectile motion during the time it could travel 
a distance j/n, where / is an estimated mean free path and n is on the order 
of 20. The first step is randomly to select a nucleon from the Fermi gas, which 
is to interact with the projectile nucleon. The next step is to determine whether 
an interaction occurs within the distance //n. Toward that end the probability 
of such a collision P(A/n) is calculated and compared to a random number 6. 
If € is less than P, an interaction is assumed to have occurred. If ¢>P, no 
interaction is said to have occurred and the projectile is advanced by a distance 
A/n and the process is repeated. If there has been an interaction, it will have 


*Cugnon (82). 
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taken place at a distance from the beginning of the interval given by ¢/A. At 
this point the direction of travel of the particle is determined from the known 
nucleon-nucleon angular distribution by a technique similar to that described 
above for deciding if an interaction has taken place, that is, the probability for 
scattering through a given angle randomly selected is compared with a random 
number. The final energies of the colliding nucleons can then be calculated. If 
the energy of either of the particles is below the Fermi energy, the interaction 
is forbidden so that the momenum of the projectile is unchanged. One now 
repeats the process with another Fermi-sea nucleon to see if an interaction takes 
place in the remainder of the interval. If the energies of both particles are above 
the Fermi energy, the collision is allowed. Their momenta are determined from 
the selected scattering angle. The process is then repeated for each nucleon. As 
the cascade develops, the density in the Fermi seas is reduced. Yariv and Fraenkel 
(79) consider two possible consequent rearrangements. In the fast rearrangement, 
the density of the target is instantaneously reduced. In the slow arrangement a 
“hole” of volume 1/p is punched around the position of the collision. No more 
interactions are allowed within this volume. Empirically, slow arrangement 
yields results that are in better agreement with experiment. The entire procedure 
is repeated until statistical significance is obtained. 

Several features are sometimes included in the calculation. Pion production 
and absorption proceeding through the A baryon resonance is one. In another, 
the nucleons are assumed to be traveling in a potential well so that the nucleon 
paths between collisions are no longer straight lines. Collisions among the 
cascade particles, as well as formation of composite systems, may (or may not) 
be included. 

In the calculations by Cugnon (81), Stevenson (78), Bondorf et.al. (76), and 
Halbert (81), the continuum distribution for the target is dropped. Each of the 
nucleons on the target and projectiles is positioned randomly within spheres, 
representing the target and projectile nuclei. Their momenta are chosen 
randomly using the Fermi gas model. The projectile is given the beam velocity. 
The projected nucleons are assumed to move in straight lines between collisions. 
When the minimum relative distance is smaller than ./o,,,/z, the nucleons are 
assumed to scatter. Here a,,, 1s the total nucleon—nucleon cross section at their 
center-of-mass energy. It is evident that in both of these procedures the nucleon 
correlations in both the target and projectile are neglected. 

The motion of the nucleons in the INC simulation is classical. A necessary 
condition for its validity is that the cascade and projectile nucleon wavelengths 
are much smaller than the internucleon distance r,,. 


— KP 15 
Prab 


This condition will not be met by the low-energy cascade nucleons generated 
by the incident projectile. The calculation of the low-energy part of the spectrum 
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will thus be unreliable. A second condition requires that the mean free path 
must be large compared to the interaction range r.: 


A>T. 
Here r, is defined by o,,, = 2r2. Since 1 = 1/po,,,, this condition becomes 
mr p< 


This condition is well satisfied for normal nucleon densities. Finally, nucleon 
correlations are reflected in nucleon momenta which exceed the limits of the 
Fermi gas. As a consequence, one may expect an inability to match the data 
at the high-energy end of the energy spectrum. A similar remark may be made 
with respect to the angular distribution. 

The invariant nucleon cross section is related to the calculated one-body 
distribution function, f,, by 


do bmax 
E—, = lim | 2nb db | dr Ef ,(r, p, b,t) (7.41) 
p to J0 


Anexample of a comparison with experiment is shown in Fig. 7.5. The agreement 
is very good except for the low-energy part of the spectrum, where INC 
underestimates the cross section for E < 80 MeV. Evaporation of the residual 
nuclei has not been included in the calculation. The effect of including the 
interaction between cascade particles is small. 

Another example is provided by Cugnon and Vandermulen (85) as shown 
in Fig. 7.6. We see that at 800 MeV/A the angular distribution is far from 
isotropic. This is because a considerable fraction of the proton distribution is 
a consequence of a single collision. As the number of collisions increase, the 
angular distribution will become more isotropic. For the Ca+Ca case at 
800 MeV/A, isotropy is achieved for n < 6. The probability distribution for the 
number n of collisions is shown in Fig. 7.7 for the Ca + Ca collision. The mean 
value is 3.24. Of course, the probability for a large n is very small for peripheral 
collisions. 

A second observable is the correlation between two protons, as given by 


Crepe ee a) 
19> P2) — 


(7.42) 
too [2xb db | dr, dp, f(r, P135, t) 


where f, is the two-body distribution function. In the Nagamiya et al. (79) 
experiment, the correlation between a proton emitted at a “telescope” angle 
and an second particle in the angular range 35° < 6 < 45° is studied. The ratio 
C is defined to be the ratio of such in the scattering plane correlations for the 
azimuthal angle @ = 180° +Ad¢(Ad = 10°), to the out-of-plane correlations 
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FIG. 7.5. Inclusive double-differential cross section for the emission of nucleon charges 
in the reaction *°Ar + *°Ca at a bombarding energy of E/A = 1050 MeV. The histograms 
show the calculated results, includeing the effects of interaction between the cascade 


particles. [From Yariv and Fraenkel (81). ] 
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FIG. 7.6. Invariant inclusive proton cross 
section as a function of the center-of-mass 
angle for the *°Ar+*°Ar system at 
800 MeV/nucleon. [From Cugnon and 100 
Vandermuelen (85). ] 
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FIG. 7.7. Probability distribution for the 
number n of collisions that the particles have 
undergone. The full lines refer to the nucleons. 
Left, zero impact parameter; center, large 
impact parameter; right, average overall 
impact parameters. [From Cugnon and 
Vandermuelen (85). | 
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FIG. 7.8. Ratio, C, of “in-plane” (A¢ = 180°) to 
“out-of-plane” (Ad = + 90°) tow-particle cor- 
relations as a function of the polar (telescope 
angle). The second particle is detected at a polar 
angle of 10+ 5°, A@ is the difference in the 
azimuthal angle of the two particles. The 
histograms are calculated. The solid-line ones 
include the effects of interaction betweeen the 

20 40 60 cascade particles, the dashed-line ones do not. 
Telescope angle(deg) [From Yariv and Fraenkel (81).] 


C (spec: R- Tag) A¢?: 180° 


(d= + 90° + Ad). The results of the INC calculation and a comparison with 
experiment are shown in Fig. 7.8. The calculated results when the interaction 
between cascade particles is included are in good agreement with experiment. 
The ratio C is close to unity (except for the '*C + !7C collision), indicating a 
degree of thermalization. 

Other observables include the momentum tensor Q_, and the related quantity 
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the thrust, T. For an event, Q_, is given by 


Qn = DY(P)P;P; (7.43) 


where i runs over the fragments and p,v designate the Cartesian coordinates. 
The weights y(p;) are to be chosen. When y(p,) is taken to be 1/A;, where A, is 
the mass number of the fragment, the resultant Q_, is independent of the degree 
of clusterization. 

The thrust, T, is given by 


T= min Pee 


7.44 
n > |p; 


where the unit vector n is chosen to as to minimize this ratio. The direction of 
the thrust is given by n. The values for the thrust angle (the calculated thrust lies 
in the reaction plane for collisions between equal nuclei) are given in Fig. 7.9 
as calculated by INC [Bertsch and Cugnon (81)] and using hydrodynamics 
[Kapusta and Strottman (81) ]. As expected, the INC calculation predicts a flow 
that is much more in the forward direction. Experimental indications of collective 
flow is given in the paper by Gustafson, Gutbrod, et al. (84). In Fig. 7.10 the 
frequency distribution dN/dcos@ as a function of flow angle 6 is plotted for 
various multiplicities for reactions involving heavy ions at 400 MeV/A. The flow 
angle is defined as the angle between the beam direction and the major axis of 
the ellipsoid given by Q_,, of (7.43), with weights y(p,) = 1/2A;, where A; is the 
mass of the fragment. We observe that as the multiplicity increases (impact 
parameter decreases), the frequency distribution has a maximum at a finite 
angle, while the INC calculations have their maxima at 0°. The parallel 
component of the projectile momentum is reduced during the collision, and the 
momentum acquires a small perpendicular momentum on the order of 
50 MeV/c. The origin of this discrepancy is not yet clear. Is it because of the 
approximation (e.g., the Fermi-gas description of the colliding nuclei) of the 
INC procedure, or is it because of the omission of collective modes of motion 
by the INC? For a recent discussion, see Aichelin, Cugnon, et al. (89). 
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FIG. 7.9. Thrust angle as given by a hydro- 
dynamic calculation (full line) and by the 0 02 04 06 08 10 
inter nuclear cascade (dots). [From Cugnon (82). ] b/bmax 
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FIG. 7.10. Frequency distributions of the flow angle 6 for two sets of data and a cascade 
calculation for different multiplicity bins. For the case of Ca the multiplicities are half 
the indicated values. [From Gustafsson, Gutbrod, et al. (84). ] 
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In this section the collision of ultrarelativistic projectiles, with energies greater 
than several GeV/nucleon, with nucleon is briefly considered. Experiments in 
which the projectile has an energy of up to several hundred GeV have been 
reported. This field is in its infancy. There are many results that are still not 
understood and much more experimentation and theoretical studies are needed. 


A. Lorentz Transformation 


In the relativistic regime, the Lorentz transformation is especially important. 
The Lorentz transformation to a frame moving with a velocity v (we shall use 


units in which the velocity of light, c, is unity) in the position z direction 1s [Morse 
and Feshbach (53 p. 94) | 


z =zcoshé+tsinhé 
t’=zsinhé+tcoshé (8.1) 
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where 


1 
cosh é = ——— sinh € = —__—_— €=—ln 


./1—v? 1—v’ ae ee 


Under a second boost with velocity v’, 


(8.2) 


z" =z coshé’ +t’ sinh é’ 
t” =z’ sinh é’ + t’ cosh é’ 
Substituting from (8.1) for z’ and t’, one finds, for example, 
z” =zcosh(é + ¢’) + tsinh(é + ¢’) 
Thus the effect of two sequential boosts of v and v’ can be obtained by addition 
of the corresponding € parameters. 
This result is even more apparent if one introduces the light cone variables, 
Z,=x+t 22 xXet (8.3) 
Under a Lorentz transformation, 
Ce. z=e°z_ (8.4) 
Finally, the trajectory of a free particle 
z—ut=0 


can be written in terms of the light cone variables as 


= 
i am (8.5) 
l+u 
where 
ates 
Fe 2 1-u 


If we consider the motion in a moving frame of velocity v, (8.5) becomes 


Ze a (8.6) 


B. Rapidity 


Suppose that we have a particle of mass M, and total energy (including rest 
mass) E, incident on a target of mass M, at rest. In the zero-momentum frame, 
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inaccurately referred to as the center-of-mass frame, the total energy “5; that 
is, the energy of the projectile and the target, is given by 

s=2E,M,;+M74+M; (8.7) 
If E, is sufficiently large, 


J/s=./2E,M; (8.8) 


The result that the energy in the center-of-mass frame increases as the square 
root of the energy in the laboratory frame has led to the development of 
accelerators in which beams of opposite momenta collide. 

The kinematics of the collisions can be treated most expeditiously through 
use of the rapidity variable, y, defined by [compare with (8.3) ] 

E + p, = pe’ E—p,=pe” 
E = pcosh y py =usinh y (8.9) 
The quantity p, is the component of the momentum in the z direction. To 
obtain y, note that (E + p,)(E — py) =u" = E* — pj =m? + p7, where pis the 
transverse momentum 
PL =P — Pi 


Therefore, 
w=./m? +p? (8.10) 


and yp is referred to as the transverse mass. From (8.9) one finds that 


1 s%&E E 
yee 4g 


= (8.11) 
2 E-p, p 


Under a Lorentz transformation in the z direction 


p' =p, cosh¢ + Esinh ¢ 
E’ = p, sinh € + Ecosh ¢ 
or 
E' + p = e*(E + p) = wes *™ 
E'— p| =e (E—p)=pe °*” 


Therefore, the rapidity in the new frame, y’, is 


y=¢cty (8.12) 
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As a consequence, rapidity difference are invariant with respect to boosts in 
the z direction: 
¥,—- VY, =V2t+9)-O1 +9) =)2- V1 (8.13) 
As an example, let us use these results to describe the transformation to the 
center of mass when a proton of energy E, and momentum p, 1s incident on 


a proton at rest. The center-of-mass system is defined as one in which the 
protons have equal but opposite momenta. We therefore require that 


Pom = msinh(y — €)=msinh € 


Therefore, 
é=) (8.14) 
The total energy is then given by 
5 = E = 2mcosh; (8.15) 
and 
s = 4m? cosh? ; = 2m?(1 + cosh y) = 2m(m + E,) (8.16) 


which agrees with (8.7) for Mp = M, =m. 
The Lorentz invariant phase space volume dp/E has a simple form when 
expressed in terms of y: 


dp dp p.cosh y dy 
as, a Te, nL 
E Pi E Pi E 
— dp dy (8.17) 


The Lorentz invariant cross section is is thus 


Edo __do 
dp dp,dy 


(8.18) 


In the laboratory frame the projectile will initially have a momentum p = p), 
p, =0, while the target’s initial momentum is zero. The corresponding rapidities 
in the limit in which the masses are very much smaller than the corresponding 
energies are 
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In the center-of-mass frame, 


1. 2p, 1, 2M7p, 
YT a) M, Yp a) M2 


In the frame in which the projectile is at rest and the target is in motion 


It is often the case that measurements yield only the angle with respect to the 
incident direction, $, along which a secondary particle is traveling. The relation 
of that angle with y will now be obtained. Consider the quantity 


Ph Hee 
Pi Pi 
The left-hand side of this equation can be written 
1 1 1m? 
yp +m —))~*(po +5) 
Pi Pi 2 p 
The right-hand side to the same order is 
1 1m? 
—./m*+p%e” ~e(1 + | 
Pi 2p 
Collecting terms and using p,/p =cos 9% and p,/p=sin9 yields 


, 9 4 
yr —Intan—+——cos 9 (8.19) 
ae 


The pseudo-rapidity n is defined to be 
3 
yn = —Intan 5 (8.20) 


The quantity 7 approximates y if m?/p* is sufficiently small. The error is large 
for soft collisions when the secondary particles is a proton. 
The rapidity, y, depends only upon the longitudinal velocity: 


(8.21) 
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where 


a 
IE 


A change in y by | unit corresponds to a change in v,, for v, ~ 1, of 
Ov, = 6.4(1 ae v)) (8.22) 


In a reaction, the peripheral collision will result in the fragmentation of the 
projectile (even if it is a proton!). The fragments will be traveling with 
approximately the same velocity as the projectile; that is, they will acquire 
relatively little transverse momentum. Experimentally, <p, > S$ 350 MeV/c (see 
the later discussion). The target will also fragment, contributing to the particle 
distribution for y close to the target rapidity. The region in y to which the 
proton fragmentation makes a contribution is experimentally on the order of 
2 units, as ascertained from p—p ISR experiments at CERN. The corresponding 
Ay for nuclear fragmentation is on the order of 3 units. A clear separation of 
the fragments occurs only at sufficiently high energy. If, for example, the 
projectile is a 15-GeV proton, the value of y for the projectile is only 3.47. In 
this case the two contributions from target and projectile will overlap. When 
the energy is 200 GeV, the projectile y is 6.06, so that a central region which is 
a consequence of a more central collision will be visible. 


C. Proton—Nucleus Collisions! 


A complete understanding of the interaction of multi-GeV protons with nuclei 
is very far from being achieved. The experimental attack on the problem is for 
the most part just beginning. Similarly, the theoretical concepts required still 
remain to be identified. However, a few features have emerged. These will be 
the subject of this subsection. 

Before proceeding to this task, it would be useful to note two characteristics 
of the proton—proton collisions. The first is the multiplicity plotted in Fig. 8.1. 
We note that the multiplicity rises slowly with beam momentum, rising from 
about 3 at 20 GeV/c to about 10 at 10° GeV/c. Most of the particles observed 
are charged pions of both signs. To get the total multiplicity, including the 
neutral pions, one must multiply the charged pion multiplicity by 2. 

The second point of interest is the transverse momentum of the protons and 
pions produced in a p—p collision. The average value <p,» of pions is shown 
in Fig. 8.2 as a function of rapidity. The p+ p>2+ X channel is the principal 
inelastic channel. The maximum transverse momentum of the pions produced 
in the reaction is about 350 MeV/c. More than one pion is produced, as one 
can see from Fig. 8.1. At p= 100GeV/c, the number of charged particles is 


*Busza and R. Ledoux (88); McCubbin (88); J. Hiifner and Klar (84); Klar and Hiifner (85). 
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FIG. 8.1. The mean number of charged particles (<n>) as a function of beam momentum. 
Em refers to an emulsion target. [From Busza and Ledoux (88). ] 
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FIG. 8.2. The <p;> of x” asa function of y for p + p and p + Xe collisions. [From Busza 
and Ledoux (88). ] 


6.37 + 0.05, v > 0.7. These are thought to be mostly charged pions. To include 
m°, we multiply the charged particle multiplicity by 3 to obtain 9.6. Taking the 
mass of each pion to be 137 MeV with a momentum of 350 MeV/c (see Fig. 8.2), 
assuming that the angular distribution is roughly isotropic in the center-of-mass 
reference frame yields an average energy per pion of 376MeV. The total 
excitation energy of the radiating projectile proton in the proton—proton center 
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of mass is 0.376 x (9.6) or 3.6 GeV at p,; = 100 GeV/c (or E,,, = Ls = 6.9 GeV). 
More than one-half of the available kinetic energy is converted into nucleon 
excitation. The excited nucleon has total energy of 4.5 GeV. 

For the most part, p + p collisions are “soft.” “Hard” collisions involve pion 
momenta much beyond 400 MeV/c. For these cases involving a close collision, 
one may expect hadron jets to be produced. However, the probability for such 
close collisions is relatively low, as one can see from Fig. 8.3. 

What happens when a proton strikes a nucleus? Naively (and incorrectly), 
one might believe that the proton strikes several nucleons, producing about 10 
relatively energetic pions in the target frame of reference per collision. These 
pions would also generate secondaries, and so on. On this basis one would 
expect a very large number of emerging charged particles per incident proton. 
Table 8.1 and Fig. 8.4, where the multiplicity of charged particles with v > 0.7 
is tabulated, demonstrate that this is very far from the truth. Multiplicities are 
small, rising to a factor of about 2.5 for U relative to the multiplicity for a p—p 
collision. Note that the same result holds when the incident hadron is a kaon 
or a pion. Parenthetically, the variable v is defined as the average thickness of 
a nucleus in units of the mean free path (Fig. 8.4) for absorption of the incident 
proton: 


= AG,,,-\(Pp + nucleon) (8.23) 
Oi nei(P + nucleus) 


Empirically, y= 0.7A°3! for protons and 0.74A°?> for pions. The variable ¥ 
is a rough measure of the number of collisions made by the indicated hadron 


@p+p ~7, 205 GeV 


p+Xe +m  , 200 GeV 
@ min bias, all y 

+ min bias, central 

x v(n,) > 5, all y 


dn/dp, (GeV/c)7' 
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FIG. 8.3. The x” transverse momentum distributions from p + p and p + Xe collisions. 
[From Busza and Ledoux (88). ] 
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TABLE 8.1 Average Multiplicities of Relative Charged 
Particles Produced in 100-GeV/c Hadron—Nucleon 


Collisions 
Average 

Target Projectile Multiplicity 
C mm 7.86 + 0.15 
K* 6.92 + 0.33 
p 7.72 + 0.16 
Cu m™ 10.29 + 0.26 
Kt 8.89 + 1.10 
p 11.00 + 0.32 
Pb ic” 13.21 + 0.30 
K* 12.92 + 0.79 
p 14.75 + 0.38 
U T 14.57 + 0.39 
Kt 12.93 + 1.33 
p 15.94 + 0.50 
Hydrogen nm 6.62 + 0.07 
(bubble K* 6.65 + 0.31 
chamber) p 6.37 + 0.06 


Source: Elias, Busza, et al. (78). 


in passing through the nucleus. As one-can see from Fig. 8.4 for small laboratory 
angles, the ratio to hydrogen is unity for all elements. If one extends the 
laboratory angle to 100°, the ratio rises to values of less than 2. In Fig. 8.5 we 
show the ratio of the multiplicity in pA collisions to that in p—p collisions for 
100-GeV/c protons. The ratio is a linear function v: 


= =140.3(v—1) (8.24) 


Np 


The absence of cascading can be understood as a relativistic effect [Goldhaber 
(74a) ]. The incident proton on striking a nucleon of the target nucleus will form 
an excited system. Because of the relativistic time dilation its lifetime will be 
very much longer than its rest-frame lifetime, which is of the order of 1 fm/c. 
In fact, as we shall see, the mean distance it would travel before decaying 1s 
very much larger than the nuclear radius. It therefore will not decay before its 
collision with a second nucleon. This collision will change its excitation energy 
somewhat. This process continues until the proton leaves the nucleus and then 
decays. Cascading induced by the decay of the excited nucleon thus does not 
occur. 
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FIG. 8.4. Angular dependence of the ratio of the multiplicity for the indicated target 
nuclei with the multiplicity for a hydrogen target: x 0° < 6,,, <3.5°, O0° < 6,,, < 26°, 
A 0° < 6,,, < 110°, 0 26° < 6,,, < 110°; MIT 2—A data: [From Elias, Busza, et al. (78); 
Elias et al. (80). ] 
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FIG. 8.5. Ratio of the multiplicity of produced particles in pA collisions divided by the 
multiplicity in pp collisions as a function of v and v(n,). [From Ledoux, Bloomer, and 
Huang (86). | 
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Let us look at this process in more detail. We make use of three experimental 
facts. The first is that in a proton—proton collision the incident proton in the 
rest frame loses 2 units of rapidity [Busza and Ledoux (88) ]. The rapidity of 
a 100-GeV proton is 5.362, so that after the collision y—2 =3.362, corresponding 
to an energy loss of 86%. Second, as we have seen (Table 8.1), the numbers of 
charged pions emitted is 6.37. This is to be multiplied by 1.5 to take the neutral 
pion production into account, yielding 9.56 as the number of pions. Moreover, 
the secondaries produced by the proton fragmentation are mostly pions, as 
demonstrated by Fig. 8.6. The energy loss of the proton consists of the energies 
of these pions and the recoil energy transmitted to the target nucleon plus the 
pions emitted by it. We shall assume that the recoil energy is about 3.5% (this 
can be checked later and a correction calculated). Hence the energy per pion 
is 7.64 GeV, where the target nucleon pions have been assigned an energy of 
1 GeV per pion. Finally, we recall that the average transverse pion momentum 
is 350 MeV/c, so that its transverse mass is 0.377 GeV. 

Let a pion in the center-of-mass system have a rapidity o. Note that proton 
and target nucleon have a rapidity of y/2 and — y/2, respectively, where 
y = 5.362. Then the pion energy, including the proton pion and a target nucleon 
pion energy in the laboratory frame, is 


8.64 = 1 cosh o ++ *) + cosh o <5 *) 
2 Z 
y 
= 2ucosho cosh 5 (8.25) 


In this equation y is the pion transverse mass. From (8.25) we find that 


o = 1.016 (8.26) 
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The projectile pion rapidity in the laboratory frame is y/2 + o = 3.7, close to 
rapidity of the final proton, 3.362. Its energy is 7.61 GeV. The target pion 
rapidity is y/2—o= 1.66, with an energy of 1.03 GeV. The corresponding 
longitudinal momenta are 7.60GeV/c and 0.96 GeV. Since the transverse 
momentum is 0.350 GeV/c, the target nucleon pions are emitted at an average 
angle of 20°. They will thus not make a very significant contribution to the 
forward angle pion multiplicity but will affect the larger angle contributions. 
Finally, we calculate the difference in the velocities of the projectile pions and 
the nucleon assigning a rapidity of 3.362 to the proton and 3.7 to the pion. 


Vp — 0, = Ov x 2e 77P(1 —e 70") = 1.2 x 10°? 


In traveling the distance of a nuclear radius R, the separation of the projectile 
nucleon and the projectile pions will be év x R, which for a nucleus of radius 
of 6 fm is 7.2 x 107° fm. In order words, the pions will be “inside” the proton 
projectile. Thus the pions will not separate from projectile proton until the 
system is far outside the nucleus. The effect of only the first collision has been 
considered, but it is clear that subsequent collisions will not affect this result. 

We have assumed that the system is on the energy shell after the collision 
and before the second collision. This is not at all obvious. If it is not, one must 
treat the collision with all the nucleons in the path of the projectile. A simple 
nonrelativistic calculation [Feshbach (83) ] shows that this effect will not change 
the results above (i.e., the decay outside the nucleus), but there can be substantial 
quantitative differences. A more sophisticated theory has been published by 
Gottfried (74b), which yields (8.19) with the 4 factor. 

Empirically, the loss of rapidity of the projectile in colliding with a nucleus 
is of the order of 3 units [Busza and Ledoux (88) ], so that a 1200-GeV proton 
has a final energy of 5 GeV. Most of that loss of energy is in pions emitted outside 
the nucleus. Most of the very energetic pions are generated by the first collision. 

Another outstanding feature of the proton—nucleus interaction is the 
energy independence of the rapidity distributions in the target and projectile 
fragmentation regions. This is illustrated in Figs. 8.7 and 8.8. There are emulsion 
data, so that the target nuclei are Ag and Br. “Shower particles” correspond 
to single charged relativistic secondaries (f > 0.7). The incident protons have 
energies of 200, 400, and 800 GeV. The explanation is straightforward. As we 
have just described, most of these secondaries are generated in the first proton— 
nucleon collision (see Table 8.1). Combine this with the experimental result that 
such energy independence is observed in proton—proton collisions and we have 
the result of energy independence for proton—nucleus collisions. This behavior 
is referred to as limiting fragmentation. It is interesting to note that the projectile 
fragmentation in nucleus—nucleus collisions at a few GeV/A discussed in Section 
7 is also energy independent. 

One final comment is suggested by the rapidity distributions for different 
targets as shown in Fig. 8.9. We see a strong target dependence. Let dn/dn ~ 
A*(n). From the data one finds a(y4) > 0.3 for 4 < 1.5 [Elias et al. (80) ]. Second, 
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FIG. 8.7. Inclusive pseudorapidity distribution of shower particles in the laboratory 
frame at 200, 400, and 800 GeV. [From Abduzhamilov et al. (87). ] 
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FIG. 8.8. Inclusive pseudorapidity distribution of shower particles in the projectile rest 
frame at 200, 400, and 800 GeV. [From Abduzhamilov et al. (87). ] 


we note that 


dn 1 do 3 
cp (8.27) 
dn O inel dn 
where a is the cross section for producing n secondaries. Since o,,.,~ A°’’, 
do = A?:? +a 


dy 
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FIG. 8.9. dn/dy versus y at 200 GeV on four different targets. [From McCubbin (89). ] 


The exponent is greater than unity, which indicates the presence of multiple 
scattering with associated cascading. The effect of such multiple scattering is 
larger for the larger nuclei. 


D. Nucleus—Nucleus Collision! 


Interest in the collision of ultrarelativistic particles (protons and nuclei) has 
been motivated by the prediction of QCD (quantum chromodynamics) lattice 
gauge calculations that a quark—gluon plasma will be formed when the 
temperature of nuclear matter exceeds roughly 200 MeV. Above that temperature 
nuclear matter “melts” into quarks and gluons. More accurately, there is a 
combination of density and temperature at which such a transition occurs, as 
illustrated in Fig. 8.10. It is hoped that such densities and temperatures can be 
obtained through the collision of very energetic nuclei. Experiments are now 
being conducted at BNL (~ 15 GeV/A) and at CERN ( ~ 200 GeV/A) with fixed 
targets and beams as heavy as Si. BNL will soon be able to provide Au beams 
and CERN is planning a Pb injector. For the more distant future, a collider, 
RHIC (relativistic heavy ion collider), providing 100-GeV/A beams, has been 
proposed by BNL. The study of a new form of matter, the quark—gluon plasma, 
would not only test QCD but it would be of great importance for cosmology 
as well. Soon after the “big bang,” before hadronization, the matter in the 


Satz (88). 
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FIG. 8.10. Phase diagram of nuclear matter in the baryon density, temperature plane 
showing regions of hadronic and deconfined matter. Normal nuclear matter density p,,, 
is 0.16fm~ *. [From Baym (87).] 


Before After 


FIG. 8.11. Collision of two nuclei with relativistic energies. [From Matsui (88). ] 


universe would form a quark—gluon plasma, which as the universe cools would 
condense into nucleons and nuclei. 

The collision of two nuclei is pictured as follows. In the center-of-mass system, 
because of the Lorentz contraction, the nuclei will be disks approaching each 
other at a velocity close to the velocity of light. As they pass through each 
other, energy will be deposited in each of the nuclei as a consequence of nucleon— 
nucleon collisions. In addition, the volume: between the nuclei will contain 
mostly pions and will be for the most part baryon free (see Fig. 8.11). Each of 
these domains, the baryon-rich nuclear volumes or the baryon-free one, is a 
candidate for the formation of the quark—gluon plasma. The questions, whose 


802 HIGH-ENERGY NUCLEAR PHENOMENA 


answer is uncertain, include: Are the density and the temperature big enough, 
and will that condition last for a long enough time? Will enough energy be 
deposited in either domain to raise the temperature to a large enough value? 

The formulations of a reaction theory that describes the collision and 
development of the quark—gluon plasma and its equilibration 1s a major 
challenge to the theorists. One badly needs accurate evaluations of the 
phenomena which would signal the formation of the plasma. Several such 
phenomena have been proposed, such as the anomalous K/z ratio relative to 
its value in p—p collisions and the suppression of the formation of J/w particles. 
For an introductory review of the present situation, see Matsui (88). 


CHAPTER X 


PION AND KAON INTERACTIONS WITH 
NUCLEI# 


1. INTRODUCTION 


Pion and kaon interactions with nuclei provide a. novel set of circumstances 
not covered in Chapters VII to IX. The pion—nucleon system shows (see Fig. 1.1) 
a strong resonance called the A, of mass 1.232 GeV and width 115 MeV. This 
is an excited state of the nucleon whose spin J is 3, and whose isospin T is 3. 
We shall call it a particle despite its short lifetime, given by h/T = 1.7 fm/c = 
0.59 x 1077s. When a pion, whose energy is near the resonance energy, strikes 
a nucleus, the formation of the A is highly likely, creating thereby a A—nucleon 
hole state in the target nucleus. In this energy domain the A—hole state will act 
as an isolated doorway state [Kisslinger and Wang (73, 76) | through which all 
pion—nucleus reactions will proceed. We are familiar with such doorway 
states. Some examples include the isobar analog resonance, the Gamow-Teller 
resonance, and the electric dipole resonance, which can be described as collective 
proton particle—neutron hole states and proton particle—proton hole states, 
respectively. Although the A—h configuration is similar in character to these 
nuclear examples, there is one very significant difference. In the present case, 
the A is itself a resonance in the pion—nucleon system. Many of the pion—nucleon 
data can be explained if it is assumed that the reaction under study proceeds 
through the resonance A. Thus the theory of pion—nuclear reactions to be 
developed in this chapter begins with an analysis of the pion—nucleon resonant 
state. Introducing it into the nucleus permits us to study the impact of the 
nuclear medium on its properties and thus on the properties of the A. 


+Eisenberg and Koltun (80); Ericson and Weise (88); Moniz and Lenz (90). 
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FIG. 1.1. Pion—nucleon total cross sections. [From Ericson and Weise (88). | 


This pivotal role is played by the A within a restricted energy domain. It 1s 
not dominant near threshold nor at high energies. Like other projectiles, 
discussed in Chapter IX, the pion at high energies can induce inelastic and quasi- 
elastic scattering. The reaction theory used in these cases is quite straightforward 
and we shall discuss only inelastic scattering here. We shall, however, discuss 
charge exchange reactions, which are a special feature of pion reactions. These 
include the single charge exchange reaction (SCX) 


t* + 7A>0 4+ 944) (1.1) 
MN +7A>0° + 974A (1.2) 
and the double charge exchange reaction (DCX) 


1m +7zA>n + (z+2)4 


13) 
mt +7A>n* +(-4A ( 


The SCEX reaction has its analog in 


pt zAsnt ay A (1.4) 
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which might be thought of as a reaction in which a 2” is transferred to the 
target nucleus. There is no well-studied corresponding nuclear reaction for the 
DCEX reaction. The DCEX reaction is of special interest, because it 1s thought 
to involve a two-step process involving in each step a change in charge (e.g., 
mn —+>n°—2*). Such a two-step process is sensitive to correlations in the target 
nucleus since it involves successive interactions with two nucleons of the target. 

The pion is a boson. As a consequence, it can be created or destroyed. The 
elementary interaction 1s, for example, 


pt+p=—x* +d (1.5) 


It was by comparing these two reactions and using detailed balance that the 
intrinsic spin of the pion was found to be zero. These elements, the absorption 
and production of pions, must of course be taken into account in any theory 
of pion—nuclear collision. 

The strangeness exchange reaction by means of which hypernuclei are formed 
will be a major focus of the section on kaon-—nuclear interactions. In this 
reaction 


K” + A(Z,N)—> ,A(Z,N —1)+ 27 (1.6) 
a neutron in the target nucleus is converted into A via the elementary reaction 
K’ +n>A+n~ (1.7) 
Hypernuclei have also been formed through the inverse reaction: 
nm* + A(Z,N)>,A(Z,N —1)+ K* 
The formation of the 2 hypernucleus through the reactions 


K~ + A(Z,N)>;A(Z,N —1) +27 (1.8) 
and 
K~ + A(Z,N)>,A(Z —1,N) +727 


(1.9) 
>,A(Z —1),N) +27 


is more problematic. If it exists, one must understand why the strong inter- 
action transition 

L+poA+n (1.10) 
does not immediately convert it into a A hypernucleus if the A is captured by 


the host nucleus or, as is likely, results in the A simply leaving the nucleus with 
no hypernuclear formation. 
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The A hypernucleus has received considerable study, revealing several 
important aspects of the A-—nucleon interaction, such as charge symmetry 
breaking, a weak spin-orbit force as compared to the nucleon-nucleon case, 
and the need for a three-body (Ann) repulsive interaction. In addition, in the 
A hypernucleus one can study the weak interaction 


A+non+n (1.11) 
The free-space decay of the A, 
A>n+u (1.12) 


is reduced, especially in the heavier nuclei, because of the Pauli principle. The 
energy of the nucleon produced in the decay equation (1.12) is much less than 
the Fermi energy; most of the kinetic energy is carried by the pion so that there. 
may not be an unoccupied level for the nucleon to occupy. 

Investigations of hypernuclei have been hampered by the lack of adequate 
facilities. This is not the case for pion physics, where the intense beams at Los 
Alamos (LAMPF) at SIN near Ziirich and at TRIUMF at Vancouver have 
been available since the late 1960s. 


2. PION—-NUCLEON SYSTEM 


A. The Pion 


The three pions z*, 2°, and x~ form an isospin triplet (T = 1). They have zero 
spin and odd parity. The mass of the charged pions is 139.6 MeV. The mass of 
the neutral pion is 135.0. The lifetime of the charged pions is 2.6 x 107s, that 
of the 2° is 8.4x107'’s. The form factor for the charged pion has been 
determined from the scattering of the high-energy pions by the electron in a 
hydrogen atom. Its root mean-square charge radius is 


(72> 4/2 = (0,66 + 0.01) fm (2.1) 


B. lsospin Symmetry 


The pion—nucleon interaction is, except for the Coulomb and mass effects, 
isospin invariant. This means that the combined system can have an isospin of 
+ and 5. Any system composed of a pion and nucleon |zn> can be decomposed 
into states of a definite isospin: 


lnn> = ), |T,T3>(TTs|1t,3 5ty) (2.2) 
T,T 


3 
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Therefore, 
|n* p>=(|3,3>= A** O=2 
1 1 
La se en Q=1 
1 1 
In "p> = giv ie epee i Q=1 
1 
In°n) =—_L./213, —4> +14, -2) = 120° + 1, 1 Q=0 
33 33 


py a Dy Nad 2) Fh ek —~! pp eal 0 
|z~ p> A 1y — /2/4, -)] Wy /214,-1] Q= 
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Inn) =|3, 3) =A7 Q=-1 
(2.3) 
where Q is the charge of each system. 
One can invert these relations and thus express the T =3 state, the A, in 
terms of the pion—nucleon system. We find that 
* =|" p> T, =3 
=a +/2n°py] Ts =4 
A° = alvin +in-py] T3=-3 (2.4 
=| n> T,=—3 
Any isospin invariant operator will be diagonal in isospin space: 
<TT3|O|T’, T;> = 0,706(T, T’)6(T3, T3) (2.5) 
The transition matrix 7 is such an operator. Therefore, 
<n* pF |n* py =F sy (2.6a) 
<n” plF |x" p> =§T 32 + $7 12 (2.6b) 
(nn|F |x p> = Vig (2.6c) 
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The amplitudes 7, and 7,,, are functions of the spin and energy and 
momentum variables. By comparing the possible reaction cross sections, one 


can obtain the two amplitudes. Because of the linear relation between the total 
cross section and the imaginary part of 7, we have from (2.6) 


piles, (2.7) 
a(n p)= 373) + 3% 1/2 


where the subscripts indicate the isospin channel. 
It may be convenient to parametrize the isospin dependence of 7 by 


F =a+ht,T, (2.8) 


where a and b are functions of spin, energy, and momentum variables. The 
quantity a is referred to as the isoscalar component, b the isovector. The vector 
t,, 1s the isospin operator acting on the nucleon 


t,=it, t?=3 (2.9) 


T2=2 (2.10) 


since the pion has an isospin, T= 1. Since T=T,, +t, 1s conserved, one can 
show that 


3 
: (2.11) 
2 


Parenthetically, one can construct the projection operators on to the T = 3 and 
5 states, respectively. They are 


P 3) =4(1+T,"t,) (2.12) 
PSs! — 2T,‘t,) (2.13) 
Using (2.9), one finds from (2.6) that 


b 
Fsp=at>  Fy,=a-b (2.14) 
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The total cross sections for the two most readily available reactions are 


o(n*p)=03,, 


a(m Pp) = 304. +304). (2.15) 


Coulomb effects modify these results. 


C. Pion—Nucleon Scattering 


The most striking feature of pion—nucleon scattering is the A resonance. This 
occurs when the momentum of the pion in the center-of-mass system is 230 MeV/c 
(k = 1.15 fm~ *), corresponding to a mass of 1.232 GeV. The peak cross sections 
show clearly that the resonant cross sections are for a T= state. Assuming 
that at the resonance peaks o,,, >0,,., one finds from (2.15) and (2.7) that 


o(n* p)/o(n~ p)/o(n°n— x” p) = (1/5/3) 


at resonance. This result is in agreement with experiment (see Fig. 1.1). Second, 
one can also determine the spin at the resonance. The resonant cross section 
for (x* p) scattering, assuming no inelasticity is given by 2x/k? (2J + 1)= 
19fm* = 190mb for J =3, confirming that the A** is J =2 state, and the 
inelasticity is small. The resonance must occur in the |=1, p-wave channel 
yielding a unique angular distribution. The amplitude for the scattering of a 
zero-spin particle by a particle of spin 5 is given for each isospin channel 
according to (V.2.44) by 


f=A+Bo-n aia |S (2.16) 
where 
A = Dut ieee if‘ | P,(cos 9) (2.17) 
and 
B=LD LS) —fPMcos9) (2.18) 


P™ (cos 9) = sin 9 a P,(cos 9) 
d(cos 9) 


The quantities f‘*) and f‘~ are the partial wave amplitudes for the j=1+4 
and j =1—4 states. In terms of phase shifts, f‘* is 


1 aa 
os en a eee 2.19 
fi aa ) (2.19) 
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with a similar expression for f{~)-6\*? will be complex if there is any inelasticity. 
The differential cross section is 


do 1 


707 llAl’ + 1B? (2.20) 


The total integrated cross section is 
Se asl CH)2 Tf /? 
eer) Mr ety ed 


The polarization parameters P and Q are 


Re AB* 21m AB* 
en OS (2.20’) 
|A|" + |B |A|* + |B 
For the A** resonance, | =4, J =3, so that 
d 1 
Fo 7 lft? Acos?s + sin?) (2.21) 


in agreement with experiment (see Fig. 2.1). At 0°, do/dQ = 30 mb at resonance. 
It will be noted that as the pion energy deviates from resonance, the angular 
distributions are no longer symmetric about 90°. This is because of the presence 
of nonresonant amplitudes, for example coming from 7 ,,.. The low-energy 
behavior of the phase shift is given by the limit 


5h) 2L+1 


(L) 
2T,23 > 92T,254 


q—0 (2.22) 


For S waves, a is referred to as the scattering length; for P waves a has the 
dimensions of a volume and therefore could be called the scattering volume. 
The numerical values for a are [Moniz and Lenz (91) ] 


a3 , =(—0.092 + 0.002)m;' 
aS, = (0.170 + 0.004)m> ee) 
and 

a’, , =(— 0.043 + 0.004)m; ? 

a® , = (0.214 + 0.004)m=3 

a? , =(— 0.082 + 0.006)m-=3 (2.24) 


a’ , =(—0.029 + 0.005)m=? 
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263.7Mev 


° 


88.5 Mev 


“1.0 “as 0 0.5 
COSé.,, 
FIG. 2.1. Angular distributions for 27 p scattering. [From Rowe, Solomon, and Landau 


(78).] 


We note that the nonresonant P-wave amplitudes are negative, corresponding 
to a relatively weak repulsion. Moreover, the isoscalar quantity in (2.8) is very 
small for S waves. Using 


_ 2758 1,8 
A, = 743,439; 4 


we obtain a, = — 0.0046 m—'. 

At higher energies, the empirical phase shifts as determined by Rowe, 
Solomon, and Landau (78) are presented in Figs. 2.2 to 2.4. The curves are 
labeled by L,, ,,. The phase shift 6(P3,) rises rapidly from zero through 7/2, the 
resonance value of 6. The phases 6(P,;) and 6(P;,) are increasingly negative. 
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166.0 Mev 


114.1 Mev 


Y —>- 67.4 Mev 


0.5 


“1.0 “0.5 O 
COSO.y4 


FIG. 2.2. Angular distributions for x* p scattering. [From Rowe, Solomon, and Landau 


(78).] 


The phase shift 5(P,,) (T=4s—4) turns about and crosses the real axis, 
becoming positive and rising rapidly, indicating the effect of a resonance at a 
mass of 1.440 GeV with a width of 200 + 80 MeV. 

Rowe, Solomon, and Landau (78) have given a useful parametrizaion of the 
phase shifts for pion energies less than 400 MeV. It is 


21+1 2 4 21+1 
tan 6, = (=) E “a e( = 4 (=) | <t (*) Tov/S0 (2.25) 
m m,, mM, ko So —S 


us 


where k and s are the zn center-of-mass momentum and (energy), respectively. 
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FIG. 2.3. Empirical pion—nucleon p-wave phase shifts versus center-of-mass momentum 
lq] Rowe, Solomon, and Landau (78). [From Ericson and Weise (88). ] 
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FIG. 2.4. Empirical pion—nucleon p-wave phase shifts versus center-of-mass momentum 
lq| [Rowe, Solomon, and Landau (78)]. [From Ericson and Weise (88).] 


The resonance form is meaningful only for the P,;, and P,, phases. The values 
of the parameters are given in Table 2.1. 

Principally because of the Coulomb interaction, isospin symmetry is broken. 
The masses of the A’s are not all equal, nor are their widths equal. For 
example, M(A°)— M(A* *) = 2.7+0.3 MeV and I'(A°) — (At *) = 6.64 1.0 MeV 
[Pedroni, Gabathuler, et al. (78)]. 

Inelastic pion—nucleon reactions occur when pions are produced. The 
threshold energy for the zn > xzn reaction is about 179 MeV in the laboratory 
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TABLE 2.1 Parameters for (2.26) 


a Se ko ee b C d 

x (GeV) (GeV/c) (GeV) (10?) (1073) (107+) 
Say 0.44 1.550 0.477 0.105 16.8 + 0.75 — 354+ 5.4 274+ 11 
S35) 0.31 1.655 0.550 0.170 — 11.2 + 0.20 —30.7+ 1.1 21+2 
Ps; 0.61 1.435 0.393 0.230 — 5.71 + 0.54 25.4 +2.1 —29+4+3 
P 3 0.23 1.815 0.656 0.255 — 1.31 +0.08 1.22 + 0.32 —0.4+0.3 
P;, 0.22 1.850 0.678 0.200 —2.91 + 0.08 3.45 + 0.27 —1.5+0.2 
P3, 0.99 1.233 0.228 0.116 11.4+0.30 ~—15.442.1 7.24+2.1 


Source: Rowe, Solomon, and Landau (78). 


reference frame. It appears that many of the data for this reaction can be under- 
stood under the assumption that the final state is a two-body state, of which 
one body is an isobar. For example, the two-body state could be a 7+ A, ora 
2x isobar, such as the spin 1 p or the spin 0 a plus a nucleon. Such a hypothesis 
can be tested by calculating the ratios of the production of various possible 
two-pion + nucleon final states, using the isospin properties of the isobars and 
comparing with experiment. For example, suppose that the reaction 1s 


mn p 
nm +p, 1°n°n (2.26) 

n n°p 
Suppose that the reaction can be described as leading to A*z~, A°x°, and 
A~x* states with the subsequent decay of the A*, A~, and A®. Using the isospin 


Clebsch—Gordan coupling coefficients and for simplicity considering only the 
T = 3 channel, one finds that 


\T, T3> =|4, ~2> = ./E(Ata” — /2A°n + ./3A-2*) (2.27) 
Now using (2.4), which expressed the A*,A°,A™~ in terms of nucleon + pion 
amplitudes, one can obtain the branching ratios for the three final states of 
(2.26), namely, 

,,(n° a n)/o,/(n°n p)/o,,.(n°n°n) = 5/2/2 Ls 


which can be compared with experiment. 


Problem. Consider the T = 3 channel. Show that |3, —4) = ./A[—./8A*a7 + 


A°n® + ./6A~2x*]. Calculate the cross section ratio for the three reactions of 
(2.26). 
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D. The Isobar Description of the A 


We shall not enter into the dynamics underlying the properties of the A. Suffice 
it to say that it is the’ simplest excitation of the three-quark system, whose 
ground state is the nucleon. In this excitation the spin of a quark 1s flipped 
while the isospin (d—u quarks) may also change. Our goal in this section is to 
obtain a consistent description of the A, which will prove to be useful when we 
consider z-nucleus scattering. 

The expression for the Z matrix for resonant scattering for an isolated 
resonance has been derived in Chapter III [Eq. (I1I.2.18)]. We recall that one 
proceeds by dividing the Hilbert space in two through the use of the projection 
operators P and Q = 1 — P, where the space subtended by P contains the incident 
and exit channels. Then as seen from Chapter III, the 7 matrix is given by 


FHT pr (unH eater") (2.28) 


where Hpo = PHQ, and so on, and 


1 


Zp is the nonresonant scattering in P space, that is, a consequence of the 
Schrodinger equation 


(E — Hpp)y =0 (2.30) 


In the case of a single isolated resonance, one chooses Q to contain only one 
state—the resonant state ®. Then 


WwW” Hpg®> (PH py" 
E — <®H®) — (®Hop[1/(E* — Hpp)] Hpg®> 
(2.31) 


In the application to pion—nucleon scattering, we shall limit the discussion to 
the x* + p—>A** resonance. The results for other channels can be obtained 
from isospin invariance. The state vector ® is A(u,), where pz, is the z component 
of the A spin of 3. The operator Hyp couples the A to the pion—nucleon states 
of P space. We take it to be given by 


Hop = gh(k2)k-St (2.32) 


where g is a coupling constant, h(k*) is a form factor, h(0) = 1,k is the center 
of mass relative momentum of the pion—nucleon system, and S' is referred to 
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as the transition spin operator. The form given by (2.32) is determined by angular 
momentum and parity invariance. One recalls that the pion is a pseudoscalar 
spin-zero particle. Hence the interaction must itself transform like a pseudo- 
scalar. The transition operator S' converts a nucleon of spin-4, z component 
Lu, into a A of spin-3, z component py. It therefore has the matrix elements 


<3ualS"|S5n,.> = (lus uals uadey (2.33) 
where 


(a, + a2) (2.34) 


Here a; are three perpendicular unit vectors. From this result we have 


St=e,[|2<a+/2/ <p] +e L/4l—-)<a+|-9 <6] 
+ey./2[4> <a +|—} <8] (2.35) 


where |-) refers to the state vector |31,>. We have tabulated only p,. The states 
a and f are the +5, —4 spin states of the nucleon, respectively. In component 
form, 


It 1 
s}= ~ Tpgllb <a V/3ID <I taal —><a+|-) <6) 
S}= ~aBllb e+ VEDA = 
S}=/3015) <a +1- <8) 


We now define the product S,S! by 


(./21|-4)<a+|-3<B] (2.36) 


S;S! = » Sil a> <uaS! (2.37) 
This operator acts only on the nucleon spinors. One may show using (2.36) that 
and 
From (2.38) we have the useful result 


A:SS'-B =2A-B— 3(0-A)(o-B) 
=1,4-B—Lig-(A x B) (2.39) 
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Note that a similar development can be made in isospin space where the 
T = 4 nucleon is transformed to a T =3A.. 

We return to the numerator, N, of 7p in (2.31), which can be written using 
(2.32) as follows: 


N = 9? YA(k?)(k’+S)|A(ua)> <A(ua) (KS) h(k?) 


EN 


Or 


N= ik?) m()[K “ke — io-(k’ x k)] (2.40) 


To complete the calculation of the numerator N, one must take the matrix 
element of N between appropriate initial and final nucleon spinors. The form 
factor h(k*) measures the overlap of the incident and final pion—nucleon wave 
function with the A wave function. The resonance denominator D in (2.31) is 
given. by (E = total energy) 


g 
D(E)=E—m,—~— 


: E“ =E+ie (2.41) 


f dk h2(k2)x2 
(2x)? E“*) —m—m, — k?/2u 


where m, = <A|H|A), wis the pion—nucleon reduced mass (units h = c = 1). The 
real part of the integral will combine with the parameter m, to yield the A 
mass, m,. The imaginary part of the integral equals twice the width of the A 
resonance. The ratio N/D, given by (2.40) and (2.41), is the Breit—Wigner result, 
describing the A. 

The discussion above is nonrelativistic. The relativistic generalization 
adopted by Hirata, Koch, Lenz, and Moniz (78,79) and by Horikawa, Thies, 
and Lenz (80) replaced D(E) by a form obtained from the Blankenbecler—Sugar 
reduction of the Bethe—Salpeter equation. According to Moniz and Lenz (91), 
the D(E) of (2.41) should be replaced by 


2g” { d« mm K* h?(k) 
DO =a FT oie i cel 7 
(5) 13 | am! ne Magee 
where 
woz=m+K> E2=m? +x? 


and s is the square of the invariant energy. Both expressions for D, (2.41) and 
(2.42), include only pion—nucleon scattering in the expression for the Wg, term. 
Other inelastic processes, such as n+n>724+2+n Or T+n=y+hNn, can also 
contribute to the A width but are not significant at or near the resonance energy. 


Problem. Take the nonrelativistic limit of (2.42) and compared with (2.41) 
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The width can be obtained from the singularity in (2.42): 


1 
Im D = —g? [axto, + Bj K*h?(k’)6(s — (w, + E,)*) 
37 w,_E 


K~ K 


The argument of the 6 function is zero when x* equals «2, where 


1 
Kb = 7 [9 —(m —m,) Is —(m + m,)?1 (2.43) 
s 
Therefore, 
2 4p 2(,.2 E 
Im D = J (ee, + E,.,) lle Kol (Ko)PcoE Ko 
3 OxoE Ko 2K o(x, + EA) 
or 
1 
Im D = a g° i Kah(k5) (2.44) 


Re 


In the laboratory frame, the width and Im D are related by 


T= (~ Im D (2.45) 


m 


A good fit to the resonance phase shifts is obtained, according to Moniz and 
Lenz (91), with 
1 


h(k2) = ee (2.46) 


when « = (0.56 fm~ *), m, = 1384 MeV, and g = 8.72/m,, 
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The scattering of pions by nuclei involves a number of novel features, compared 
to reactions induced by projectiles considered so far in this volume. At low 
energies (E, <80MeV) the pion—nucleon interaction is weak and multiple 
scattering theory is used to understand the results. The optical model potential 
contains significant nonlocal contributions in addition to the customary central 
and spin-orbit potentials. In the kinetic energy range 80 to 400 MeV, A resonance 
formation is the dominant mode and an isobar-doorway state model is 
appropriate. It is this last feature that is of interest to the theory of reactions, 
for it provides an observable example of the impact of the nuclear medium on 
the propagation of a short-lived system through that medium. 
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A. Low Energy: E, < 80 MeV 


Multiple scattering theory (see Chapter II) has been used to obtain the form of 
the pion—nucleon optical potential in this energy range. Since multiple scattering 
theory is a high-energy approximation, its validity for the scattering of 
low-energy pions whose wavelength/2z is on the order or larger than the 
internuclear distance in the nucleus must be justified. The first-order (and 
higher-order) optical potential 


A-1 4 | 
car >» <0|t10> (3.1) 
i=1 


depends directly on the pion—nucleon scattering. To fit the data the parameters 
describing pion—nucleon scattering must be modified, replaced by effective 
parameters. These modifications are ascribed to higher-order effects which are 
said to describe the impact of the medium on the pion—nucleon interaction. It 
is, however, not correct to employ the multiple scattering second-order potential 
V) to determine those effects. In the derivation, presented in Chapter II, of 
V) the approximation is made in which the nuclear Hamiltonian, Hy, in the 
propagator is replaced by a constant. This is equivalent to the fixed scatterer 
approximation (or m,/m-—0), which is not valid at these energies. However, we 
shall use V‘*) to indicate the form of the media modification, adjusting its 
parameters as well as those of V? to obtain a fit for experiment. The results 
are physically meaningful since these parameters vary slowly with respect to 
nucleus and energy. 

At low energy the scattering amplitude f; for pion—nucleon scattering in the 
center-of-mass pion nucleon frame can be parametrized as follows: 


Fan(Kems Kin) = 09 + C'(Kem? Ki) + id’O*(Kem X Ki.) (3.2) 
where b’ depends on isospin 
b'=b, + 51 (T, 7) 
and similarly for parameters c’ and d’. [Note that t of (2.8) = 1/2. ] The coefficients 


b’, c’ d’ depend on energy and momentum transfer q = (k —k’). At threshold 
(E,, = 0) the coefficients have the following values [Ericson and Weise (88) ]: 


bi, = —0.0103)m-! —b’, = —0.091m=! 
cy = 0.208(3)n73 c', = 0.175(2)m=3 (3.3) 
d',= —0.1902)m=3—d’, = — 0.069(2)m=3 


The c’ term, the p-wave scattering amplitude, is clearly dominant, demonstrating 
the importance of the A resonance even at very low energies. From the results 
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(T,,:t)|z* p> =1 and (T,:t)|z*n> = — 1, we see that the x* + p scattering spin 
averaged amplitude is cy +c, =0.38m_°, and the z* + p amplitude is given by 
Cy — ¢', =0.03m= *. We therefore expect that z* nuclear scattering will be more 
sensitive to the proton distribution, while the opposite will be the base for z~ 
scattering. 

We shall need the transition matrix t; in the pion—nucleon center-of-mass 
frame, in terms of f,,, in (3.2). This relation is given by (II.7.16). It is 


k,  1+2E,/Am + (m,/Am)* 
kemEy (1 + m2/AmE,)(1 + E,/Am) 


ey a 1M 


Fran (3.4) 


where k, is the pion momentum in the laboratory frame, E, the corresponding 
energy including its rest mass, and Am the mass of the target nucleus. In addition, 
it is necessary to transform the momenta k,,, and k’,,, to the pion—nucleon 
frame momenta, k and k’. 

We consider the transformation from the reference frame in which the incident 
pion has a momentum of k and the target nucleon a momentum of — k/A to 
the frame in which the pion and nucleon have momenta of k,,, and —k,,,, 
respectively. For all but the lightest nucleus, the pion energy in the first of these 
frames equals the pion laboratory energy, E,. The boost in velocity v in units 
of c required to transform to the nucleon—pion center-of-mass frame is 
determined by the Lorentz transformation: 


kan = Hk —0E,)= 7( 4 + me (3.5) 


This yields 


»=(1-4) i (3.6) 
A/m+ E, 


For the maximum pion kinetic energy considered (80 MeV), v? = 0.0245. Hence 
in (3.5), one may safely put y = 1, so that 


E,(1 —1/A E,/A 
kam = ef 1 EO | li (3.7) 
m+ E, m+ E, m+ E, 
Similarly, 
k(1 — 1/A)E’ 
Te ec aa (3.8) 
E,+m 
We thus obtain 
m 
kon X ki = k x k’ 3.9 


t 
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Evaluating k,,,°k’_, takes more work but one finds that to O(k?/m?, k’?/m?), 


2 
tite ep (1-7) 
m+E, (m+ E,)* 


Note that 


k +k’ 
KP = Hk ky + WeK + Jk KY 5 


We drop the last term on the assumption that it will average to zero and/or 
because it is zero on the energy shell. Inserting the approximate result into the 
equation for k,,,°k‘,, and using the notation 


k—k’=q 


one obtains 


2 E 
| tf ) | ew Fee | (3.10) 
m+ E, 2m 


Substituting (3.9) and (3.10) into (3.2) and (3.4) yields 


toa = be (ek) S41 — 4) | +ido-t x k’) (3.11) 


where the coefficients b,c,d are proportional to b’,c’, and d’ of (3.2). They are 
functions of the momentum transfer and the energy. 
Inserting (3.11) into (3.1) yields 


A-1 | ee 
Verr) = — | dk | dk’ e'*** o(q)t, e* (3.12) 


Assuming that the coefficients b,c, and d vary slowly with q allows us to replace 
them by their value at g=0, b®, c®, and d®. The integration in (3.12) can 
then be performed easily. For example, consider the k-k’ term: 


A-1 . ae 
ee Oa | a | de "k-k’p(k — ke 
Tl 


A-—1 
(27)° 


= ¢(4 — 1)(V-V)d(r —r')p(r) (3.12’) 


— (0) 


v-V’ | dk | dk’ et p(k —k’je~ kr 
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Acting on w(r’) yields 
| vote r)W(r')dr’ = — cA — 1)V-pVw (3.13) 
Hence the first term in the multiple scattering series is 


E 10 
YO=(A- p| Bp — COV pV — 6) —£ (W720) + or (3.14) 
2m r Or 


where in the last term p has been assumed to be spherical, a function of r only. 
Potential V" is known as the Kisslinger potential. 

It was pointed out in the preceding section that the form we have used in 
developing V, (3.2), should be modified as follows [see (2.32) ]: 


1 
c' > c’h(k)h(k’), where h(k,... =———s—~ ._-_- a= 0.56fm™* (3.15) 
1+k2 /a? 


Using this form, it is possible, with some approximation, to carry through the 
calculation leading to (3.12’). One obtains 


+r’\a> 
Vi = cA — 1 V-V’ : eS ee ; 
; ( ) (o( 5 \e 


| Vi (r,r')W(r')dr’ = — (A — 1)V- | p(TEE erin year (3.16) 
s 


so that 


where 


The quantity («’?/8x)e~*'"~"'! is a spread-out delta function becoming a delta 
function as a’ oo. To obtain some feeling as to when the introduction of the 
form factor h(k) is important, replace Wir’) by e'*", p by a constant po. The 
integral in (3.16) then equals 


ik-r Po 
——______ 3.17 
(1 + k?/a'?)? oe 
which is to be compared with-ikp, obtained from (3.13). Using the value of 
a’ =0.69fm~*, (3.16), one sees that the factor 1/[(1+k?/a’?)]* becomes 
important at relatively low energies. 
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The Lorentz—Lorenz Effect. The Kisslinger potential, (3.14), is the first-order 
term in the multiple scattering series for the optical potential. We shall now 
consider higher-order terms, or more physically the effects of correlations. 
Following Eisenberg and Koltun (80), the second-order term involving pair 
correlations will be considered first. We have remarked earlier on the 
approximations involved, but the result will provide us with a form that will 
be useful in obtaining the semiempirical optical potential.? We shall use (II.4.43) 
at zero energy. One further approximation will be made, namely V™? and &, in 
(I1.4.27) for the inverse of the propagator will dropped. With these modification 
one obtains 


k” 
ak ik k’) 
(2x)° 


t(k”, k’)C(k” = k, k’ — k”) 
é 


Vk, k’) =(A— 17 | ap 
(3.18) 


where p = E,;m/(m+ E,). We consider only the effect of the P-wave term, so 
that (3.18) becomes 


i 1 e 
dk (k-k”)(k”*k’) ee C(k” = k, k’ = k”) 
(k”*/2p) — 1é 


V2(k k’) = —2uc?(A — 1)? 
opt(Ks k’) pc*( ) On 


One can decompose the numerator into a “monopole” and a “quadrupole” term: 
(k-k")(k"*k’) =$k-k’(k’? + [(k-k’)(k’-k’) — L(k-k’)(k")?] (3.19) 


Dropping the quadrupole term [see Warszawski, Gal, and Eisenberg (78) ], V'” 
becomes 


ao C(k” —k,k’—k"”) (3.20) 
(27)? 


Vk, k!) = — $(2y)(A ~ 1)?c7(k-k’) | 
Introducing the Fourier transform of C yields 
VO(k, k’) = — 3 (2u)(A — 1)?c7(k-k) [ane® Pec.) 


= 12(4 — 1)2c2(k-k’) ae Jet —Wr dr, (3.21) 


An optical analogy makes use of the fact that long-wavelength electromagnetic interactions with 
matter are, as in the case of the k-k’ term of (3.11), dipole in nature. Therefore, there should be a 
term in the optical potential that is similar to the Clausius—Massotti term in the index of refraction 
for electromagnetic waves. This analogy has been exploited particularly by Madga and Torlief 
Ericson (66). [See also the most recent discussions by Ericson and Weise (88).] For a more extensive 
bibliography on the derivation of the Lorentz—Lorentz and other density-dependent effects, such 
as that induced by p-meson excitation [Baym and Brown (75) ], see Eisenberg and Koltun (80). 
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Transforming to coordinate space and including the first-order P-wave 
contribution, one obtains 


V(r) = — (A — leoV-[p — 3(A — 1)2ucop* JV (3.22) 
Eisenberg and Koltun (80) calculate the next-order term, making it plausible that 


p 


V(r) = — (A — 1)egV-——__—_-—___ V 
ptt) ( Meo 1+42u(A — 1eop 


(3.23) 


This should replace the c® term in (3.14). One should bear in mind that the 
form factors h(k) have not been inserted and that only a subset of the higher-order 
terms has been summed. The cross-terms with the nonresonant components of 
V™ have not been included, for example. Finally, (3.14) suitably modified by 
(3.23) does not contain absorption effects. The constants b,c, and so on, are 
nearly real in this energy range, indicating, as expected, that the inelastic and 
quasi-elastic cross sections are small. The Pauli principle plays an important 
role here. 

The significant absorption reaction is the 2(2n)— 2n. Of course, there is the 
single-step process 7+n-—n, but this involves a large momentum mismatch; 
that is, the energy of the final nucleon yields a larger momentum than that 
provided by the incident pion and the Fermi motion of the target nucleon. A 
more likely process is thought to be absorption of the pion by two nucleons 
which would go off in opposite directions with equal momenta (or nearly equal 
if the incident pion has some kinetic energy). The probability of this process 1s 
proportional to the (density), since two nucleons are involved. These terms are 
introduced phenomenologically, so that V"? reads 


6% + AC? 


V =(A — 1)4 D9 + BO 9? — V-—___————— EETEFS 
1 : 1+ &(2u)(A — 1)[cep + AC®p7] 


E E 
—1y? E 0p + AC? (3.24) 
m- 2m 


where the spin-orbit terms have been omitted. The empirical parameter ¢ 
replaces the factor of § in (3.23). B® and C®) are complex. Thus even when 
b,c, and d® are taken from pion—nucleon scattering, we are left with five 
empirical parameters whose values are obtained by fitting the experimental data. 

The factors b© and c parametrize the pion—nucleon t matrix. To obtain 
these in terms of the pion—nucleon scattering amplitude f,,, we make use of 
(3.4). Dropping the recoil terms, (3.4) becomes 


k 2 E 
[A= = 20 - San = -F(1 +e (3.25) 
m 
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Each of the quantities in (3.3) must therefore be multiplied by — 27/E,(1 + E,/m). 
However, the parameter B®) should contain the factor (1 + E,/2m) since the 
interaction is with two nucleons. According to (3.10), the parameter c’ of (3.2) 
should be multiplied by (m/m+E,)* upon transforming to the laboratory 
reference frame. putting all these factors together yields 


E E 
V= (1 +Ft)yp+(1 +) ap 
E, m 2m 


1 A 


/ / 


—————_-¢ + ——____—__ 
1+ E,/m 14+ £E,/2m 


/ AC’ 
1+ 4né(A — | + ul 
1+E,/m 1+£,/2M 


~5 fey I (3.26) 
2m 1+E,/m 21+E,/2m 


The effect of the form factors h(k”) has not been included in (3.26). This potential 
is then inserted into the Klein—Gordon equation, 


[V7 + (E, — V-) = 2E,V = m9 — 0 


where V, is the Coulomb potential and terms proportional to (V)? have been 
dropped. The results of Ericson and Weise (88) for the parameters bo, 54, Co, 
c’,, and so on, are presented in Table 3.1. 

The quantity (bb )ere iS by — (1 — m,/m)[b6 + 2b7]<1/r>, with <1/r> taken to 
be 0.91 m,. The term subtracted from b, is a second-order multiple scattering 
correction. These results should be compared with the values given in (3.3). The 
agreement with experiment is illustrated in Fig. 3.1. The predicted reaction cross 
sections are shown in Fig. 3.2. 


TABLE 3.1 Low-Energy Optical Model Parameters 


m Atom T, = 50 MeV Units 
(b')ets —0.03 —0.04+ 0.0041 m_! 
b' —0.09 —0.09 m~! 
cy 0.23 0.25 + 0.01% m3 
c' 0.15 0.16 + 0.005i m_° 
é 0.47 0.47 
B’ 0.002 + 0.05: —0.005+0.03i m4 


AC’ 0.04 + 0.123 0.05 + 0.071 m_° 
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FIG. 3.1. Angular distributions for 2* elastic scattering on various nuclei at T, = 30 
and 50 MeV [Carr, McManus, and Strickler (82)]. [From Ericson and Weise (88). ] 


B. Pion Energy 80—400 MeV; The Resonance Region 


The dominant physical process in this energy range is the absorption of the 
incident pion by one of the nucleons in the target nucleus, forming a A. The A 
propagates through the nucleus, colliding with other nucleons. The A eventually 
decays into a nucleon + pion, leaving the nucleus in the ground state (elastic 
scattering) or excited (inelastic scattering). In an equivalent description the pion 
is absorbed by the target nucleus, forming a A—hole state, that is, a system 
consisting of A —1 nucleons plus a A. This state acts as a doorway to more 
complex states, such as the A—n-—2 hole state, and generally to A—hole plus 
multiparticle—hole states. 

These two descriptions are equally valid. However, the first suggests a multiple 
scattering description, while the second suggests a doorway state description. 
In this volume we describe the latter, first proposed by Kisslinger and Wang 
(73, 76) and further exploited by Hirata, Koch, Lenz, and Moniz (78, 79) and 
Horikawa, Thies, and Lenz (80). A critical review of this area, including an 
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PION ABSORPTION CROSS SECTIONS 


1000 


0 obs [mb] 


1000 
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FIG. 3.2. Pion absorption cross sections for various nuclei as a function of energy [Carr, 
McManus, and Strickler (82)]. | From Ericson and Weise (88). | 


analysis of both approaches, is being prepared by Lenz and Moniz (91). The 
reader is referred to this article for a discussion of the multiple scattering 
description together with an extensive list of references. 

In the language of Chapter III, P space contains the states of A baryons, 
containing a maximum of one A and at least one but no more than one pion. 
As usual, the other degrees of freedom are contained in Q space. Perhaps the 
most important term in Q space is the two-pion + baryon system, which is 
generated by the reaction (xn > azn). The Hamitonian H pp we shall use is 


H=H,+h2+H' (3.27) 
where 
H,=H° + H°+4 V,(n) + V,(A) + H(nA nn) + H(nn- A) 
+ hermitian conjugates of the last two terms (3.28) 
The quantities h°, H°, and H® contain the mass and kinetic energy operators. 


The single-particle potentials V_,(n) and V,,(A) approximate in shell model fashion 
the potential in which a nucleon or the A move. The term H(nA > nn) + H(nn- nA) 
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describes a A—nucleon collision in which the A is deexcited to a nucleon, and 
vice versa, a process that in nucleon-nucleon scattering leads to the production 
of a A. The last term H(zn—- A) describes the formation of a A by absorption 
of the pion by a nucleon, or vice versa, the decay of the A into a pion + nucleon. 

We define a set of mutually orthogonal projection operators P,,P,, and Py. 
The first of these, P,, projects, onto the space, consisting of the states of A 
nucleons and one pion. Thus 


PHP, = h° +H,=H, (3.29) 
where 
and 
h® =T,+m, (3.31) 


The operator P, projects onto a space containing only nucleons, so that 
P,P, ad H, (3.32) 


Finally, the operator P, projects onto a space containing one A and (A — 1) 
nucleons: 


P,HP,=Am+) (H47'+7%);4+V,) =H, (3.33) 


where Am = m, — m,, and the subscript i in the sum denotes the nucleon, which 


has been converted into a A. The sum >° V, ; = V,(A). The nondiagonal terms are 
P,HP,=H(mn>A)=) 9,;=Ha, (3.34) 
and 
P,HP,=H(An-nn)= Y¥ 0,, (i,j) = Hag (3.35) 
i<j 


The operator H,, describes the absorption of a pion to form a delta. The 
operator g; 1s given by (2.32): 


9; = gh(k*)k-S} (3.36) 


Finally, H,, is H(nA— nn). The corresponding wave functions 


PWv=y, PAv=Wy P,P =Wy (3.37) 


3. PION-NUCLEUS SCATTERING 829 


satisfy the Schrodinger equations (‘Y is the exact state vector) 


(E — A,)W, = Hava (3.384) 
(E— Hy Wa = Aaa (3.385) 
(E— Aya = Ag aWat Aap t+ AyoWo (3.38c) 
(E — Ho)\Wo = Hoga (3.38d) 


where QP = Wg contains all the channels, such as the A—hole, many p—h states 
not subtended by P,+ P,+4+ P, (1e., Q@=1—P,—P,—P,). We have made the 
strong doorway state hypothesis, that only w, connects to Q space. By the 
process of elimination one can obtain the transition matrix of various reactions. 
First, let us obtain a description of y,. We “solve” (3.38a): 


Ve= oO, + 


1 
E*_H. AW 


where ‘") is the incident pion—nuclear wave function. Second, from (3.385) we 
find that 


Hence 


B=. =h = a 
( OES E*—H 
=H, (3.39) 


To simplify the appearance of these equations, introduce the definitions 


Aaa H, Hyy=Wwy (3.40a) 

Han oa H,.= WY? (3.40b) 
and 

Hag ae Ho, = WS (3.40c) 


Equation (3.39) becomes 


(E—H,— WW, =H, 00? (3.41) 
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where 


Wy, =WO4+ WP + We (3.42) 


Inserting (3.41) into (3.38) yields expressions for the wy, and w,. From w, one 
can obtain the ZY matrix for z-nucleus scattering 


1 


a a ap ee 
i (os “EO — Hy — Wy 


| ae ; (3.43) 


where 7’ is the amplitude for nonresonant reactions, One can also obtain the 
amplitude for x absorption, assuming the absence of nonresonant terms: 


ty 


! 
F w= WDA a, —————_— 
: (us O° EO) — Hy — Wa 


Hd ) (3.44) 
where y/? is an excited state of the target nucleus in the continuum, usually 
a 2p—2h state. 

Each of the components of W, corresponds to a physical process. The 
operator W\ describes a process in which the A is converted into a nucleon, 
thereby forming the target nucleus again. This is followed by propagation and 
recovery of the A. We shall refer to it as absorption. The operator W® describes 
the decay of the A into a z+ nucleon, forming the target nucleus plus a pion. 
This is followed by propagation and reabsorption of the pion to form the A. 

To evaluate 7 ,,, or J ,,, it is necessary to determine the states of the operator 
H,+ W,. Not all the states, of course: rather, that state which is most strongly 
excited by the incident pion. The principal component is presumed to be a 
A-hole state. We shall therefore look for that linear combination of A—hole 
states which diagonalize (approximately, of course) H,+W,. This is the 
doorway state. Toward that end we shall examine and approximate W,. 

Consider first WY, where the prime indicates that we have removed the 
incident channel; that is, the intermediate states will only be those in which the 
target nucleus is excited. If P, is the projection operator for the nuclear ground 
state and Q, = 1 — Po 1s its complement, then 


1 
E-—H 


We =HaxQo je ENN (3.45) 


Inserting (3.34), we have 


1 
Ww =y'9f0 dj (3.46) 
A 7 0 ria H, J 


where i and j indicate the nucleon which is converted into a A (and vice versa). 
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We separate the diagonal and nondiagonal contributions: 


We’ =W® + Wo (3.47) 
where 


a 
WS = 39100 — 4 (3.48) 


This term corresponds to the case where the system returns to a A-hole 
configuration while Wy p involves a final system consisting of a A—p—2h 
configuration. The latter, W,p, is referred to as the rescattering term. 

Similarly, W\ can be broken up into a term in which the A—h configuration 
is preserved and a term in which the final system involves the A—p—2h 
configuration, so that 


WA —W4 WA (3.49) 


Hence the denominator in (3.43) can be rewritten 


E“—H,-W,=E”)— H,-Wi,-w® (3.50) 
where 
Wi = We + We” (3.51) 
and 
W!—~ WOE + Wo + we (3.52) 


The decomposition could have been introduced at an earlier stage [Eq. (3.38) ] 
by the addition of suitable projection operators or through use of the multistep 
theory of Chapter VII. Physically, one should note that the A—p—2h state can 
be generated either through the rescattering term or through WY). Both 
mechanisms must be considered when the generation of a A—p—2h configuration 
is important, as it is in the case of double charge exchange (x~ > 27°). 

To make the Pauli-blocking effect explicit, we replace Q, in (3.48) by 1 — Po, 
where P, is the projection onto occupied levels. Thus 


1 


poy it We (3.53) 


wo =Sa! 


Te 


where 
Po 
E-H 


Woe = — D9: Gi (3.54) 


re 


Equation (3.50) is therefore 


E) — H,— Wy = E — Hy —w,— W3, — Wy, — W (3.55) 
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where 
1 
Wa= yg} E_H. gi, + Ww (3.56) 
and 
1 
w,, = H,,P H, 3.57 
gs Ar* 0 Fs H, A ( ) 
But 


H,=T,+m,+H, 
=T,+m,+ T; + U,+H,-, 
~T,+U+H,_,+m, (3.58) 


In the last equation the pion—nucleon center-of-mass kinetic energy has been 
replaced by the A kinetic energy T, and U is now the average A-—nucleus 
potential. Because the nuclear wavefunctions are antisymmetrized, the sum in 
(3.56) can be replaced by a single term. This is identical with the similar term 
appearing in the denominator of (2.31) except that Hpp is now given by H,, as 
approximated by (3.58). Therefore, 


A 1 A 
eH F 9; = L(E — Tx —U — Hy_, —m,) (3.59) 


where 2 is defined by 
1 


2(E) = Hop —_——_- 
(E) OP Et _ Hop 


Hpg 


from (2.31). 
The denominator of (3.43) becomes 


EH, -W,=E™— H,—-w& 
~S(E-T, —-U—H,_,)-W2—W® —w,, 


To make further progress, we linearize & by expanding E — = about its zero, 
E—E,+ il /2. We obtain 


E)— H,-—W, =E-—E,(E) + oe) 
— p(E— T, -&@ — Hy_,)—WE} -— W® — w,, (3.60) 
where 
y=1+ (=) (3.61) 
OE E=E-Ertil/2 
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and 


it 
U=U+-Wy 
y 


The expression 
=(Ty+U + Hy.) + Woy t+ WO (3.62) 


is the A-—nucleus interaction. Medium modifications are given by y and 
WwW + W®. In the notation of Feshbach (82), 


w2=w! (3.63) 
and : 
w =Wwi (3.64) 


where W! is the spreading operator and W' the escape operator. 

Expression (3.66) is now in a form that makes a phenomenological approach 
possible. One adopts the optical model strategy by replacing W! with a spreading 
potential composed of central and spin-orbit terms: 


W! = Wop(r) + 2Ly LV ur2e = #” (3.65) 


where XZ, is the spin-3 operator for the A. The matrix elements of other terms 
W' and “we can be evaluated in the A—hole basis. For details, see Hirata, 
Koch, tear aud Moniz (79). 


Doorway States. We now turn to the problem of obtaining the eigenstates of 
H=H,.+Wy=W(T,+U+Hy_-)+W24+w! (3.66) 


as given in (3.62). The potential Y is taken by Hirata, Koch, Lenz, and Moniz 
(79) to be proportional to the nucleon density with a depth of 55 MeV. The 
remaining parameters are Wo, V‘2, and yw. The method used by these authors 
and Horikawa, Thies, and Lenz (80) was suggested by the results they obtained 
when the eigenfunctions of # were determined using harmonic oscillator 
wave functions. It was found that the contribution of one particular eigen- 
function dominated the Y matrix for elastic scattering. Moreover, the overlap 
of this wave function, D, with the state developed by the first interaction was 
large; that is,? 
| Ary (4) [2 
KBigve >? _ neh 
WO 1g GW >? 
‘In the notation of Chapter III this ratio is 


IK ® Hay)? 
WO | A pA aplW > 1? 
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Here D is the adjoint to the D used because # is complex and w*? is the 
scattering solution of (3.38a). This result suggested the use of the Lanczos method 
[Morse and Feshbach (53, p. 1155); see also Whitehead, Watt, Cole, and 
Morrison (77) ]. Let 


Do = 9,» (3.68) 
Then D, is generated by 
D )#D 
D,=H#Do— (PoF Po? p (3.69) 
<DoDo> 
Note the orthogonality: 
<DoD1>=0 


State D, is obtained by operating on D, and orthogonalizing with respect to 
Dy, and D,: 


(D,#D1) 7 _ <DoH#D1) » 
~ 1 ~ 
<D,D,> <DoDo> 


<DoD2> =<D,D,>=0 (3.71) 


D,=HAD,—- 0 (3.70) 


One continues this process obtaining the general expression for the nth iterate D,: 


(Dy H#Dy-1> yp _ <Dn- 2 Dn-1) 


D,= #D,-1— ~ n—-1 ~ 
(D,-1Dn-1? {D,-2Dn-2> 


D,-, (3.72) 


D,, is not only orthogonal to D,_, and D,_, but to D,_3, D,_, as well. One 
can show (this is left as an exercise) that 


<D,#D,>=0 unless B=, a+1 (3.73) 


The three-term recurrence formula (3.72) thus generates an orthogonal set. To 
obtain the eigenvalue of #, one expands the eigenfunction w, in terms of the 
iterates D,,: 


v= a,D, (3.74) 


Operating with # on y, we find that 


n>0 


D,AD D.4D | 
< n * | < n are. as D,, 


HY = 2a, HD,=| Oya 4 ~ : = 
<D,D, > (D,D, > 
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and 


sy =| CP? 9, 4 Oa, [Dy n=0 (3.76) 
(DoDo> <DoDo> 


The eigenvalue problem #w = ew yields 


An-1 eo fay + Peg, 0 n>0O (3.77) 


<D,D,> <D,D,> 


To “solve,” let 


R,=—t 
ay 
Then (3.77) becomes 
D D 1 
Ry= | 0 Oe? | Oe Pan? , (3.78) 
(D,D,> <D,D,> Ri+i 


The solution of the equation for R, is the continued fraction: 


_<D,#D,> <D,#D,»> 


R,=€ = = 
<D,D,> <D,D,> 
. 1 
E _ Cue) (D,#D3) ! 

fs | ee ee 

<D,D,> <D,;D3> [e—<D,#D3>/<D3D3>]—-- 
(3.79) 

One can also obtain an expression for R, from (3.76): 

(<Dyp#D,>/<DoDo> 3.80) 


8 —<DyH#Dy>/<DoDo> 


Equating (3.80) with (3.79) yields an equation for e. There are many solutions 
for &, each corresponding to an eigenstate of #. To obtain the wave function 
corresponding to each ¢, we need the expansion coefficients a,. These are given 
by 
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One can also obtain a continued fraction expression for the 7 matrix for 
elastic scattering. From (3.43) and (3.68) we have 


TF an =< DyGDo> (3.81) 
where 
1- 


ee (3.82) 


The complex energy & = E — E,(E) + il (E)/2. Define the matrix element 
Go =<D,GD,> (3.83) 
so that Goo = 7 ,,. We can therefore rewrite (3.82) as follows: 
Gyo — LK D, HD, > Gyo = Sno 
Because of (3.73) this becomes 


[6 — <D, HD, >1Gyo = (Dy, ADy— 1 >Gy—1,.0 + < Dy HDy—1 > Gu t.0 + Sno 
(3.84) 


The solution of this set of equations has been obtained earlier in this volume. 
Let 


HL am = § Dy HDi > 


Then 
1 
C55 a ee S885) 
aro HH 10 
E—H# -_ H 1, 21 
H 13K 32 

an a er eee 

2 33°" 


This is an exact solution of the elastic scattering problem. 
It is also possible to obtain an expression for a reaction. Let us consider as 
an example the case of inelastic scattering to a state @, ,. The 7 matrix is then 


Tie = <b G'GDo> (3.86) 
Expanding GD, in terms of D,, yields 


GF inel = bs <p G'D,> 


Z G, 3.87 
oe Day. eM 
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From (3.84) 
1 
ee (3.88) 
E-F He nntiXA nin 
nn of f 
E—Hasinsi _ nt+1.n+2 n+2,n+1 


€—-Hntont2— °° 


This expression can be inserted into (3.87) to obtain the inelastic transition 
amplitude. As one can see from (3.87), 7"! will be especially large if 9¢,, has 
a strong overlap with the incident doorway sate. 

The convergence of the continued fractions has been studied by Lenz, Moniz, 
and Yazaki (80). They consider a number of model scattering problems. The 
convergence to the exact partial wave amplitude and the forward scattering 
amplitude is determined by the parameter » =(k—xk)R, where k—x is the 
momentum difference outside and inside the interaction region and R is the 
radius of that region. Iterations up to a number equal to || leads to high 
accuracy. This number is < 5 for pion—nucleon scattering in both the high- and 
low-energy limits. For light nuclei |u| ~ 1, which is a great simplification. The 
convergence of the nonforward amplitude involves a second parameter ¢ = qR, 
where q is the momentum transfer. If € < ||, then |u| determines the number 
of iterations. If € > ||, more iterations are needed. One word of caution: These 
criteria are generalizations obtained from the study of specific models, the square 
well, and the Woods—Saxon potential and may not be valid for other situations. 

An illustrative example is provided by the potential suggested by 
pion—nucleus scattering in the resonance region: 


AT Po T/2 


V(r) = 2 — —_** 
R E—Eg+il/2 


f(r) 
where f(r) is either a square well of radius R or a Woods—Saxon well: 


(y= 


1+ eRe 


Lenz, Moniz, and Yazaki (80) take R = 1.12A1/3, p) =0.17fm~ 3, FT = 110 MeV, 
Er=190MeV, A= 16, k the pion—nucleus relative momentum in units of 4, 
1.5fm~ +, and a= 0.53 fm. Table 3.2 shows the rate of convergence for these two 
types of wells for the L=0 wave. N is the iterate number. 

The wave function also converges rapidly, as is demonstrated by Fig. 3.3. 
Another example is given by Hirata, Koch, Lenz, and Moniz (79) for E,, = 
163 MeV, z= /°O scattering. W! is given by the first term in (3.65). The mean 
potential, Y%, is taken to be proportional to p(r) with a depth of 55 MeV. The 
results are shown in Table 3.3. The exact result was obtained by a straightforward 
diagonalization of # using harmonic oscillator wave functions. We see that 
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TABLE 3.2 TZ, <5 


N Square Well Woods-Saxon 

0 — 0.0031 + 0.5461i 0.0322 + 0.4961i 

1 — 0.0441 + 0.4172i 0.0120 + 0.4256: 

2 — 0.0410 + 0.4172: 0.0144 + 0.42981 

3 — 0.0410 + 0.4172i 0.0144 + 0.42981 
TABLE 3.3 
N TFT 1=0 E A ee E 
0 0.155 + 0.490i —53.1—154.5i 0.0604 0.280i 13.9 — 14.4: 
1 0.159 + 0.372i —68.7—138.5i 0.062 + 0.246i —2.7—17.7i 
2 0.154 + 0.3811 —68.7—138.0i  0.059+0.251i — 3.4 —22.7i 


“Exact” 0.154 + 0.381% —68.7—138.0i 0.0594 0.250i —3.5 —23.1i 


convergence for 7 , is very good in both cases. Accurate values of ¢ are obtained 
for L=O after two iterates. Three iterates are needed for ¢ when L=4, as the 
value with one iterate is nowhere near the exact answer. 

The contribution of the various components of Ime are shown in Fig. 3.4. 
(The qualitative results are not changed by the inclusion of the spin-orbit term 
in Eq. (3.65) [see Horikawa, Thies, and Lenz (80).] We see that the escape width, 
Im W', also referred to as the rescattering term, dominates. The Pauli blocking 
term does reduce the width substantially, but this is more than made up by 
Im(W! + W*). 

This theory has been applied to a number of reactions for which the A 
resonance is important. Background terms that do not involve the A must be 
added. The elastic scattering of z~ by '°O at 114 and 240 MeV is shown in 
Fig. 3.5. The agreement is good and the need for the spin-orbit term is quite 
clearly demonstrated. The agreement is not quite as good for ‘7C, where 
substantial deviations at back angles are recorded. Comparison has also been 
made with *He data [Horikawa, Thies, and Lenz (80)] and with Pb data 
[Karaoglu and Moniz (86) ]. The empirical values of the parameters of the 
spreading potential Wo, V2, and ys, (3.65), are given in Fig. 3.6 and Table 3.4. 


TABLE 3.4 Parameters V) and for the Spin-Orbit 


Potential 

u(fm~ 7) Ve (MeV) 
nt +*He 0.25 —46—-1.8i 
ee ces © 0.35 —10—-—4i 


nm +'°O 0.3 —10—4i 
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(a) 
6r- Im[ kr py] 


FIG..3.3. S-wave scattering wave function for a Woods—Saxon potential with strength 
appropriate to intermediate energy pion—nucleus scattering. The (a) imaginary and (b) 
real parts of the wave function are shown for different numbers of doorway states. The 
dotted line in (a) shows the shape of the Woods—Saxon potential. [From Lenz, Moniz, 
and Yazaki (80). ] 
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FIG. 3.4. Decomposition of the imaginary part of the doorway expectation value of the 
isobar-hole Hamiltonian. The eigenvalue of the leading eigenstate is denoted by é, and 
I is the free-space isobar width. 


The isobar-doorway model has been applied to inelastic scattering [Lenz, 
Thies, and Horikawa (82); Takaki (86)] and to nuclear photoabsorption and 
Compton scattering [Koch, Moniz, and Ohtsuka (84) ]. Inelastic scattering and 
charge exchange scattering are discussed in the following sections. These provide 
tests of the isobar-doorway model which differ from those made by elastic 
scattering. The model has been successful, although some puzzles do remain, 
particularly at back angles. The overall result is that medium effects are very 
important. As a consequence, the DWA method is not successful in describing 
reactions in this energy range. 

Reviews of the isobar-doorway model have been published by Moniz (78a, b). 
A review is now being prepared by Lenz and Moniz (91) which will contain a 
critical analysis of the various methods that have been used. Another approach 
to the isobar-doorway model is given by Oset with Weise (79). Other procedures 
are used by Wilkin (79), Lee and Ohta (82), Lee and Kurath (80), Johnson (86), 
and Liu and Shakin (77, 79). 


Inelastic Scattering [Lenz, Thies, and Horikawa (82); Hirata, Lenz, and Thies 
(83); Takaki (86) ]. The excitation of a nucleus by a pion whose energy is in the 
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FIG. 3.5. 2-'°O scattering at 114 and 240 MeV, solid lines, spin-orbit term included (see 
Fig. 3.6 and Table 3.4 for the strength of central and spin-orbit term); dashed line, without 
spin-orbit potential (W, = 2 — i55 at 114 MeV and W, = — 12 — i35 at 240 MeV, V,, = 0). 
[From Horikawa, Thies, and Lenz (80). ] 
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FIG. 3.6. Strength of central part of the spreading potential x—*He (triangles), 7—!*C 
(circles) and z—!°O (crosses). [From Horikawa, Thies, and Lenz (80).] 


FIG. 3.7. Pion particle-hole excitation. 


resonance region is the subject of this section. We consider only those contri- 
butions made when the intermediate state involves the A. As mentioned earlier, 
there may be contributions from the nonresonant components of the 2—N 
reaction. The obvious first-order contribution involves the formation of the 
A-hole state. The A decays back into a pion plus nucleon so that the residual 
nucleus has a p—hole (p = particle) excitation. This 1s illustrated by Fig. 3.7. The 
amplitude for this process 1s 


F p= (VG Has Hab) (3.89) 


E-H, 


The DWIA approximation [Lenz, Thies, and Horikawa (82) ] consists in using 
the A-hole Hamiltonian for #, and the elastic scattering wave functions 
as modified by the A resonance described in the preceding section. The 
quantity H,, 1s defined by (3.36) and #, is defined by (3.62). The amplitude 
equation (3.89) in the DWIA approximation has been studied thoroughly by 
Lenz, Thies, and Horikawa (82). We are able here to point out a few salient 
features of their analysis of inelastic 2 scattering. Incidentally, most of these 
remarks apply equally well to elastic scattering. 
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We first note that for p—h excitations, 
AyHaa= e?m| »y S-kS}-K' |i) 
i<j 
= rnin sks]-k |i) (3.90) 
In this expression, k is the center-of-mass momentum/h for the system consisting 


of a pion and a target nucleon. In the laboratory frame, k in (3.90) must be 
replaced by | 


k>k—aK (3.91) 


and similarly for k’. The vector K is the momentum of the nucleon/h, while « 
is E/mc?, where E is the total energy of the pion in the laboratory frame and 
m is the nucleon mass. The term proportional to « is referred to as the “recoil” 
term. The “static” limit is obtained by placing « = 0. Equation (3.90) becomes 
approximately 


HaxHaa = 97h(h(k)Y S,-(k — aK)S}-(k’ — aK’) (3.92) 


Using (2.39), that is, 
A:SS'-B=4A-B —iio-(A x B) 
one obtains 
Hanya = 39° h(kK)h(K’) > {(k — aK)-(k’ — aK’) — io;-[(k — aK) x (k’ — aK’) ]} 
| (3.92’) 


The initial wave function can be factored as follows: 


We = KW; (3.93) 


t 


where ‘P; is the wave describing the target nucleus depending only on the 
internal coordinates. The function y‘*? is the pion—nucleon elastic scattering 
wave function. Similarly, 


(Ja .5(=) 
a Oe 5 
Therefore, 


F p= 6G tite?) (3.94) 
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where 


Cri (YH Hs%1) (3.95) 
and E* = E—E, + il/2. 

Neglecting for the moment the nonlocality indicated by the propagator, we 
see from (3.92) that t,; will involve the longitudinal density matrix, 


E*_ #, 


A 
P fi = (¥, dL é(r —r,)(1 + 51,(k)) ¥) = 307, a xP ri (3.96) 


and the spin density, 


S;;= (¥, ) d(r —r,)o(k)(1 + $t,(k)) ".) (3.97) 


The factor (1+ 4t,) gives the 3:1 ratio between the T =2 isospin total cross 
sections for (x*p) and (z*n). In (3.96) p?; and p’, are the proton and neutron 
density matrices. 

Introducing the nonlocality by a first-order expansion of the orbital 
particle-hole wave functions introduces another set of nuclear operators. These 
include the convection current 


1 A 
jyi(t) = oe (v f d (1 + 57(k))[p(x)d(r — r,.) + 5(r — ¥,)p(«)) | ; (3.98) 


and a dyadic 


A 


2 (1 + 57,(k))[p(x)o(K)o(r — r,) + 6(r — r,.)p(K)o(«) ] ; 


K>= 


ae ee (¥ 
Ar} — 
ril oe f 


(3.99) 


These quantities p,;, S,;, Jy; and U yi are probed by inelastic pion scattering. 
Combined with electron scattering, they will yield the neutron particle density, 
spin density, and current density matrices as well as the spin flux tensor U. 
Note that the vectors k(x) are momentum operators acting on the nucleon wave 
functions. 

The modifications because of nonlocality and recoil (whose neglect through 
closure for the propagator and putting « = 0 leads to the “static” solution) are 
substantial. The calculations involve (1) distorted wave functions for the 
pions as obtained by the methods discussed earlier, and (2) nucleon and hole 
orbital wave functions. They are required to yield the transition and spin density 
matrices as determined from electron scattering. In Fig. 3.8a we show the cross 
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sections for excitation of the 2* state (4.44 MeV) in **C by p,; (longitudinal 
excitation) under various approximations. We see the large differences between 
the closure and full A—h calculations. In Fig. 3.8b a similar comparison is made 
for the 3” state at 9.64 MeV. The match of the full calculation (the longitudinal 
excitation dominates) is not quantitatively satisfactory, although qualitative 
aspects are reproduced. We show just the case of the 2* excitation in Fig. 3.8c. 
In the resonance region the calculations do agree reasonably well up to the 
region of the second maximum. Large discrepancies are found for large 
momentum transfers. This is possibly not surprising since a similar difficulty 
exists for elastic scattering. Lenz, Thies, and Horikawa (82) believe that the 
cause of the discrepancy lies in the A—nucleus interaction as described by the 
spreading potential. 

Hirata, Lenz, and Thies (83) point out that the mean field description of the 
A-h spreading potential may be an oversimplification. They propose a model 
in which the A interacts with the nuclear nucleons via a two-body interaction. 
This interaction can excite one of the nucleons, so that a possible intermediate 
state consists of a A—h plus a p-h state. This is illustrated in Fig. 3.9. Of course, 
higher-order multistep intermediate states A—h, v(p — h), where v is an integer 
are possible. 

The amplitudes corresponding to Figs. 3.7 and 3.9 add up to give the 7 


matrix: 
TT — (—) H I H (+) 
F =\ Wap |faaa p> Maal ni 


E*— #4 
1 I 
(Ws AD —_H, a ae KH. AA Wai ( ) 


where f,y is the component of the A-—N interaction, which results in further 
nuclear excitation. The quantity (1/E* — #,) is the propagator for the A—h, p—h 
system, and E* = E— E, + il /2. 

Equation (3.100) is an example of the amplitude for the multistep direct 
process described in Chapter VI. The higher-order multistep components are 
not included. An estimate of their importance using the statistical approach of 
Chapter VI has not been made. 

The Hamiltonian in (8.39) is given by [see (3.53) and (2.60) ] 


Hirata, Lenz, and Thies (83) and Takaki (86) replace the spreading potential 
W) + y& by a sum of two-body potentials instead of using the mean field as 


given in (3.65); that is, 


W + yh =F 2(A, i) = tay = Egy + WO (3.102) 
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FIG. 3.8. (a) Comparison of various approximations to the A Green’s function in the 
transition operator for excitation of the 2* (4.44 MeV) T =0 state by 226 MeV x” (pure 
longitudinal parameterization). Dotted curve; closure approximation; solid curve, free 
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A (kinetic energy only); dashed curve, including central A-nucleus potential; 
dashed—dotted curve, full A-h calculation, including Pauli terms and spin-orbit 
potential. The distorted z wave functions always correspond to the full A~h calculation. 
(b) Like (a), but 3~ (9.64 MeV) T = 0 state, pure longitudinal parameterization, 116-MeV 
nm. (c) Differential cross sections for the 2* (4.44 MeV) T = 0 excitation for various pion 
energies. Solid curves: A—h calculations, dashed curves: closure approximation. [From 
Lenz, Thies, and Horikawa (82). ] | 
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FIG. 3.9. Pion two-particle/two-hole excitation. 


The potential t,, contains the diagonal rescattering term [see (3.48) ], which 
does not contribute to the production of the more complex nuclear states. The 
remainder f,,y is the interaction that appears in (3.100). Takaki (86) parametrizes 
tyn aS follows: 

tan = » C(S,q, Ty) 0(t 4 — ¥;)P(S,)P(T,) (3.103) 


i,Sa, Ta 


where S, and 7, are the spin and isospin of the interacting A~p pair, while 
P(S,) and P(T,) are the corresponding projection operators. Since the A spin 
is 3 and the nucleon spin is 4, S, can be either 2 or 1. The same hoids for 
T,, so that (3.103) contains four complex parameters, C(11), C(12), C(21), 
and C(22). One relation exists among them: namely, that the mean field that 
follows from (3.102) agrees with the empirical mean field, W‘ [Eq. (3.65) ]. The 
comparison is obtained by taking the diagonal value of t,, in the single- 
doorway-state approximation. This result, together with fit of the inelastic data 
for the (x*,**C) reaction, permits the determination of the values of C(S,, T,). 
Finally, Takaki approximates #, by #,. Results for the excitation of the 1*, 
T = 0 (12.72 MeV) and the 1*, T=1 (15.11 MeV) levels in '*C are shown in 
Fig. 3.10 and for the 2", T=0 (4.4MeV) level and the 3~, T=0 (9.6 MeV) 
levels in Fig. 3.11. The values of C(S,, T,) obtained from fitting 1* excitations 
are used in the calculation of the 2* and 3~ excitations. Qualitative agreement 
is good, especially at small angles, but there are strong differences from 
experiment at the back angles at 162 and 266MeV. At 100 MeV, the full 
calculations are in good agreement with experiment. One also sees that by 
taking into account the more complex excitation, A—h, p—h, 1t becomes possible 
to fit the ratio o(T = 0)/o(T = 1) as a function of the energy. The disagreement 
with the data is significant since this model correctly predicts the elastic and 
total cross sections. We speculate that full agreement with the data will not be 
attained until more complex excitations are included in the calculation. 


Single (SCX) and Double (DCX) Charge Exchange Scattering. An example 
of an SCX reaction is 


m* +7,A>,,,A+7° (3.104) 
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FIG. 3.10. Excitation functions for the 1* T=0 (12.71 MeV) and T =1 (15.11 MeV) 
excitations. Solid and dashed lines correspond to the full calculations for T=0 and 
T = 1, respectively. [From Takaki (86). ] 


It is closely related to the (p,n) reaction as the residual nucleus is identical for 
both. In the latter case, a most salient feature is the formation of the isobar 
analog of the target nucleus. We may expect that the reaction (3.104) will also 
excite the isobar analog states. This is illustrated by Fig. 3.12. With DCX, other 
giant resonances, such as the electric dipole and double isobar analog states, can 
also be excited (see Fig. 3.13). Thus once the dynamics of SCX reaction is 
understood, one should be able to gain further understanding of these 
resonances. Similarly, the (x~, 2°) reaction is the image of the (n, p) reaction and 
would be useful in the study of the nucleus (Z — 1, N + 1). 

The isobar analog resonance can be discussed pehnomenologically by using 
the Lane equation (Chapter V). A similar procedure can be followed here where 
following the papers of M. Johnson, E.R. Siciliano, and their colleagues 
[Siciliano, Cooper, Johnson, and Leitch (86), for example], one writes for the 
potential 


V =Vot V,(T,°T 4) + V2(T,°T 4)” (3.105) 


where V,, V,, and V, are referred to as the scalar, vector, and tensor potentials. 
T, and T, are the isospin operators for the pions and nucleus, respectively. 
Equation (3.105) is the extension, to charge exchange reactions, of the pion 
optical potential described earlier [see (3.26)]. This potential was used to 
describe the elastic and total cross sections and involves terms quadratic in p 
(the density) which are a consequence of medium effects. Once one distinguishes 
between the neutron and proton components of p, these quadratic terms lead 
directly to a tensor contribution to V. It should also be noted that (3.105) 
contains the most complicated dependence on T,. To confirm this, we need 
only to recall? that 


(T,;)° = ie 


*More completely, [T,;, T,;] =iTns3 i, j,k cyclical and T,;T,; Tx + Tre Tnj Tri = ij Tak + nj Tri 


1 . eo * 
ee 2° (bbs; Ts mae 


do /dn (mb/sr} 
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FIG. 3.11. Differential cross sections for (a) the 2* T = 0 (4.4 MeV) and (b) the 3° T =0 
(9.6 MeV) excitations for various pion energies. Solid lines correspond to the DWIA 
calculation, and dashed lines to the full calculation. [From Takaki (86). ] 


where T_; is the ith component of T. We emphasize that the tensor term is 
present as a consequence of the effect of the medium on pion—nucleon 
interaction. An analysis of the origin of this term will show that it depends on 
nuclear structure, on Pauli and on both short-range and long-range pair and 
higher-order correlations. 

The solution of the Klein—Gordon equation with the V of (3.105) is relatively 
straightforward. One can determine the uncoupled equations for each of the 
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FIG. 3.12. Charge exchange reactions. 
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FIG. 3.13. Double-differential cross section spectrum for 
(x*,~) reaction on a ?°Nb target at T, = 292 MeV: (a) 
6.4p = 3 (b) 6,,, = 10°. The arrows indicate the fitted 
location of the DIAS and the giant resonance (GR). Short 
vertical lines represent statistical uncertainty of the data. 
The dashed line is the fitted background. DIAS, double 


isobar analog resonance. [From Mordechai, Auerbach, 
et al. (89).] 


three possible isospins of the system T = T, +1 and T = T,. Since 


T=T,+T, 


one can immediately obtain the values of T,-T, that appear in (3.105). One 
obtains 


T,°T4=317(T + 1) — T,(T, + 1) — Ta(Ta41)] (3.106) 


Recall that T, = 1 and T, =5(N — Z). From the solutions y(T, + 1), ¥(T,), and 
w(T, — 1), one can obtain the amplitudes for SCX and DCX. The wave function 
for the z* nucleus system, w,(T,, T,,; T4, 7 4,), is given in terms of the three 


852 = PION AND KAON INTERACTIONS WITH NUCLEI 
solutions W(T4 + 1), (74), and p(T, — 1) by 


w.(1,1; Ty, — T,) =(3 1; T, — T4]T,4+1,1- T,)W(T, + 1) 
UT = Tal at = T4)W(T 4) 
+ (1,1; T,, — Ty|T,— 1,1 — T,)W(T, — 1) 


1 
w,(1,1; Ty, — Ty) = a + 1) 


+ 
a pV) en 


or 


+ 


wT, —1) (3.107) 


The states w(T, + 1), and so on, must be chosen so that Ww, asymptotically 
consists of an incident plus outgoing wave. The outgoing wave will contain x”, 
n°, and x components corresponding to elastic (or inelastic) SCX and DCX 
scattering. To obtain the DCX, one needs the wave function for z° plus the 
residual nucleus with isospin T,, 2 component T,. This wave function is 


Wo(1, 0; Tr, T;) — (1,0; TR, be Ty I 1, TL)w(T4 + 1) + (1, 0; Tr, T;,| 1, T,)W(T 4) 
+ (1,0; Tp, T,|T4— 1, Tr) b(T, — 1) (3.108) 


In the case of “elastic” scattering, 


T, 
W (1,0; T4,1 — Ty) = 2 Onan atl) 


Test 9 ee 


i 
ig +1 T,QT,+) 4” 


(3.109) 


Experimentally, elastic scattering to the nucleus (T,,1—7,) does not occur 
because of the presence of the isobar symmetry breaking Coulomb interaction. 
The residual nucleus in state > is the isobar analog state of the target nucleus. 
The double isobar analog state is generated by the (x*,z_) reaction. It is the 
residual nucleus in state w_: 


ie pies, CTD 
wy _(1, 1; T 4, 2 T 4) (T, fs 1)(2T, 4 Te A ae 1) 
21 y= 1 
NV TATs+ om one 


(3.110) 
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Returning to (3.108), the asymptotic boundary condition for Wo is that it 
contains only an outgoing wave. The same boundary condition applies to the 
m + residual nucleus wave function, y_, generated by the DCX reaction. These 
boundary conditions together with the boundary conditions for wy, determine 
the amplitudes of w(T,+1),w(T,), and w(T,—1) and thus the reaction 
amplitudes. 

In the absence of the Coulomb interaction, the transition matrix 7 can also 
be written in the same form given in (3.105), 


FJ =tyo+t,(T,°T,) +t,(1,°T,)” (3.111) 


For “elastic” scattering this equation yields the relationships [Koltun and 
Singham (89) | 


Fy, =to—Tyt, + Ty(T, 4 1)t, m1" 
F 9, =./ T4(t, — T4t2) mt >7° (3.112) 
F 11 =/T,QT,— Dtp ae 


Equation (3.110) implies a connection between x*- and x - or 2°-induced 
reactions. For example, 


F_,-,=totTyt) + Tit, na 70 (3.113) 


These relations will be valid for high energies and light nuclei, where the isospin 
symmetry-breaking Coulomb interaction is least important. They should fail 
substantially for low-energy incident pions and heavy target nuclei. 

In the high-energy limit, one can establish the relation between Vo, V,, and 
V, of (3.105) and to, t,, and t, of (3.110) by using the eikonal approximation. 
From (II.5.11) we have 


9) 472 ro @) 
T.= ua | b db Jo(2kb sin 49)(e* — 1) (3.114) 
bh ) 


where 
Y=v9+0,(T,°T 4) + 02(T,°T 4)’ (3.115) 
and 
ibys | ” V(b, 2) dz 


These nonrelativistic results can be modified to satisfy relativistic kinematics 
by using the Klein—Gordon equation [see (II.7.2)]. One can evaluate e* through 
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use of the recurrence relations [Siciliano, Cooper, Johnson, and Leitch (86) | 
(T,-T,)? = — 2(T,-T,)? + (T,°T (12 — 1) + 47277 (3.116) 
and 
(T,-T,)* = (T,°T,)(T?, + 3) + Ty Ty(2 + T3472 — 2)]-T2T2 (3.117) 


Note that T? = T,(T, + 1)=2 and T? = T,(T, + 1). One finds that 


eivi(Tx Fa) _ Ao ivi 4+ Beiita + Ce vi(Tat i) (3.118) 
where 
T,°T 
Se a a A WP ey (3.1194) 
T,(2T, + 1) 
T,°T 
Se IT Tr 1) (3.119b) 
(T,+1)(2T, +1) 
and 
T,°T,)” 
Fee ae er ee (3.119c) 
T4(T4 + 1) 
For the v, term one obtains 
eiv2(TxTa) at ae’ ae beiv2T A ih ceituTat 1)? (3.120) 
where 
1+7,°T,)(7,:T,- 
ac (1+ Tat) 1, — Ta) (3.120a) 
(27,+1)T, 
1+7T,T,)7,:T,+7,4+1 
b= (+ ToT )Qa Te + Tat Y (3.120b) 


(2T7,4+ 1)(T%, 4+ 1) 


np 2Tat DET? + 3(TeT) aioos 
T,(2T, + 1)(T,4 + 1) 


The quantity e'* is 


eit — givo. pivi(TxTa), giv2(Tx*Ta)? 


We note that the second factor contains both absorptive and regenerative 
terms. It is necessary, to conserve unitarity, that the net be absorptive, which 
condition limits the values of v, and therefore of V,. We shall not continue 
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FIG. 3.14. Comparison of theoretical x* and x~ elastic scattering cross sections to data 
at T, = 164 MeV for *°O, 7°Si, *°Ca, and !?C. [From Greene, Harvey, et al. (84).] 


FIG. 3.15. Comparison of theoretical single charge exchange do/dQ(0°) to data at 
T,, = 165 MeV. The x represent data and the M represent theoretical result. [From 


Greene, Harvey, et al. (84). ] 


856 PION AND KAON INTERACTIONS WITH NUCLEI 


do/AN(S") (zb/sr) 


FIG. 3.16. Comparison of theoretical double charge exchange do/dQ(5°) to data at 
T,, = 164 MeV. The x represent data and the M represent theoretical results. [From 
Greene, Harvey, et al. (84). | 


with development, as exploration of these results has not been made. They do 
demonstrate the possible importance of the vector and tensor components of V. 
The phenomenological theory using potential equation (3.105) has been used 
by Greene, Harvey, et al. (84) to analyze pion single and double charge exchange 
scattering to isobaric analog states, and elastic scattering in the resonance region 
(E,, = 164 MeV). Suffice it to say that agreement with experiment is obtained as 
illustrated by Fig. 3.14 for elastic scattering, Figs. 3.15 and 3.16 for SCX and 
DCX. The DCX angular distribution obtained for '8O and 7°Mg and when 
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FIG. 3.17. Comparison of theoretical double charge 
exchange angular distributions to data at T. = 164 MeV. 
The dashed curves are the lowest-order result. [From 
Greene, Harvey, et al. (84). | 
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FIG. 3.18. Comparison of theoretical z* (a) and x~ (b) elastic scattering cross section 
from !4C to data at T,, = 164 MeV. The solid and dashed curves are, respectively, results 
with and without the isospin-dependent terms in U. [From Greene, Harvey, et al. (84).] 


the target nucleus is '*C is shown in Figs. 3.17 and 3.18. This illustrates the 
importance of the tensor term, V,, in (3.105). One technical result of importance 
is the finding of Siciliano, Cooper, Johnson, and Leitch (86) that the plane wave 
approximation for the pion wave functions is inadequate. 

The DCX reaction proceeds along two possible paths. In one a x“, for 
example, scatters from a nucleon becoming a 2°. The z° then scatters a second 
time, becoming a zx. This process is referred to as sequential. In the A-N 
interaction, the 2* is absorbed by a target nucleon, forming a A*. The A* 
interacts with the nucleus via t,y [see (3.102)], becoming a A°, which then 
decays into az and a proton. Calculations of the DCX reaction at low pion 
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FIG. 3.19. 18O(x*, x )'*®Ne(g.s.) differential cross section: full sequential (solid curve), 
sequential, but keeping only the J =0 intermediate nuclear state (dotted-long-dashed 
curve), with A—N interaction of strength dv = 0.5 — 1.0i, 0.2 — 2.8i, 1.0 + 0.4ifm? (dashed, 
dotted, and dotted—dashed curves, respectively). [From Karapiperis (89). ] 
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FIG. 3.20. Same as in Fig. 3.19 but for the reaction '°O(z*,2)!®Ne(g.s.). [From 
Karapiperis (89). ] 
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FIG. 3.21. 18O(x*,2~)8Ne(g.s.) differential cross section: sequential (solid curve) and 
with A—N interaction of strength dv = 2.0 — 0.4ifm? (dashed curve). [From Karapiperis 


(89). ] 


energies where the sequential process dominates (~50MeV) have been 
successful. But calculations in the resonance region in the isobar hole model 
are not. For an analysis, see Karapiperis and Kobayashi (87) and Karapiperis 
(89). For an analysis from another point of view, see Siciliano, Johnson, and 
Sarafian (90). The isobar—hole model uses the analysis described earlier for 
elastic and inelastic scattering. The results for 50-MeV ‘®O(x*,z~)!®Ne(g.s.) 
are satisfactory. See Fig. 3.19. We see that the A-—N process is relatively 
unimportant. Distortion effects are very important. At the higher energies good 
agreement is obtained for the 1°O(z*,2~)!°Ne(g.s.). See Fig. 3.20. However, 
there is strong disagreement with the angular distribution in the reaction 
18QO(n*,2~)!®Ne (Fig. 3.21), which is as yet unresolved. Disagreement with the 
14C(n*,x~)!*O(g.s.) is also present. Reasons for these disagreements include 
possibly inadequate nuclear wave functions and the oversimplified form of t, y, 
(3.105). The importance of nuclear structure has been emphasized by Auerbach, 
Gibbs, and Piasetsky (87) and Auerbach, Gibbs, Ginocckio, and Kaufmann (88). 


4. KAON-NUCLEUS INTERACTION 


The kaon is a pseudoscalar (odd parity, spin zero) boson. There are four varieties, 
the K+, K°, K~, and Ko. The antiparticle of the K* is K~, and of the K®, K°. 
This differs from the photon and 7°, which are identical with their antiparticles. 
The mass of the K* and K® are, respectively, 493.71 MeV and 497.70 MeV. The 
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K°® and K* (and the K~, K°) form an isospin-5 system. The kaon is a “strange” 
particle in that it has an additional internal quantum number of strangeness S. 
We shall use hypercharge Y rather than S, where 


Y=B+S (4.1) 


and B is the baryon number. This permits a symmetrical classification of the 
bosons and fermions as illustrated by Fig. 4.1. The axes are the value of the z 
component of the isospin, T,, and Y. One observes that the fermion analog of 
the (K°, K*) isodoublet is the nucleon isodoublet; that of the pion isospin one 
system is the ©° isospin one system. The >°* mass is 1189.37 MeV and the >-° 
mass is 1192.47 MeV. Finally, the (K~, K°) doublet is mirrored by the = doublet, 
with the mass of the Z™ equal to 1321.29MeV and the mass of the E° 
1314.9 MeV. The masses of the isosinglet A° and n° are 1115.60 and 548.8 MeV, 
respectively. The spin of each of the particles in Fig. 4.1a 1s zero, while the spin 
of the particles in Fig. 4.1b is 5. The particles in Fig. 4.1a are said to form the 
pseudoscalar octet, while those in Fig. 4.1b form the baryon spin-3 octet. This 
classification based on SU(3) symmetry is a generalization of the SU(2) isospin 
symmetry of the nucleon system. If SU(2) symmetry were exact, the neutron 
and proton would have the same mass and each would be an example of the 
nucleon. If SU(3) symmetry were exact, the masses of all the particles in Fig. 4.1a 
would be identical and one would refer to them as states of one particle, the 
pseudoscalar boson. Similarly, Fig. 4.1b represents a spin-; baryon. As the 
masses are not the same, SU(3) symmetry is broken. 

It will be useful for us to give the quark description of these particles. We 
shall need only the u(up), d(down), and s (strange) quarks and their antiparticles. 
These quarks are spin-5 fermions. The properties of these quarks are given in 
Table 4.1. In Table 4.2 we list the combinations for the various particles shown 
in Fig. 4.1. Note that the antiparticles of a quark q is written q. 


-2 -1 
“| -4/2 0 1/2 1 T3> 


(a) (b) 
FIG. 4.1. 
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TABLE 4.1 Properties of the u, d, and s Quarks 


Baryon 
Flavor Charge Strangeness T; Number, B Y 
u 2¢@ 0 i 5 i 
d ene f ~— ¢ 4 
s —je —1 0 3 -2 
= 0 3 -3 = 
d ze 0 i —4 —1 
5 xe 1 0 —i 2 
TABLE 4.2 Quark Composition of Hadrons 
Baryons Bosons* 

p (uud) K* (us) 
n (udd) K° — (d5) oe 
ZA (uds), (uus), (dds) m4 (ud) (uu) (dd) (ud) 

K° (ds) 
= (uss), (dss) K™ (us) 


“This list omits the (5s) combination, leading to the existence of another particle, the 7’. In fact, 
both the 7 and n’ contain the ss combinations: 4 = 1/./6(ui + dd —2s8) and n’ = 1 /./'3(uia + dd + si). 
Within the SU(3) framework we are using, the 7 is included in Fig. 4.1a octet, while the n’ is regarded 
as a singlet. 


This quark description must be used with some care. The constituent quarks, 
as they are sometimes called, are quasi-particles, as their environment is rich 
with quark—antiquark pairs as well as gluons. Moreover, we have not assigned 
spin and still another internal degree of freedom, called color. All this is 
presumably a consequence of Quantum Chromodynamics (QCD). We shall not 
describe that theory here, as we shall be concerned only with qualitative 
considerations. The interested reader will find the details in a number of 
references [Gottfried and Weisskopf (84, 86); Close (79); Gasiorowicz (66), Lee 
(81)]. The reader should confirm that the isospin of the baryons and bosons 
can be deduced from the isospin of the constituent quarks. 

The conservation of isospin in the strong interactions is expanded by the 
additional requirement of the conservation of strangeness. The latter condition 
is illustrated by the fact (for example) that x7” +p—-K* +27 is allowed but 
mn +p—-7K~ +2" is forbidden. More compactly, the strong interactions are 
SU(3) symmetric [1.e., the strong interactions commute with the generators of 
the SU(3) group]. From the quark point of view, for sufficiently low-energy 
phenomena one need consider only the u, d, and s quarks. The other known 
quarks, the c (charm) and b (bottom), are much more massive than the uy, d, 
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and s. The c mass is 1.5GeV and the b mass 5GeV greater than the mass of 
the u and d. 

SU(3) symmetry is broken. The masses of the members of the spin-5 octet 
and of the pseudoscalar boson octet differ substantially. In terms of the 
constituent quarks, the mass of the strange quark, s, is about 150 MeV greaer 
than the mass of the up and down quarks, whose masses are equal. This heavier 
mass for the strange quark provides much of the observed mass differences. In 
addition, the spin- and color-dependent forces between quarks generated by 
the exchange of colored gluons provide additions to the mass of the composites. 
This interaction also breaks symmetry since these exchange forces are mass 
dependent. These, together with the larger mass of the s quark, suffice to explain 
the mass spectrum of both the spin-} baryons and the pseudoscalar bosons. 
[See Close (78) for the details. | 

At large distances the baryon—baryon interaction is generated by the 
exchange of bosons [the singlet 7’, the pseudoscalar, and the vector (p, a, etc.) ]. 
Because of the difference in the boson masses, there will be strong symmetry 
breaking. For example, the one-boson exchange AN nucleon interaction, 
because of isospin conservation, involves the exchange of a kaon, while the pion 
mediates XN interaction (see Fig. 4.2). Since the mass of the kaon is larger than 
that of the pion, the AN interaction will have a range much shorter than that 
of the XN interaction. At small interparticle distances, the six-quark system 
must be considered. One would speculate that symmetry breaking would be 
weaker in this case. It has also been speculated that the X2N— AWN transition 
matrix element breaks SU(3) symmetry weakly [ Dover and Feshbach (87, 90) ]. 

The antiparticle of the K°, K° is not identical with K°, differing in this respect 
from the z° or the photon y for which the particle—antiparticle equality does 
prevail. This unique property of the K° system has important consequences. It 
surfaces in the pionic decays of the kaons. These violate conservation of 
strangeness and are therefore governed by the weak interactions. These (as well 
as the strong interactions) conserve CP, although neither C nor P is separately 
conserved. We recall the C is the operator that converts a particle into an 
antiparticle, while P is the parity operator that gives the effect of reflecting all 
the spatial coordinates (r > — r) in a state. Since C? = P? = 1, 


CPK® =e'?K® 
N A A N 
K 1 
A N > N 


(a) (b) 
FIG. 4.2. 
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and 
CPK® =e '*K°® 
We use the customary convention, ¢ = 0, so that 


CPK = K® 


_ (4.2) 
CPK° = K°® 


Photons are odd under C. Since x° decays into two photons 
Cre 
so that the z° is an eigenstate of C. But the z° is a pseudoscalar, so that 
CPr® = —x° 


We now consider the weak decay of the kaons into zz and zzz. Since the 
spin of the kaon is zero, the two pions are in an ! = 0 orbital state. The intrinsic 
parity of the two pions is + 1 and the orbital state is even under parity. Thus 
the parity of the two-pion final state is even. If the two pions are 7°’s, the 
operator C will not affect them. If they are a x* and x’, C will interchange 
them. However, they are in a relative / = 0 orbit and their state 1s thus unchanged 
by C. Hence the two pion state formed by the decay of the kaon has even CP. 

Consider next the three-pion system 2°x°x®. Our conclusion will be valid 
for kaon decays involving charged pions. Since they are bosons and their total 
spin is zero, they are in a spatially symmetric state (1.e., the exchange of any 
two will not affect the three-pion wave function. Under these circumstances the 
spatial parity of the three-pion system is even but the intrinsic parity of each 
is odd, so that finally the parity is odd. Since C = 1 for each of the pions, CP 
for the three-pion decay is odd. 

Since the weak interaction is CP invariant, K° and K° are not eigenstates 
of H, the total Hamiltonian, H +H The eigenstates of H are 


strong weak’ 


1 2 
K, = — + K°®) 
2 


i = 
K, = —~(K° — K®) 
Z 
(4.3) 
a K, +K 
wa 2) 
K° = AK — K,) 


/ 
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The state K, is even under CP, while K, is odd. The K, will therefore decay 
into two pions and the K,, will decay into three pions. Thus if K° is produced 
in a reaction, its composition will change with time. If 


(4.4) 


then 


1 
K°(t) = (ee A ge” imat—T2t/2 K,) (4.5) 


/ 


Note that (4.4) holds only in the rest frame of K, and K,. The short lifetime 
h/T, is 0.89 x 10~?°s, while the long lifetime h/T , is 0.52 x 1077s. We see from 
(4.5) that the mixture of S=1 and S=—1 changes with time. Eventually, 
Ky —K, with equal amplitudes for Ky and Ky. Moreover, the amplitudes of 
the K, and K, components can be obtained by measuring the ratio of 27 to 
3m decays. From this result, using (4.5), the mass difference between K, and K, 
can be determined. It equals 3.52 x 10° °eV. 

Suppose that a beam of neutral kaons are incident on a nucleus. These kaons 
will all be in the K, state if a sufficient time has elapsed from the time of 
production. But the K, and Ky components of K, will scatter differently with 
amplitudes f and f, respectively. The kaon wave function will then become 


1 ies 
Ko K =f KK” 
2 a fK*) 


=4Lf —f)K. +f + Kz] (4.6) 


As a consequence of the scattering, some K, has been poduced. This 
phenomenon is referred to as regeneration [ Pais and Piccioni (55) ]. The incident 
beam particles could only decay into three pions. After the scattering, two-pion 
decay can also occur because of the presence of K, in (4.6). By measuring the 
two- and three-pion decays, one can determine the amplitudes f and f. 

The discussion above is not entirely correct, for it is found that the long-lived 
kaon, which is referred to as K,, decays into both 3x and 27 final states 
(Christenson, Cronin, Fitch, and Turlay (64) ]. Thus CP canot be conserved. 
K, must be a linear combination of K, and K,: 


K,= (K,+eK,) (4.7) 


ef Le? 
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The particle Ks, which has a short lifetime, is given by 


K,= _! ix, + &K,) (4.8) 


Pe see 


The measured value of ¢ is (1.6)(1 + i) x 107°. Up to this time, no other system 
has exhibited CP violation. Since «¢ is small, for most of the phenomena to be 
discussed we can disregard the differences between K, and K, and Ksand K;: 


K,~K, K,;~K, 


A. Kaon-Nucleon Scattering! 


The study of kaon—nucleon reactions is far from achieving the completeness 
that we have seen to exist in the pion case. The associated phenomenology is 
therefore less secure. But there are some broad features that are understood 
qualitatively and in some cases quantitatively, which are of importance for an 
understanding of kaon-induced nuclear reactions. Many of the numerical values 
given in the discussion must be regarded as tentative. 

The reactions induces by K~ beams incident on the nucleon are qualitatively 
different from those induced by K* beam. This can be seen in Figs. 4.3 and 
4.4. One observes the complex structure of the K~ total cross section. These 
are a consequence of a number of resonances that are tabulated in Tables 4.3 and 
4.4 for the energy range considered in Fig. 4.3. 

In these tables the column labeled L; ,, gives the possible spatial configuration 
for each of these composite particles. The column labeled “dominant channel” 
indicates the most probable decay modes and therefore the most likely 


TABLE 4.3 

Dominant 
T =0 Loy I'(MeV) Channel Mass (MeV) 
A (1405 MeV) Sag 40+1 KN 140545 
A (1520) Dis 15.6+1 KN, <1 1519.5+1.0 
A (1600) Po; 50 — 250 in, KN 1560 — 1700 
A (1670) Sa 25 — 50 xn 1660 — 1680 
A (1690) Dos 50 — 70 <n, KN 1685 — 1695 
A (1800) Sia 200 — 400 KN 1720 -— 1850 
A (1810) Po, 50 — 250 <1 1750 — 1850 
A (1820) Fg 70 — 90 K*(892)N 1815 — 1825 
A (1830) Dos 60-110 =n 1810 — 1830 


Source: “Review of Particle Properties,” Particle Data Group, Phys. Lett. B204(1988). 


‘Dover and Walker (82); Arndt and Roper (85); Dalitz, McGinlay, Belyca, and Anthony (82). 
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FIG. 4.3. Total K~ —nucleon cross sections for isospin T = 0 and T = 1. [From Carroll, 
Chiang, et al. (76). | 


TABLE 4.4 
Dominant . 

(es | Lig I'(MeV) Channel Mass (MeV) 
D* (1385) Pe 36+1 An 1382.8+0.4 
L° (1385) 1383.7+1.0 
x (1385) 1387.2 +0.6 
= (1660) Py, 40 — 200 KN 1630 — 1690 
¥ (1670) D,3 40 — 80 <n 1665 - 1685 
2 (1750) Si4 60 — 160 KN, =n 1730 — 1800 
¥ (1775) Dy; 105 — 135 KN, An 1770 — 1780 


Source: “Review of Particle Properties,” Particle Data Group, Phys. Lett B 204(1988). 
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FIG. 4.4. Total (a7), inelastic (c,), and elastic (¢,) K* p cross sections. [From Arndt and 
Roper (85). ] 


production reactions. The K*(892) is a spin-1 particle with the same strangeness 
as the K. It is a member of the spin-1 octet that includes the p as a member. 
One can conclude from the rich spectrum seen in these tables that the KN 
system is strongly interactive. 

The picture for the K* N system is strikingly different, as we can see from 
Fig. 4.4. The total cross section for K* + N is relatively constant up to a kaon 
laboratory kinetic energy of about 0.4 GeV (p,; = 0.745 MeV/c, E., = 1.674 GeV), 
after which there 1s a relatively steep rise up to about 0.8 GeV in the laboratory, 
after which it is relatively constant. Below 0.4GeV, o,~1.2mb, while for 
energies greater than 0.8 GeV, a, ~ 1.7 mb. The last is the sum of a decreasing 
elastic cross section, o,, and a rising reaction cross section, o,. Three resonances 
are reported by Arndt and Roper (85), who find the evidence for Z*(1780) as 
strong; there are two other resonances listed as “highly probable” (see Table 4.5). 
In the “Review of Particle Properties,” these resonances are considered to be 
uncertain. The difference between the NK and KN systems can be qualitatively 
understood by considering the quark structure in each case. The kaon, K, is 
made up of us, while the nucleon, say the proton, contains two w’s and one d. 
The a in the kaon and the wu in the proton can annihilate, going off, for example, 


TABLE 4.5 
r 
T=1 bass (MeV) 
Z* (1780) P,; 280 
Z* (1725) Pi, 180 


Z* (2161) Dis 320 
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as a pion leaving behind usd, a A or 2°. When the incident kaon is K*, which 
is a us system, no such annihilation can occur and we are left with a five-quark 
system uuuds. This system (uuu = A**, d5 = K®°) suggests the existence of an 
inelastic channel AK. Its threshold (for K* A*) is 1725.67 MeV near to one of 
the Z* resonances. One expects that the probability of forming a five-quark 
resonance in the low-energy domain is much less probable than that of forming 
a three-quark resonance. 


B. The KN System! 


The reactions that are relevant are: 


K+N-K+N 
Elastic K*+n>K* +p 

K?+p>K$+p 

K+N>-K+N42 
Inelastic K+N>5A+K 


K+N-K*¥+N 


0.305 GeV/c 


Threshold (p,,,) 0.466 
0.552 


In these equations N can be either a neutron or a proton and K,K™, or K®. 
Let f% be the amplitude in the T = 1 channel and f be the amplitude in the 
T =0 channel for Y = 2. Then from isospin conservation, one obtains 


f(K*p>K* p)=f? (4.9a) 
f(K*n+K*n) =1(f2 +f) (4.96) 
f(K*n> K°p) = (f 9 -—f2) (4.9c) 


If f{ and f are the amplitudes for Y =0, then 


f(Krp > Ksp)=4(f2? + fo —2f0") (4.10) 
Similarly, 


o(K* +n>A+K)=40(K* +p7A+K) (4.11) 


‘Corden, Cou, et al. (82); Arndt and Roper (85). 


4. KAON-NUCLEUS INTERACTION 869 
In this reaction 


Kt +p-Att++K® 
>A*+Kt 


and 


K*+n->A‘t+K°® 
»A°+ Kt 


From (4.11) we conclude that A production by K*~ in nuclei will be sensitive 
to the proton distribution. In the regeneration reaction amplitude, (4.10), f% 
is obtained from K “p elastic scattering data, while f$) is given by elastic K*p 
scattering. Thus from the measurement of f(K?p— Kp) together with K~p 
and Kp elastic scattering data, one can obtain the T=0, Y =2 amplitude. 
Much of the same information can be obtained from elastic scattering of K* 
by neutrons [Eq. (4.9b) ] and from charge exchange scattering [ Eq. (4.9c) ]. 

Since we are dealing with the scattering of a spin-zero particle (K) by a spin-5 
particle (N), the partial wave analysis of the scattering and polarization is 
identical with that described earlier in this chapter from an analysis of 
pion-nucleon scattering. The scattering amplitude is (see 2.16) 


f=ftio-ng (4.12) 


where f and g are functions of the center-of-mass energy and the spherical 
angles 9 and g, while n is a unit vector perpendicular to the scattering plane. 
The expressions for the scattering cross section, the polarization, and the spin 
rotation parameter in terms of f and g are given by 2.20 and 2.20’. We recall 
that two phase shifts are associated with each value of the angular momentum, 
0141/2 and 6,_,,.. The relations given by (4.9) are satisfied by both f and g of 
(4.12). 

The T=1 total and inelastic cross section is given in Fig. 4.4. This is 
supplemented in Fig. 4.5 by the T = 0 total and inelastic cross sections, in Fig. 
4.6 by the K?p — K§p cross section, in Fig. 4.7 by the K *n— K°p cross section, 
and by Fig. 4.8 giving the angular distribution for K * p (T = 1) elastic scattering 
for a range in K* momentum. | 

The elastic cross section is isotropic up to K* laboratory momentum of 
800 MeV/c, corresponding to the dominance of the partial wave Ly 4,;= Sj). 
Above 800 MeV/c higher values of L must be added as the angular distribution 
becomes anisotropic. Coulomb interference at small angles indicate that the 
S,, amplitude is repulsive. We observe that the charge exchange scattering 
K*n-— K°p is important only in the neighborhood of K* momentum equal to 
800 MeV/c. Note that K*n scattering and charge exchange scattering must be. 
deduced from K* collisions with deuterons. 
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FIG. 4.5. Total (c,,,) and inelastic (¢,_.1.44;,) CFOSs sections for KN scattering. [From 
Corden, Cox, et al. (82).] 
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FIG. 4.6. Cross section for K? => K°® p. The preferred fit is given by the solid line. [From 
Corden, Cox, et al. (82). ] 
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FIG. 4.7. Cross section for K*n— K°p charge exchange. [From Darnerell, Hotchkiss, 
et al. (85). ] 
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FIG. 4.8. Differential cross sections for K * p elastic scattering. Below 700 MeV/c angular 


distribution is nearly isotropic. S,,,, T = 1 channel dominates. [From Charles, Cowan, 
et al. (77); Charles, Cowan (72). | 


1/2? 


The data at low energies can be summarized in terms of scattering length a, 
and effective range r, for S-wave scattering and scattering volume for the P-wave 
amplitudes. The effective range expansion is 


1 
ke cot =— + ark! (4.13) 


For isospin T = 1 and S wave, 


a,(T , 2S) =ag(1, 1) ~ — 0.309 + 0.002fm 


(4.14) 
r(T, 2S) = rs(1, 1) = 0.32 + 0.02 fm 
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where we use the data of Cameron et al. (74). For the P-wave amplitudes 


ap(1, 1) = —0.021 fm 
ap(1, 3) = 0.013 fm (4.15) 


For T =0, 


a,(0, 1) ~ — 0.035 fm 
ap(0, 1) ~ 0.086 fm (4.16) 
ap(0, 3) ~ — 0.019 fm 


where we have used the data of Martin (75). A summary of the data 1s given 
by Dover and Walker (82). From their summary we see that there is agreement 
among various experiments on the signs and magnitude of a (two significant 
figures) and r (one significant figure) for T = 1. For T = 0 there is no agreement 
on sign. As regards magnitude, there is agreement that the 7 =0 scattering 
lengths and volumes are small and are considerably smaller than the comparable 
T = 1 quantities. 

At higher energies a phase-shift analysis for T = 1 has been made by Arndt 
and Roper (85). Their analysis led to claims of the three resonances listed in 
Table 4.5. Their match with the data is shown in Figs. 4.4 and 4.9. Of special 
interest are the P, , amplitudes shown in Fig. 4.10 and the corresponding Argand 
diagram Fig. 4.11. We see that the P,, resonance is strongly inelastic, as it 
differs sharply from the bounding circle valid for elastic scattering. 


Note on the Argand Diagram. We write the S matrix 


nis E—E,—iT'/2_4,;E—E,—i0 /2 + iA/2 


S=e eee 
E—E.+i0/2 E—E,+iI/2 


where 6 is the potential scattering phase shift, E, the resonance energy, I the 
width, and A=I —I”’. When the scattering is elastic, [’ =I" and A=0. The 
transition amplitude is taken to be 
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1300 x00 FIG. 4.10. P,; scattering amplitude. 
E ip ( MeV) [From Arndt and Roper (85). ] 


FIG. 4.11. Argand diagram for P,, 
-0.3 -0.2 -0O.1 O O01 0.2 0.3 amplitude. [From Arndt and Roper 


ReT (85).] 
one finds that 
Re J = —sin(¢ — 5) cos( — 5) + Zcos( — 26) (4.174) 
ime San = =) (4.176) 
4H 


2 


A A 
|J |? =sin*(¢ — 9 — 5 sin(¢ — 6)cosé + 


aa (4.17¢) 


where 
T2 1/2 
H= ce — E,)? +o 


Consider first the simplest case (6 = 0, A =0), so that 


Re J > —singdcos d = —§sin2¢ 
Im J =sin? @ =4(1 —cos2¢) 
Therefore, 


(Re 7)* +(Im 7 — $)* =4 
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ImZ 


FIG. 4.12. Argand diagram. ReJ— 


A plot in which the horizontal axis is Re Z and the vertical axis is ImZ will 
be a circle of radius 5 with the center on the vertical axis at $ (Fig. 4.12). For 
E negatively infinite, 6 =0, and Re J =0 and Im Z =0. As E increases, one 
travels counterclockwise, reaching the top of the circle at the resonance energy, 
E=E,, where 6 = 2/2, so that Re 7 =0 and ImZ = 1. 

The second case is the most common, 6 = 0, A finite; 


A 
ReZ = — sin dcos d + —cos 
cos p a p 


A 
Im Z = sin? ¢ — — sin 
wy) AH wy) 


A A? 
J |\* =sin? ¢-—— sind + 
ce ? 2H ? 16H? 
At resonance ¢ = 7/2, 
A. 2 A 2 


so that the locus of Re 7, Im 7, will be in the interior of the circle. Moreover, 
at resonance 


ReZ =0 (4.19) 
From Fig. 4.11 one sees that the amplitude for the P,, partial wave does 


approach the Im 7 axis. The extrapolated value of Im. 7 at Re 7 =0 is about 
0.25 or A/T = 1. The partial wave reaction cross section is 


T 
a= att — |S|?)(2J + 1) 
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Inserting the expression for |S|, one finds that 


| jg; - 22a +49) 
(E—E,) + 17/4 
At E=E,, 
2Ar+A?_ A (A\? 
11s 28+ (F) 
I? ro\r 


relating A/T to the inelasticity seen in (4.18). 


C. The KN Reaction! 

Because of the existence of the A° at 1405 MeV and the = at 1385 MeV, this 

reaction is much more complex than the KN reaction. Note that the mass of 

the Kp system is 1431.9 MeV, so that a conversion of the Kp system to 22 or 

a m°A° is energetically possible. Therefore, in addition to elastic scattering, 
K'+p-K +p 


we also have the open channels 


K~ +p—>7°A°+180MeV, T=1 
K~ +p772=+100MeV, T=1,0 


as well as the charge exchange scattering channel, 
K~ +p—>K° +n 
Isospin invariance connects the cross sections for these reactions: 
o(K -n->n A)=20(K™ p> 7°A) (4.20) 
and 


o(K non X°)=0(K  pon*d)+0(K pon 2*)—20(K p> n°) 
(4.21) 


The analysis of this experimental data was pioneered by Dalitz and Tuan (60), 
who made use of the % matrix (see Chapter III, p. 169, and Appendix A). The 


tNote that K can refer to either K~ or K. 
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4A matrix is related to the Z and S matrices are follows: 


H=T +inKnk;—E,)7 =7 +in7 (LE; — E,)K (4.21a) 

1 —ind(E; — E)XH 

Py en eel (4.21) 

1 + ind(E;— E)X 

From (4.21c) we note that the unitarity of the S matrix implies that % is 

Hermitian. Second, because of time reversal invariance, % is real. 

Equation (4.21a) is simplified greatly if it is restricted to a given partial wave. 

Then % and ZY become matrices involving the various channels. For T = 0, 


KH = ies _ T=0 (4.22) 
Kny Kgy 
where 
Kyy = <NK|X#|NK) 
and 


Kyy = (in| 4 |NK> (4.23) 


It is necessary to insert the diagonal matrix elements of 6(E; — E,) for the two 
channels. Those matrix elements will depend on the normalization convention 
for the states involves. For [=0, a spatial wave, the diagonal matrix for 


6(E; — E,) is taken to be? 
L/ky 90 
p=- -( : (4.24) 
T\O ky 


Equation (4.21a) [and similarly for (4.215) and (4.21c)] becomes 


H=T +ink pF 
or 


T'=KH'+inp 


More generally for />0, k; on the right-hand side of (4.23) is replaced by k?’ 


+The minus sign in (4.24) is chosen so as to come into agreement with the Dalitz-Tuan choice for 
H and J, which are the negatives of the # and 7 used in this volume. 
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by Arndt, Roper, and Steinberg (78). For the S partial wave the cross section is 


2n 
i 4.25 
k?|F »;|° ae 


For the T =1 case, the & matrix involves three channels, so that 


Knn Knx Kna 


HK =| Kyy Key Kea (4.26) 
Kan Kaz Kaa 
and 
ky O O 
p= -- 0 k, O (4.27) 
0 O ky 


Dalitz, McGinley, Belyca, and Anthony (82) parameterize #~' by an effective 
range expansion [Ross and Shaw (60, 61) ]: 


Ho =My+Rek? (4.28) 


where k is the center-of-mass momentum in the Kp channel. The results 
obtained by Dalitz, McGinley, Belyca, and Anthony (82) using the column 
labeled new data in their Table 1 are in units of fermis: 
T=0: Kyy = — 1.863, Kyy = —0.955, Ky = — 0.382 
r= 1: Knn = 0.26, Kar = — 0.99, Ky; = 0.81 (4.29) 
KNA = 0.29, KyA = 0.44, KAA — 0.55 


From the results for #, one can obtain ZY and in the low-energy 
approximation the scattering length [see (4.13) ] 


kcotd9—> 
a+ ib 


The values of a for isospin 1, a,, and for isospin 0, do, and similarly for b are 
[Dalitz, McGinley, Belyca, and Anthony (82) ] 


dy = — 1.57fm a, = 0.1075 fm 


(4.30) 
by = 0.70 fm b, = 0.57 fm 


Note that in contrast to the KN scattering length, the scattering length for the 
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do 


repulsive attractive 


- Jal y 
Wel 


<e e 
infinitely repulsive 
potential 


FIG. 4.13 


KN is complex because absorption into other channels (£2 and Az) is possible 
even at threshold. 


Note. For systems with bound states such as the KN, the sign of the scattering 
length does not necessarily indicate the attractive or repulsive nature of the 
interaction. For a potential model, the dependence of the scattering length on 
the strength of the potential V, is illustrated in Fig. 4.13. From this figure we 
see that a positive S-wave scattering length does correspond to attraction. 
However, a negative scattering length can correspond to either an attractive or 
repulsive potential. For a weak interaction as is the case for the KN system, a 
negative a, does correspond to a repulsion. For the KN system, since there is 
a T = 0(1405) bound state, ag must take on a value in the attractive half-plane. 

The T = 1 scattering length is relatively small and positive. The interaction 
is therefore relatively weakly attractive. For both the T= 0 and T = 1 cases the 
absorption is strong. 

The #-matrix method can be carried out for each partial wave. This analysis 
was used by Arndt and Roper (85) in their analysis of K* reactions. Gopal 
et al. (77) employ a multichannel analysis. The total and elastic scattering Kp 
cross section are shown in Figs. 4.14 and 4.15. The charge and strangeness 
exchange cross sections are given in Figs. 4.16 to 4.18. The analysis of Gopal 
et al. (77) is used in constructing some of these cross sections. Included in these 
figure are the cross sections averaged over a Fermi-gas nucleon distribution. 
These are defined as follows. Let p(k) be the Fermi-gas distribution normalized 
by 


2 | dkk? p(k) =1 


0 


Let 
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FIG. 4.14. Cross section for the charge exchange reaction K~p—>K°n. [From 
Alston-Garnjost et al. (77, 78, 80). ] 
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FIG. 4.15. Elastic cross section for K” p>K~ p. [From Mast, Alston-Garnjost, et al. 
(76).] 
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o(K p— 71°Z°) 


CROSS SECTION (mb) 


o(K7> p—rtt”) 
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FIG. 4.16. Total cross sections for the reactions K~ p> 2°Z®, n°A and x*Z~. [From 
Dover and Walker (82). | 


be the differential cross section for the scattering into the incident direction. 
This is a function of the kaon momentum p,, the nucleon momentum k, and 
x the cosine of the angle between p, and k. Then 


do Oe , da 
(e,),- Lavon a(inss), 


and 


{f:(0) ar = | * dkk2 p(k) | dx f,(0) (4.32) 


0 od 


where f, is the reaction amplitude. Averaging smooths the strong 
fluctuations with energy of the free-space cross section and amplitude. The later 
is a consequence of the resonances in the KN system. 
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FIG. 4.17. (a) Laboratory differential cross sections for K™n—2~ A [Gopal et al. (77) ]; 
(b) Fermi-averaged forward K~n— 2x Across sections. [From Dover and Walker (82). ] 
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FIG. 4.18. Fermi-averaged K” p—>x*X~ laboratory cross section [Gopal et al. (77)]. 
[From Dover and Walker (82). | 


Dover and Walker (82) use 


= Po 
p= 1 + elk kov/Atk) 


(4.33) 
ko=100MeV/e  A(k)=50MeV/c 


as suggested by Allardyce et al. (73). 


D. K*—Nucleus Scattering! 


The K*-—nucleus scattering is of considerable interest because of the relative 
weak KN interaction. As a consequence, the K* can penetrate much farther 
into the nucleus than, for example, a nucleon. We have earlier commented on 


‘Coker, Lumpe, and Ray (85); Siegel, Kaufmann, and Gibbs (84, 85). 
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the fact that because of the strong nucleon—nucleon interaction, high-energy 
nucleon—nucleus scattering reveals mostly surface properties of the density 
distribution of nucleons in the nucleus. K *—nuclear scattering could be exploited 
to determine the properties of these distribution in the nuclear interior. 
Combined with the proton distributions obtained from elastic electron—nucleus 
scattering, one would have a complete picture of both nucleon distributions. 

There are additional simplifications. Because of the weak KN interaction, 
the first order, pt, in the multiple scattering series should be sufficient. Second, 
because the K has a zero spin, the analysis of experiment should prove to be 
more easily performed. 

Elastic scattering K *—nucleus scattering have been performed with the **C 
and *°Ca nuclei [Marlow, Barnes, et al. (82)]. The momentum of the K* beam 
is 800 MeV/c. The results are shown in Fig. 4.19. The solid lines are first-order 
optical model pt calculations [Rosenthal and Tabakin (80); Marlow, Barnes, 
et al. (82) ] based on the KN phase shifts given by Martin (75). It 1s, of course, 
necessary to transform these from the kaon—nucleon reference frame to the 
K-nucleus one. The agreement in the *°Ca case is good. In the 1*C case the 
theoretical curve lies below the experimental one. The total cross sections 
reflects this difference. (see Fig. 4.20) The deviation from theory may be because 
of experimental artifacts (such as normalization of the cross section, errors in 
the measurement of angles, energy spread in the incident beam, etc.). There is 
after all just one experiment. These are analyzed by Siegel, Kaufmann, and 
Gibbs (84) with the conclusion that agreement with theory is possible. In 
addition, there may be errors in the K.N phase shifts used, although the 
agreement with the K* *°Ca results indicate these are not major. By comparing 
the K* !7Ca results with the K* deuterium scattering, the effects of such errors 
are reduced. The suggestion has been made by Siegel, Kaufmann, and Gibbs 
(85) that within the nucleus there is an increase of the S,,KN phase shift from 
that given by Martin. Two explanations have been offered. Siegel, Kaufmann, 
and Gibbs (85) suggest that the effect arises from an increase of nucleon size 
because of an increase in the confinement radius of the nucleon inside the 
nucleus. This is suggested by the EMC effect [Aubert et al. (83); Bodek et al. 
(83); see Close (88a) for a review of this effect.] Brown, Dover, Siegel, and Weise 
(88) ascribe this increase to the change in the mass of the p and w which mediate 
the K* reaction in the nuclear medium. This leads to an optical potential that 
depends nonlinearly on the nucleon density giving rise to an increased repulsion 
(over the first-order pt) and a decreased effective nuclear radius. The agreement 
with experiment is shown in Fig. 4.21. The parameter 1 describes the change 
in mass of the p and @ in the nuclear medium, 


my(p) _,_ 4p 
m;(0) Po 


In this equation V can be either p or , and py is the equilibrium nucleon 
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FIG. 4.20. Total cross section for K* scattering by **C. a,..,.,., is the cross section for 


K* scattering by 7H. [From Siegel, Kaufmann, and Gibbs (84).] 


density. According to these authors there is little effect of this density dependence 
on the K* + *°Ca elastic cross section. 

' Assuming that the pt first-order term suffices for the heavier nuclei, one can 
ask for the sensitivity of the K* nucleus scattering to the nucleon density 
distribution [Coker, Lumpe, and Ray (85) ]. These authors use the Martin phase 
shifts. This is illustrated by Figs. 4.22 and 4.23 for elastic scattering by Pb. The 
solid lines give the percentage change from a standard nucleon distribution 
induced by a Gaussian addition to the exterior surface or tail region of the 
neutron density. The dotted—dashed line gives the cross section for proton elastic 
scattering. We see that as predicted the K~ projectile provides more information 
since the proton does not successfully penetrate into the nuclear interior. 

Similar results are obtained for inelastic scattering using the DWIA. 
According to Dover and Walker (82), the dominant amplitude for a closed shell 
J =0, T =0 nucleus involves no spin, AS = 0, or isospin AT = 0, change. 
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FIG. 4.21. Angular distribution for K* +'?C elastic scattering at 800 MeV/c is shown 


at top; at the bottom, the total cross section ratio. [From Brown, Dover, Siegel, and 
Weise (88). | 
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208bp k= 3.9 tm-! 


FIG. 4.22. Percent changes in the K* 7°8Pb and 
p *°8Pb because of perturbations of the neutron 
density. Arrows indicate minima in the proton 
angular distribution. E, = 442 MeV; E p= 297 MeV. 
(jp =damped interior wiggle). [From Coker, 
Lumpe, and Ray (85). ] 


Coker, Lumpe, and Ray (85) use the DWIA formalism to compute the 
excitation of the collective 3~ level in Pb using the transition potential 


d 2 
U ang = en [R — Ugg + (Vig + Whe odio) | (4.34) 
/2L4+1L at 


where B is the deformation parameter, U,,, is given by pt, and the last term is 
an interior perturbation. The results are shown in Fig. 4.24, where again the 
solid line are K* induced and the dotted—dashed ones the proton induced. 
Again we see that the K~ inelastic reaction is much more sensitive than the 
proton-induced reaction. More experiments are needed! 


E. K —Nuclear Scattering 


As in the case of K* scattering, the pt first-order optical potential yields cross 
sections in substantial agreement with experiment when the kaon wavelength is 
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FIG. 4.23. Same as Fig. 4.22 except that E, = 991 MeV and E, = 800 MeV. [From Coker, 
Lumpe, and Ray (85). ] 
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FIG. 4.24. Percent change in K*- and p-induced inelastic differential cross section for 
208Pb resulting from an interior perturbation in transition potential. [From Coker, 
Lumpe, and Ray (85). ] 


sufficiently small. This is seen in Fig. 4.25, where p, = 800 MeV/c and 4 = 1/4 fm. 
The K~N phase shifts used for t are those of Gopal et al. (77). Evidence for an 
anomaly in the K~ + ‘°C scattering is not as strong as in the analogous 
K* + '*C case. 

At low energies, the tp optical potential fails badly. If one were to use the 
T= =0K N scattering length [Eq. (4.30) ], the to potential would be repulsive, 
whereas we know from the existence of bound KN states listed in Table 4.3 
that the K~ +N interaction, and therefore the K~ + nucleus interaction, 1s 
attractive. A much more sophisticated approach similar to that of Mahaux and 
his collaborators, who use a Bruckner—Hartree—Fock approach (see Chapter 
IV), 1s required. 

Theoretical studies of the inelastic K~ scattering by nuclei are described by 
Dover and Walker (82). The results are similar to those obtained for K* inelastic 
scattering. Again the cross section is dominated by the AS = AT = 0 transition 
interaction. Hence one expects that the normal-parity, nonisospin flip states 
will be preferentially excited. Good agreement is obtained for the excitations 
of the 4.4- and 9.6-MeV levels on ‘*C using nuclear density as determined by 
electron scattering. The agreement with a collective model [see (4.83) ] is poor 
(see Fig. 4.26). 

Dover and Walker (82) point to usefulness of the (K~, K°) reaction, since in 
that case we have AT = 1. [Compare with (p, n) reaction] This reaction converts 
a proton into a neutron. For T =0 nuclei only T = 1 states will be excited. For 
a T #0 nucleus, the T, states would be easily identified. 
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FIG. 4.26. Inelastic K~ scattering at 800 MeV/c to first 2* level in ‘*C. [From Dover 
and Walker (82). | 
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FIG. 4.27. Chart of observed A hypernuclei as of 1988. [From Bando (89). | 


F. The Strangeness Exchange Reaction and Hypernuclei 


By using the (K~,z~) or (x*, K*) reaction a nucleon in the nucleus is converted 
into a hyperon. Under appropriate conditions the hyperon is bound to the 
residual nucleus to form a hypernucleus. A (K~, K*) reaction could lead to the 
formation of a doubly strange (S = — 2) hypernuclei. The A hypernuclei which 
have been observed are shown in Fig. 4.27. The existence of 2 hypernucle1 
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[Bertini et al. (84, 85); Walcher (88) ] is controversial. These are very interesting 
systems since the A has approximately the same mass (A mass = 1115.6 MeV) 
as the nucleon, has the same spin, but has a zero isospin. The simplest assumption 
is that the Pauli exclusion principle does not limit the A, so that it can occupy 
orbits in the host nucleus which are forbidden to a nucleon.! As a consequence, 
new low-lying states that would not be present in the target nucleus will make 
their appearance. 

Lambda hypernuclei were first observed in nuclear emulsions [Davis and 
Sacton (67) |. They have also been observed in the capture of K~ particles in 
Coulomb orbits about the carbon nucleus [C. Vandervelde-Wiquet, J. Sacton 
and J. H. Wickens (77) ], forming a kaonic atom. Experimental opportunities 
were expanded substantially when it was shown that a small momentum transfer 
(K~,x ) reaction leading to the formation of a hypernucleus was possible. A 
review of the experiments using this reaction has been made by Povh (76, 78). 
Most recently, experiments at BNL have employed the (x*,K~) reaction, 
permitting the excitation of states in the large A hypernucleus, not as accessible 
with the (K~ ,2_ ) reaction. 

The underlying physical processes using kaon beams of interest in the 
production of bypernuclei are 


K  +n>A+z 
3° +n” 
K° +p3>i* 427 (4.35) 
>> +2" 
where we have limited the reactions to ones in which the final pion is charged. 
Another possible reaction is radiative capture: 


K- +p-A+y (4.36) 
Using x* beams, the pertinent reactions are 


nm +n>A+Kt 

+2°+ K* 

+E+ + K° (4.37) 
nm’ +p>X* + K* 


‘This is not completely true since the u and d quarks in the A and the u and d quarks in the 
nucleon do satisfy the Pauli principle. One of the investigations that is of fundamental importance 
will be to determine the effect of the Pauli principle satisfied by the quarks on the spectra of 
hypernuclei. In particular, this would depend on the degree of deconfinement of the quark. 
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The small momentum strangeness exchange reaction n(K~,z_)A is possible 
because the mass of the K~ plus nucleon is about 178 MeV greater than that 
of the mass of the 2+ A. Consider the case when a K strikes a neutron at 
rest. Then there is a “magic momentum” for which th A is at rest and x” moves 
in the forward (0°) direction. The equation determining this momentum is 


m, + ./m2 + p? =m, + ./m?2 + p? 


Or 


Dee: <a 2 
i Ine p e (4.38) 


For values of the kaon momentum that differ from the value obtained from 
(4.38), about 531 MeV/c, the momentum transfer to the A when the pion is 
observed at 0° can be small. This is illustrated in Fig. 4.28, where we see that 
the momentum transfer, q(0), is less than the Fermi momentum over the entire 
range in the momentum p, of the incident kaon. Much the same can be said 
for the K” +n>2X°+72°7 reaction, for which the magic momentum is about 
284 MeV/c: 


m, + ./my + p? =my + ./m2 + 1? 


Or 


Thus when the K~ with the momenta shown in Fig. 4.28 strikes a nucleus and 
one studies the case where the pion goes off in the forward direction, it is very 
likely that the A will “stick” to the residual nucleus so that a hypernucleus is 
formed. In the simplest example of this reaction, a neutron in the nucleus is 
replaced by the A and the wave function of the system is not changed. For this 


0.2 0.4 0.6 0.8 1.0 
pos (GeV/c) 


FIG. 4.28. Kinematics of the (K~, 2 ) reaction. 


896 PION AND KAON INTERACTIONS WITH NUCLEI 


reason the reaction is referred to as a “substitutional” reaction. The angular 
momentum change is Al = 0. When the emitted z~ 1s observed at angles greater 
than zero, Al/=1 and Al=2 transitions become possible. Examples of the 
production of hypernuclei states by the (K~,2_) are shown in Fig. 4.29. The 
sharp peaks in the pion spectrum correspond to states in the hypernucleus. 
The (K_,z_) reaction is not as useful for excitation of the low-lying A 
hypernuclear states for the heavier nuclei principally because the single-particle 
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FIG. 4.29, (a) Production of hypernuclei '*C, '°O by the K~,x~ reaction. [From 


Briickner, Granz, et al. (76).]; (b) Production of hypernuclei **C, *7Al, °/V, 7°?Bi. [From 
Bertini, Bing, et al. (81).] 
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FIG. 4.29. (Continued) 
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neutron orbits have a large angular momentum, therefore requiring a large 
momentum change to generate a low-angular-momentum A orbit. This 
momentum change could, in principle, be obtained by examining the pion 
spectrum at large angles. But then the cross section is very much reduced. 

The (K~,z_) has a number of innate difficulties. First, the incident K~ beam 
is accompanied by many more negative pions. Second, K~ decays and this 
compresses all the experimental dimensions. Moreover, the K~ decays into 
negative pions. The net resolution for the BNL experiments is a few MeV. 
Interpretation of the results is not easy since the K~ and x™ are strongly 
interacting. However, as we shall see, this difficulty is overcome by a careful 
DWA calculation. 

Some of these restrictions are lifted in the (x*, K*) reaction. The momentum 
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FIG. 4.30. Theoretical comparison of the production of Be hypernucleus using (K,z_ ) 
and (x*, K*) reactions. [From Yamada, Ikeda, et al. (88).] 
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transfer is large. For py = 1050 MeV/c, g => 250 MeV/c. The cross sections for 
the formation of a hypernucleus are, of course, reduced, but this is compensated 
by the large pion intensity available in the incident beam. Interpretation is 
somewhat simpler since the K *—nucleon interaction is relatively weak. Finally, 
the fact that the K* decays does not affect the experimental background. In 
fact, the decay is used to identify the K *. The two reactions are complementary, 
as can be seen from Fig. 4.30, so that both experiments are needed to obtain 
a complete spectrum. 

An example of the production of A hypernuclear states by the (x*, K*) 
reaction is shown in Fig. 4.31. In both examples, Figs. 4.29 and 4.31, the peaks 
are correlated with states in the hypernucleus. These are doorway states, which 
would fragment if experiments with sufficient resolution could be performed. 

To determine the indicated configurations requires a calculation since there 
is much overlap in the experimental cross section. The DWA is used. That 
approximation has been discussed in Chapter V. Since no new principles are 
involved, we shall not discuss the details of the calculation in this chapter. The 
reader is referred to Auerbach, Baltz, etal. (83) and Hufner, Lee, and 
Weidenmiuller (74a, 74b, 79) for the detailed discussion. 

The input into the DWA calculation for the (K~,z_) reaction requires (1) a 
wave function for the K~ nucleus system, (2) a wave function for the z~ nucleus 
system, (3) a wave function for the target neutron, (4) the A-host nucleus wave 
function, and (5) the transition matrix element converting K~ + neutron into 
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FIG. 4.31. Production of A hypernuclear states in °(V using the (x*,K*) reaction. 
[From Chrien (88). ] 
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TABLE 4.6 Potentials for 7, K~ Elastic Scattering at p, = 800 MeV/c 


rms 
Reaction | Vo(MeV) W,(MeV) ro (fm) Ao (fm) radius (fm) 
K* —?2C 24.4 41.4 1.075 0.375 2.36 

se is © 0.9 50.9 0.926 0.44 2.32 

K~ +*°Ca 23.57 18.69 1.182 0.49 3.63 


nm +A. The first two of these is obtained by first adjusting the parameters in 
a simple Woods—Saxon potential so as to give the K —nucleus and x —nucleus 
elastic scattering. (The last should be the x” —hypernucleus scattering.) The wave 
function is obtained from a solution of the Klein—Gordon equation assuming 
that potential to be the fourth component of a four-vector potential, neglecting 
the square of the potential in the Klein—Gordon equation. (See Chapter II for 
a discussion.) The resulting parameters are given in Table 4.6. The Woods-— 
Saxon form is 


U(r) = —Vo + iWoy/ f(r) 
f(y=1+ exp( Ze) 


Ao 


These potentials were used throughout the p-shell. The neutron and A wave 
functions were obtained by again using the Woods—Saxon form but adjusting 
so as to obtain the correct binding energy for the orbit in question. The para- 
meters, rp and a, were taken to be 1.15 fm and 0.63, respectively. Parenthetically, 
we note that according to Auerbach, Baltz, et al. (83), the eikonal approximation 
for these wave functions does not suffice quantitatively, especially for Al =0 
reactions. 

The transition matrix element for the reaction K~™ +n—zx™ + Ais taken to be 


Ty r,lolr, Eo me Vro(Ri, z- Ryn) Ora = Fxn)O(FKn) (4.39) 


where V; depends on isospin. The vectors R,, and R,, give the positions of 
the center of mass of the zA and Kn, respectively. The first 6 function in (4.39) 
assures conservation of momentum in the Kn 7A reaction. The second term 
assumes that the interaction is local, while the last 6 function is the zero-range 
approximation often used in the DWA. The strength V; is given by the t matrix 
for KN >7zA at 0°. This must be transformed to the laboratory and averaged 
over a Fermi gas [see (4.31) and (4.32)]. The wave functions for the p shell 
core and the p-shell initial state were taken from Cohen and Kurath (65) using 
the POT interaction [see Fig. [X.4.1 in deShalit and Feshbach (74) ]. The basis 
wave functions used to describe the hypernucleus is simply the core wave 
function ‘Y, times the A orbital w, combined to yield the total angular 
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momentum J and isospin T. The wave function PV, can refer to the ground state 
or excited states of the core. This representation for the hypernucleus wave 
function is called the weak coupling approximation. To obtain agreement with 
experiment it is necessary to introduce some residual A—N interaction [see 
Millener, Gal, Dover, and Dalitz (85) ]. 

Qualitatively [and this is shown in the detailed analysis of Auerbach, Baltz, 
et al. (83) ], one expects that the cross section will be proportional to the cross 
section for the pickup process [e.g., (p,d)], in which the picked-up particle 1s 
the neutron that is to be replaced by a A to produce a neutron hole. This is 
very useful since in some cases this pickup cross section has been measured. 

We illustrate with the calculations for **C(K~,2~)'%C. The energy-level 
diagram for the core nucleus, '?C, and the resultant spectrum for aC are 
indicated by the dashed line shown in Fig. 4.32. If we combine the 0* ground 
state of '?C with an 1=1A orbital, we obtain in the weak coupling basis a 5, 
+ hypernuclear state that can be split by a spin-orbit coupling. Similarly, the 2* 
state of '*C when combined with the A yields the upper three levels, which can 
be further split into six levels. The brackets [441], [54] give the number of 


[fn] *2C%) Bos) [fl ob 
1/2*, 3/2 3/2 
p—— [441] 1 a Gol 
: 1/2 
J 5/2 
!  5/2*, 7/2 
: i [54] aset 
44} 2°34 7/2 
\ 
\ 3/2, 5/2 3/2 
U—-. [54 2 <____ 
5/2 
4.44 | MeV 
1/2 
OF 1/2* 3/2* 
[44] --— (54) 1 
3/2 


FIG. 4.32. '*C(O*, 2*)@p, spectrum. States that dominate in the 10- and 16-MeV 
peaks are marked with an asterisk. Y = J,+1,, where J, is the core spin and /, 1s the A 
angular momentum. [From Auerbach, Baltz, et al. (83).] 
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particles in each orbit. In **C we have four neutrons and four protons in p,/, 
orbits. Thus the spatial symmetry [54] is forbidden for nucleons by the Pauli 
principle. The substitutional reaction can thus lead only to the [441] states. 
The DWA results for the various possible transitions p, > s,, Al = 0, 2, Dp, > Da, 
Al=1, and so on, are shown in Fig. 4.33 and in Table 4.7. As is clear from 
Fig. 4.33, it should be relatively easy to pick out the Al =0 p, — p, transition. 
However, before the p,->s,Al=1 transition can be extracted, it is necessary 
to unfold the Al = 0 cross section. The Al = 2 transition requires unfolding both 
the Al =0 and Al=1 cross sections before it will be visible quantitatively. 
The experimental results for '*C(K~,2~)*?C are compared to theory in 
Fig. 4.34. Theory and experiment agree quite well. As expected, the Al=0 
and Al = 1 transitions dominate at small angles (3,,, = 4°). At high excitation 
energies the Al =1 transitions to (sd) A orbitals become visible. The Al = 2 
transition is appreciable only at 9$,,,, = 15°. The dominant transition is the Al = 1, 
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FIG. 4.33. Laboratory cross section for the (K~,x~) reaction on a !3C target. In (a) 


P,— Pa and p, > s,. In (b) s, +s, and p,s, and d,. The K~ momentum is 800 MeV/c. 
[From Auerbach, Baltz, et al. (83). ] 


TABLE 4.7 Differential Cross Sections in pb/st, 
Px = 530 MeV/c, °C(K~, 2) VC 


G4 4° 10° 15° 
Pu Pa Al=0 708 375 109 
Pa Pa Al=2 9.1 12.6 32.8 


Pn Sa Al=1 19.8 78.8 113 
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. 4.34. Comparison of experiment and theory for the reaction *°C(K~,2 )*<C. 


[From Auerbach, Baltz, et al. (88); May et al. (81).] 
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FIG. 4.35. A single-particle states. The solid lines are theoretical. [From Millener, Dover 
and Gal (88). ] 


P, > S,. Coupling the s, to the !'7C core (ground and excited states) yields the 
states populating the peaks at 0, 5, and 12 to 16 MeV. Coupling the p, to the 
12C core yields the starred states shown in Fig. 4.32. These states will occur at 
excitation energies about 10 MeV (the energy difference between s, and p,) 
greater than the values for s, hypernuclei. 

A similar analysis has been performed for other target nuclei by Auerbach, 
Baltz, et al. (83) and for the states seen in the (x*, K*) reaction (Fig. 4.31) by 
Millener, Dover, and Gal (80). The conclusions that can be drawn include: (1) 
the AN spin-orbit potential is small; and (2) the effective mean field potential 
is nonlocal and density dependent. The single-particle states that have been 
determined are shown in Fig. 4.35. Because the A interacts relatively weakly 
with the host nucleus, one obtains a very clearly observed set of single-particle 
states. They are doorway states, which would fragment if the energy resolution 
were to be improved. These A shell-model states provide a direct justification 
of the mean-field concept. 


G. & Hypernuclei* 


Candidates for & hypernuclear states have been seen for A = 4 [Hayano et al. 
(89) ], A = 6 [Piekarz et al. (82); Kneis (83) ], A = 7 [Bertini (79) ], A = 9 [Bertini 


*Millener, Dover, and Gal (89). 
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(80); Mayer (80)], and A = 12 [Yamazaki et al. (85); Bertini et al. (84); Peng 
(82) |]. On the other hand, contradictory experiments have seen no evidence for 
narrow 2 peaks in A = 7 [Hungerford (86); Tang et al. (88) ], A = 12 [Iwasaki 
(87) ], and A = 16 [Piekarz et al. (82) ]. 

The existence of long-lived & hypernuclei with widths of the order of 5 to 
10 MeV was not expected because of the strong XN-AN conversion. Dover 
and Gal (80), using the optical model with ImV = — <vo),, p(r)/2, obtain the 
following values for the width of single-particle 2 states: 


3C:  -,,%23 MeV, T,,~+13MeV 
45Ca: T,,%28MeV, T\,%23MeV, Ty, 18MeV 


The width decreases with increasing orbital angular momentum because of the 
angular momentum barrier, which reduces the overlap of the 2 with the nucleons 
of the core. Several mechanisms have been proposed. Stepien-Rudzka and 
Wycech (81), Johnstone and Thomas (83), and Dabrowski and Rosynek (81, 
82, 85, 86) have studied the effects of Pauli blocking and nuclear binding. 
Auerbach (87) has considered many-body effects Gal and Dover (82) point out 
that the transition ZN > AN is dominated at low energies by T=5, °S,-°D, 
transitions. If one neglects the 'S, contribution, the transition operator for the 


= + nucleus > A + nucleus transition is 


TF = y v(t; — Ts) (3 a 46;°65)(5 = zts°t;) 


i 


where t, is the isospin operator for the = where t} =2. This does lead to a 
reduction in width for some levels for light nuclei. 

Finally, we mention the mechanism proposed by Dover and Feshbach (87, 90), 
who suggest that SU(3) symmetry breaking of the baryon—baryon interaction 
occurs only in the diagonal components. For the nondiagonal components 
responsible for the 2— A transition, SU(3) symmetry is conserved. In analogy 
with the SU(2) isobar analog states, where the Coulomb symmetry-breaking 
interaction has small non diagonal components and relatively large diagonal 
matrix elements, these authors propose that the 2 hypernuclear states are SU(3) 
analog states. 

There are several other suggestions, which are discussed by Millener, Dover, 
and Gal (89) in their review article, to which the reader is referred. Needless to 
say, More experiments are needed! 
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SCATTERING THEORY 


H AND V HERMITIAN 
Lippman-Schwinger Equation 


1 
(+) — (+) 
if a er 
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Oto 
where 
Hop = Ed 
and 
EO=E+in n—0* 
WO=bt Save Vy 
=o+ = Vo 
E’>_H 
where 


EO=E-in 1—70* 
w(K, 5) = WO *(—k,,¥) 


(1) 


(2) 


(3) 


(4) 
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ZF Matrix 
F = WS VO;> = <b FT (Eb, (6) 
= <o,Vuy» when E, = E, (7) 
7(B)=V+V— TF (E) (8) 
=V+ ytey (9) 


E-—H 
Reaction Probability/Time 


20 
Wri = h |F pi’ O(Ey — E;) 


For comparison with experiment, one must average over the initial states (e.g., 
spin) and sum over final states. The sum over final energies is the integral 


7 21 
where p, is the density of states at E, and @, ; =exp[i(k, ;"r)]. 


Cross Section 


da Wy; 
aQ ij 
where j; is the incident current. 
Let H=H,)+V,+4+ V,; then 
F =O pVors > + XG? VW (11) 


where 


(Ho + Vo)x = Ex 


Single Channel 


1 \>_, dk 1\? pu 
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where 
jt = reduced mass 
_ hk; 
i= ie (13) 
OD Nig 
dQ (2n)? htk, 
Scattering Amplitude 
1 yu 
le aL (14) 


The appearance of these formulas depends on the normalization of @¢,. For 
example, let 


d; = ./p eX" and Pr=. /p ,etkst 


Then 
21 
Wri =—|T 41? 
f i fil 
and 
dao (2n) 
—= T |? 15 


It is important to ascertain the normalization of ; ,,y{"?, and wi”. 


S Matrix 
Sp = WELW? = (by, SG, (16) 
Sst=sts=1 (17) 
TET = ly Fog (E,= E;=E) 
g 
Single-Channel 


T*(k,,k,) — 7 (k,,k,) = 2nip | T*(k,,k,)7 (k,,k,)dQ, (19) 


SCATTERING THEORY 


or 
F(K,,k;) — f*(k;,k,) = ~ {fr *(k,, ky) f(k,, k;)dQg 
where in both Eq. (19) and Eq. (20) 
E,=E,=E 


Generally, 


4n 
Prot = k Im f(0°) 


This equation holds even when H is not Hermitian. 


A Matrix 
Let 


1 
O_¢4@9 Vy 
ye te ie © 


where Y symbolizes the principal value of the integral. 


Dee | 1 Ze 1 
Pan. 240 2H... BOSH. 
KH bq = (Pp, Vy» 
The operator # is defined by 
KH va = (Pp, Oy» 


Pp 
KH=V+V 
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0 
YO = Wo 1+ine) 
py?) = POL = inT ) 


K=T+inGF K=TF+inkKT Heitler integral equation 


OT 
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(20) 


(21) 


(22) 


(23) 
(24) 


(25) 
(26) 


(27) 


(28) 


(29) 
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K is Hermitian, 


= (py, Vox) + CX, Vie (30) 
where 

1 = ¢,+ Vox =o, + Voob 

wR. " E-Ho—Vy * 

P 
(O) _ (0) 
+ V 

ae E—H,—Vo Me 


Dispersion Relations 


Subject to the condition that {|V(r)|dr is bounded 


Re f(0°) ie FS Born(0°) _ 


dE’ (31) 


E+e, 4n? 


2nh* . N? 1 e I" _ 


Y ait 


where ¢, are the binding energy of the bound states whose normalized wave 
function asymptotically satisfy 


" [2p 
w,— Ne ma Ky = ye Ep (32) 


H AND V NOT HERMITIAN? 
Equation (4) is replaced by 


YW =o ee V'¢ (33) 


— Ht 
In addition, two new functions need to be defined: 


1 


GF =6+ V6 (34) 
me, 1 
y' ae ee meet 4 (35) 


The function y+) is the wave function for a regenerative potential V' of V is 
absorptive. We note that 


WOW) =5, WO) =6, (36) 


tFeshbach (85). 
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The S matrix remains as defined by (16). We define 


Sp i KW, WO» = <by,Sb_> 


Then 
SS=SS=1 
If 
F yg =<WOVG.> =< OVW) «EE, =E, 
then 
Si = Ona + 2nid(E, = Es)T ba 
GF —F =WMiTT =WMIT 
If 
FVY-WF —F) 
and 
FOY=MUF + TF) 
then for g = 0, 
(0 1 dE’ 
FIO =F y,.,+—P | —— FJ (E’)) + sum over bound states 
Ti E-E' 
Let 
His = <b,Vb> = <b, b4> 
Then 
H=HKH 
1—inx 


A 1s not Hermitian. 
Single Channel 


1 
yy) cane —(e7 a S(k)e"") 
r->oao 7 
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For a potential V + iW, 


ik 
fk) — f*(k,k,) = 7 | dO, f*(k,.k ;) f(k,, k,) 


] 2 
= > | WOK 8) o WW (k,n) dr 
Tt 


Phase-Shift Analysis 


Scattering of a spinless particle by a spinless nucleus. Central potential 


f(9,0) = Le + 1)P,(cos 9)(e?!2' — 1) 
i 


<I'm'|S|Imy = S,5(1, ')S(m, m’) 


If 6, = ¢,+ im, 


Transmission Factor 
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G1 = 73D 21+ 1)IS,—1P 
l 
” (21+ 1)f1 —|S, 2 
Ta= a + 1)[1—|S,|"] 


|S, — 1]? =1—2e7*"cos2é,+ e7 4" 


1—|S,|?=1—e74 


T, = 1 —|S,|? 


Zero-Energy Limit (Uncharged Particles) 


Effective Range 


S, O(k?"* 1) 


T, > O(k?"* 1) 
1 1 

k?!*? cot 6, = —— + =—k?r, 
a, 2 


a, = scattering length 


r, = effective range 


(44) 


(45) 
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(47) 
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(50) 
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(52) 


(53) 
(54) 


(55) 
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For !=0, ay and ry have the dimension of a length. 1/=1, a,, and r, have the 


dimensions of a volume. In Chapter X on kaon—nucleus interactions, the 
minus sign on the right-hand side (55) is dropped. 


Effective Volume 


tano, _ 
je2i+ 1 = 


—a,—35k7», (56) 
For | = 0, v, has the dimensions of a volume. 


Elastic Scattering of a Spin Zero by a Spin-} System 


~ 


f(k, 9) = Alk, 9) + B(k, Norn 


a k; x k, (57) 
|k; x k,| 
where Ak; = incident momentum and hk, = final momentum. 
1 as oe 
A(k, 9) sarrere Alcs 1)(e?!"? — 1) + I(e?#! — 1)] P,(cos$) 
LK 0 
B(k, 3) = 7 ¥ (e779 — e7!5t”) PO(cos 9) (58) 
1 
P\ =sin$ P,(cos 9) 
d(cos 9) 
where asymptotically (r — oo), 
Pk i <4 
w(j=l+5)—>sin a (59) 
do 
— =|A|*+|BI? 60 
em |A|* + |B| (60) 
el y {1+ 1)| 2id§t) 1|? 4 l| 2idf-) 1|7} (61) 
Oot — k2 5 € e 
tr ft Re AB* 
P= ponte a (62) 


trftf  |Al?+/BP? 


da do 
2) (= i+ P,Pn,: 63 
(S).. (ss)! ° ‘i ‘ | 


914 APPENDIX A 
where Pn, is the beam polarization, 


21m AB* 
Q 


Se 64 
|A*| + |B? a 


Coulomb Wave Function: Elastic Scattering 
2nk Z,Z>e7 
(v" +h ve) -0 n=82% 4 =velocity 
r hv 
w(r) =I (1 + ine” O/™"e F(— in; 1;ik(r — z)) 
1 a(a+ 1) 


a 
es ee arya 


CF 4 + (65) 


Wy — elle + minktr—2)) _ n I(1+in) gilkr —nink(r—z)) (66) 
k(r — z) (1 — in) 


= 4 —inlnsin2 (1/2)9+ 2iao 
f=-—-e " ( (67) 
2k sin? 59 
I(1 + in) 
(1 — in) 


2igo _ 


(68) 


- 9 
Rutherford cross section = —- sin¢ ~ (69) 
4k? 2 


Partial Wave Expansion 


where F, = regular spherical Coulomb wave function, 


2nk 1 
Fi +| ee |F=0 
r 


r- 


Ye“ l+1+i . 
— Se + LM ote y+ BQ ao (oe 


in; 21 + 2; 2ik 
(21+ 1! a mt) 


l 


l 
-sin(kr— nin 2k +o, kr — 00 


= C,(kr)'* 1 


(+ 1+ in) 
I(/+ 1 —in) 


Zio! = 


(70) 
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1 . 

y= re X(21 + 1i'e’*F ,(r)P,(cos 6) (71) 
r 

G, = irregular spherical Coulomb wave function 


l 
-+c0s{ kr — nln 2kr 7 + 0) kro 


1 — 
"ope, TE as Galaga maa) (a Pe 
o( tr 1x0 
die ™*|T(1+ 1+ in)| n 
= —____—___ g,=6)+ D tan *- 72 
Q1+ D! on t 2) 
2nn 
Sa (73) 
1 2 4 2\...(]2 2\92! 
sere Li aah Ty (74) 


(21 + 1)*[(2D!7? 


For properties of these functions and numerical values, see Chapter 14 (p. 537 
et seq.) of Handbook of Mathematical Functions, M. Abramovitz and I. A. Stegen, 
eds., National Bureau of Standards (U.S. Government Printing Office, 
Washington, D.C., 1964). | 

The solutions of the field-free equations 


sat | 1 Juno (75) 
of interest are 
u, = Cj) 
v, = Cn,(C) 
wy? =v, + iu, = ifh,(C) (76) 


where j,, n,, and h, are the spherical Bessel, Neumann, and Hankel functions: 


aie 21— 1)! 
> je (77) 
co (21+ 1)! t+0 C 
Ix Ix 
——> si — — cos{ 6 —— 78 
ie an(s ) = (« 4 i 
Ww, —— 0; (79) 
[7-0 
__ gil -In/2) (80) 


7 a 
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uo(¢) = sin ¢ Vo = cose 
u(Q= "pe cost 0 = sing 


wn) =(—1)sing —Fe0s¢ v2 =(Z—1)ooss + 2sinc 


. 1-—i¢ ., 3-—3i¢—C? . 
wi") = ef wt) = els wo) = els 

(A 
Recurrence relations satisfied by u,,v,, and w\*): 


21+ 1 
4 


Uy = Uj, + U4) (20+ Lu, = (E+ Wu, — tuys 


(81) 


(82) 


(83) 


APPENDIX B 


CROSS SECTIONS; VECTOR AND 
TENSOR POLARIZATIONS 


In the following it will be assumed that the target has zero spin and the projectile 
a spin of S. This is a useful choice since many of the target nuclei have zero 
spin. But it is also totally general since it applies to the channel spin 
representation, in which the spin of the projectile and target are combined and 
then combined with the relative orbital angular momentun,, |: 


S=S,+Sp 
and 
J=1+S 


S,; and S, are the target and projectile spins, respectively. 
Let the reaction amplitude be 


f(%:SM;—7«4,SM ,)=<SM,|F(a,,0,)|SM;> (1) 


In this equation M; and M, are components of S along an arbitrary direction. 
The parameters « and a’ are the remaining quantum numbers needed to specify 
the initial and final states, including the relative momenta hk, and hk; for the 
final nucleus plus emergent particle and the initial nucleus plus projectile, 
respectively. 


*Kerman (62). 
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CROSS SECTIONS AS TRACES 


Ct Md 


1 
= trFIF 2 
Pt 54 2) 


where the trace is performed with respect to all the variables, 


do _ 
dQ 2841 


tr FTP FP, (3) 


where P, and P; are projection operators 


P,=|k,><ky! 
P;=|k,><k,| 


t 


so that, for example, 


Ck|P,|K> = 6(k — k,)5(k, — K) (4) 
For orbital angular momentum states Im), 


l' 


l 
<Im|P ,|'m'> =(—1™ > rtu( a ¥, ||") (5) 
LM as m 


Let 
F= Y¥ |I'SJMY f,(l',)<ISJM| (6) 


WI p 
where 


|ISJM > = ¥° (Im; Sm,|JM)|lm)|Sm,> 
and f, also depends upon S. Then 


. _ ee 8d 
En ek 2 aa lt (1 f(t D4 I 4 
J 


ie 
BL 


\isms — m,|du) 


(7) 


Dea ae 
By D= ee A (8) 


The z-axis has been taken along the incident projectile direction k;. The 


where 
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differential cross section is 


do 1 - . , 
dQ, 7 OS 454 » (-1° 745,08, LFA, 2) Pr(cos §) 
Sf L,J1,J2 


Ply 


x (1, SI, | Yr W,SJ2)ESI2 ll Yi |, SJ1) (9) 


POLARIZATION TENSORS: T,,(S) 


Ti (S)=(-1)T,_,(8)  A<28 (10) 
normalization 
<S|| T,,(S)||S> =./28 + 1 (11) 
<So|T,,,|So’> = (So’; Au|So) (12) 
To9 = | 


S 
T19 = ——=- +1 ~~ 
./S(S + 1) ~— /28(S + 1) 


382 — S(S + 1) 


./S(S + 1)(2S8 + 3)(25 — 1) 


Expectation value of T,, in the final state averaged over an unpolarized initial 
state, 


T; (13) 


1 


T,,)= tr FtP.T,,FP, 14 
K ap? aS ra 1 Sf fav i ( ) 
1 " ~ (LM’; A, p|.LO) 
— Y(- 1)7? Ji Y*, Ak ) ens eee Oe DER 
(28 +1), /4n a 
x (I, SJ, || Yi LSI2)(ESJ2 || TACL; A) [SJ ,) 
xX fh) SF, ls) (15) 


where 


TA(L, A) = (Y; & T,)* 
Thm = »; (L— M’, Aq\| A, M)Yi—~ Tig (16) 
q.M’ 
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SPIN-3 PROJECTILE 


Let the polarization induced by a scatterer on an unpolarized beam be 


where n, is a unit vector normal to the scattering plane: 


. _k; x k,) 


(17) 
|k; x k,| 


where k; is the incident direction and k , the final direction of the spin-3 projectile. 
The cross section for the scattering of a beam with polarization Pn by the 
scatterer above is 
Oo, = O9(1 + PP.n-n,) (18) 
where gd, is the cross section for an unpolarized beam. 


The general expression for the scattering of a polarized beam with 
polarization P is 


oP, = 00,{n[ Po, + Dn-P] +(n x k,)[4,k;-P + R,(n x k,)-P] 
+k,[Ayk;-P) + Rin x k,)-P]} (19) 


TIME-REVERSAL INVARIANCE 
A=-—R'’ (20) 
If the incident beam is unpolarized, 
P,=nPo, (21) 
If the polarization of the incident beam is in the n direction, 
P, =n(Po, + PD,) (22) 
D, is the depolarization. Under time-reversal invariance, — 1 + 2P,<D, <1: 


D,=1 spin 0 target (23) 


2Im A*B 
>= —[A,cos$+ R,sin 3] =—~———__ spin Otarget (24 
Q ] AP 4 BE p get (24) 
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Q' = R,cos$— A,sin9 =|A|? —|B|? spin 0 target (25) 

2Re A*B me t (26) 
>.=—— spin 0 targe 
AP +1BP aii 


do 
(=) =|(A|*+|Bl? spin 0 target (27) 
dQ unpol 
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Model independence, 697 
Momentum-dependent potential, 340 
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tensor, 785 
Momentum transfer, 11 
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Mott cross section, 688 
Multichannel optical model, 333, 509 
Multiple scattering, 74 
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formal theory, 90 
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Multipole excitations, 709 
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applications, 548 
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applications, 544 
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Nucleon-nucleon transition matrix, 743 
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folding model, 86, 375 
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isospin extension, 397 
momentum dependence, 340 
multichannel, 333 
multiple scattering, 84, 96 
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Perey—Buck, 372 
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relativistic, 387 
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Optimal approximation, 142 
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Pair correlation, 71, 76 
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Particle transfer, 17. See also Transfer 
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Partition sum, 261 
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scattering amplitude, 818 
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Post-prior representation, 473 
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Potential scattering, see Prompt amplitude 
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and antisymmetrization, 195 
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doorway state, 179 
giant, 179 
heavy ion, 241, 613 


interference with the prompt amplitude, 235 


isolated, 234 

overlapping, 248 

single particle, 192 

width, 156, 163 

A-hole, 803 
Resonance scattering of light by atoms, 151 
Response functions, 726, 730, 735, 766 
Amatrix theory, 215 
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Rotational nuclei, level density for, 275 
inelastic scattering by, 417, 518 
RPA, 658 


Saddle point, in fission, 575 
Saturation, 437 
Scaling, 727 
Scattering 

deuteron, 488 

elastic, 333 

electron, 684 

inelastic, 407, 756 

intermediate energies, 371 

low energy, 360 

pion, 825, 851 

proton, 132, 333, 682, 740, 755, 788 
Scattering amplitude, 908 
Scattering length, 361, 810 

dependence on potential strength, 880 

volume 810 
Schwinger polarization scattering, 400 
Selection rules and symmetry, 34 
Semi-classical approximation, 103 

elastic scattering, 107 

in heavy ion reactions, 613 
Semi-infinite slabs, collision of, 664 
Sharp cutoff model, 583 
Single charge exchange (SCX), 16, 804 
Single channel optical model, 336, 911 
Single-channel scattering, 907 
Single-particle resonance 

effect on fine structure, 192 

states in hypernuclei, 904 
Single-step reactions, 22, 31 

for transfer reactions, 464 
S-matrix, 164, 167, 209, 908 

average, 186 

for non-Hermitian Hamiltonian, 910 
. and the reactance matrix, 170 
S-matrix reaction theory, 219 
Source term method, 523 
Space-time symmetries, 7 
Spacing of energy levels, 286 

Poisson distribution, 287 

Wigner distribution, 287 

Wishart distribution, 292 
Specificity and direct reactions, 40 

and symmetry, 61 

and transfer reactions, 455 
Spectator, 74 

approximation in transfer reactions, 476 

in heavy ion collisions, 657 
Spectroscopic factor, 53, 460, 479, 737 
Spin cutoff, 274, 280 
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Spin density, 844 
Spin flux tensor, 844 
Spin one, 849 
Spin-orbit coupling scheme, 232, 511 
Spin-orbit interaction, 435 
A-nucleon, 61 
optical model, 349, 379 
Spin rotation, 360, 395, 747 
Spreading potential, 833 
Spreading width, 38, 182 
Square well, 108 
Static limit in inelastic pion scattering, 843 
Statistical theory of 
compound nuclear reactions, 24, 296 
doorway state reactions, 34 
multistep reactions, 39, 505 
Statistical theory of reactions, 296 
angular distribution, 300 
applications, 321 
effect of direct reactions, 3/4 
Hauser—Feshbach theory, 30, 319 
isotropy, 301 
polarization, 301 
random phase hypothesis, 298 
Strangeness, see also Hypercharge 
conservation, 861 
current, 63 
exchange of, 805, 893 
Strength function, 189, 362, 369 
Stretched configuration, 720 
Stripping, 17, 52, 463. See also Transfer. 
reactions 
of heavy particles, 431 
Strong focusing angular distribution, 591 
Sub-barrier fusion, 587 
Sum rule, 82 
Superdeformation, 558, 627 
Superfluous states, 198, 204 
in transfer reactions, 468 
Surface reactions, 50, 455 
absorption, 58 
SU(3), 64 
analog states, 64 
symmetry, 860 
Symmetry and specificity, 61 
breaking, 64, 400, 862 
and selection rules, 61 
space time, 7, 61 


Tassie parametrization, 761 
Temperature, nuclear, 26, 261, 325 
and excitation energy, 266 
in heavy ion collisions, 652 
Tensor interaction, 379, 435 
Three-body model, 494 


Three-body forces, 756 
Threshold behavior of cross sections, 242 
Thrust, 786 
Time delay, 22, 165. See also Interaction time 
Time-dependent Hartree—Fock (TDHF), 658 
adiabatic limit, 662 
clutching model, 667 
collision of semi-infinite slabs, 664 
conservation, 660 
initial conditions, 663 
two-dimensional frozen approximation, 670 
Time reversal, 7, 920 
Time scale in heavy ion reactions, 573 
7-matrix, 907 
Transfer reactions, 455 
antisymmetry, 466 
applications, 475 
DWA amplitude, 463 
overlap, 466, 482 
three-body model, 494 
zero range approximation, 485 
Transition axial vector current, 62 
charge density, 48, 709 
density, 758 
multipole moment, 49 
probability per unit time, 907 
spin operator, 816 
Transmission factor, 186, 243, 306, 338, 367, 
912 
Transverse cross section, 727 
Two-body potential, effective, 376 
Two-body random Hamiltonian ensemble, 287 
Two-body transfer, 17, 455. See also Transfer 
reactions 
Two-dimensional frozen approximation, 670 
Two potential theorem, 165 
Two-step reactions, 505 


Ultra-relativistic energies, 787 
Unitarity, 107, 167 


Vibrational nuclei, inelastic scattering by, 417, 
518 


Watanabe potential, 496 
Weiszacker—Williams method 
electromagnetic, 49, 557 
nuclear, 772, 780 
Widths, 242 
of doorway state, 36 
effect of fluctuations, 311, 330 
partial, 163 
Porter—Thomas distribution, 294 
of a resonance, 156 
| x7 distribution, 286, 296 


Wigner distribution of energy level spacings, 

287 
function, 653 

Wilcynski plot, 592 

Wine-bottle shape, 395 

Wishart distribution of energy level spacings, 
292 

Wolfenstein parameters, 133, 743 

Woods-Saxon potential, 356 


Yrast line, 274 


Zero momentum transfer, 895 
Zero range approximation, 485 
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A, 58, 803 

A-hole state, 58, 803, 833 

7 meson, 860 

A baryon, 860 
hypernuclei, 905 
nucleon interaction, 862 
nucleon spin orbit interaction, 61 
resonances, 865 

= baryon, 860 

p meson, 1 
change in mass, 885 

> baryon, 860 
hypernuclei, 905 
resonances, 866 
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